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STRICTLY SINGULAR NON-COMPACT DIAGONAL
OPERATORS ON HI SPACES

SPIROS A. ARGYROS, IRENE DELIYANNI, AND ANDREAS G. TOLIAS

ABSTRACT. We construct a Hereditarily Indecomposable Banach space X4
with a Schauder basis (en)neny on which there exist strictly singular non-
compact diagonal operators. Moreover, the space Lqiag(X4) of diagonal oper-
ators with respect to the basis (en)nen contains an isomorphic copy of £oc (N).
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1. INTRODUCTION

In the present paper we study the structure of the diagonal operators on Hered-
itarily Indecomposable spaces having a Schauder basis. The class of Hereditarily
Indecomposable (HI) Banach spaces was introduced in the early 90’s by W.T. Gow-
ers and B. Maurey [23] and led to the solution of many long standing open problems
in Banach space theory. Since then the class of HI Banach spaces, as well as the
spaces of bounded linear operators acting on them have been studied extensively.

We begin by recalling that an infinite dimensional Banach space X is HI provided
no closed subspace Y of X is of the form Y = Z ¢ W with both Z, W being of
infinite dimension. For a Banach space X we shall use £(X) to denote the space
of bounded linear operators T : X — X, while the notation S(X), K(X) will stand
for the ideals of strictly singular and compact operators on X respectively. As was
shown by Gowers and Maurey ([23]), for a complex HI space X, every T € L(X)
takes the form T'= A+ S with A € C and S € S(X) (by I we shall always denote
the identity operator). However, it is not true in general, that each T € L(X),
for a real HI Banach space X, can be written as T = A + S with A € R and
S € S(X); although this happens for the space Xgps of Gowers and Maurey [23]
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and for the asymptotic ¢; HI space Xap constructed by Argyros and Deliyanni
[B] (for a proof see e.g. [13]). V. Ferenczi proved ([I7]) that for every real HI
space X, the quotient space £(X)/S(X), is a division algebra isomorphic to R, to
C, or to the quaternionic algebra H. V. Ferenczi [I8] has presented two real HI
Banach spaces X¢ and Xy with £(X¢)/S(Xc¢) isomorphic to C and £(Xy)/S(Xwu)
isomorphic to H. A variety of spaces X with a prescribed algebra £(X)/S(X) were
provided by Gowers and Maurey in [24]. Although these spaces X are not HI, they
do not contain any unconditional basic sequence, hence, Gowers’ dichotomy ([21],
[22]) yields that they are HI saturated. Argyros and Manoussakis [11], provided an
unconditionally saturated Banach space X with the property that every T' € £(X)
is of the form T'= AI + S with S € S(X).

The problem of the existence of strictly singular non-compact operators on HI
spaces has been studied by several authors. The first result in this direction, due to
Gowers ([20]), is an operator T : Y — Xg s, for some subspace Y of the Gowers-
Maurey space X¢ s, such that T is not of the form T' = Aiy, x + K with K compact,
where iy, x is the canonical injection from Y into X. Several extensions of the above
result have been given in [I], [2] and [29].

Argyros and Felouzis ([7]) using interpolation methods, provided examples of
HI spaces on which there do exist strictly singular non-compact operators. G.
Androulakis and Th. Schlumprecht [3] constructed a strictly singular non-compact
operator T : Xay — Xaar, while G. Gasparis [19], constructed strictly singular
non-compact operators in the reflexive asymptotic £; HI space X sp of Argyros and
Deliyanni. K. Beanland has extended Gasparis’ result in the class of asymptotic £,
HI spaces, for 1 < p < oo, in [14].

The structure of £(X) has been also studied for non-reflexive HI spaces ([13],
[, 27]). Tt is notable that in all these examples, each strictly singular operator
T € L(X) is a weakly compact one. It is an open problem whether there exists
an HI Banach space X and T € £(X) which is strictly singular and not weakly
compact.

The scalar plus compact problem was recently solved by S. Argyros and R.
Haydon [8]. Tt is shown that there exists an HI ¢; predual Banach space X such
that every T : X — Xk is of the form T'= A + K, with K a compact operator.
The corresponding problem for reflexive spaces remains open.

The present paper is devoted to the study of the subalgebra of diagonal operators
of a HI space X with a Schauder basis (e)nen. Let’ s recall that for a Banach
space X with an a priori fixed basis (e, )nen, a bounded linear operator T : X — X
is said to be diagonal, if for each n, Te, is a scalar multiple of e,,, Te,, = A\,e,. We
denote by Laiag(X) the space of all diagonal operators T': X — X. Note that if the
diagonal operator T is strictly singular then the sequence (A, )nen of eigenvalues of
T converges to 0.

As is well known, when the basis (e, )nen of the space X is an unconditional one,
the space Ldiag(X) is isomorphic to oo (N) and operator T € Lgiag(X) is strictly
singular if and only if T is compact and this happens if and only if the sequence
(An)nen of eigenvalues of T is a null sequence.

The following question arises naturally.

Do there exist StI‘iCtly singular non—compact diagonal operators on some HI
g g
space with a Schauder basis?
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The aim of the present paper is to give a positive answer to (Q), by defining a HI
space X4 with a basis, on which there exist strictly singular non-compact diagonal
operators. More precisely the space Ldiag(Xq) contains isomorphic copies of £ (N)
in a natural manner.

It is worth pointing out that the construction of strictly singular non-compact
diagonal operators lies heavily on the conditional structure of the underlying space
X4. Previous constructions, like [3], [19], concern the existence of strictly singular
non-compact operators acting on the unconditional frame of the HI spaces. In
particular Gasparis ([19]) based his construction on an elegant idea which allowed
him to define a mixed Tsirelson space T'[(Sy,, mi])]] such that its dual T*[(S,, , %)J]
admits a c§ spreading model. An adaptation of Gasparis method in the frame
of T[(An,, mLJ)J] is the first of the fundamental ingredients in our construction.

More precisely, for an appropriate double sequence (m;,n;);, it it shown that the
dual space T*[(Ap,, mij) ;] admits a ¢ spreading model. It is not known whether
each mixed Tsirelson space of the form T'[(A,,, mij)]] not containing any ¢,(N)
or ¢g(N), shares the aforementioned property. This problem remains open even for
Schlumprecht’ s space S = T'[(An, m)n] ([28]). As follows from [26], the space
S admits a ¢; spreading model. This, however, does not guarantee the existence of
a ¢g spreading model in S*.

The second ingredient of our construction, is the finite block representability of
the space Jp, in every block subspace of X4. The space Jr,, defined in [I0], has
a Schauder basis (t,)nen which is conditional and dominates the summing basis
of ¢g. We shall discuss in more detail the above two ingredients in the rest of the
introduction.

In section 2l we define a mixed Tsirelson space Ty = T[(Ay,, mi]);";l] with an
unconditional basis, such that its dual space T admits a ¢y spreading model. The
space Ty will be the unconditional frame required for the definition of the HI space
X4, in a similar manner as Schlumprecht’s space [28] is the unconditional frame for
the space Xgar of Gowers and Maurey [23] and as the asymptotic ¢1 space Xgq
having an unconditional basis is the unconditional frame for the asymptotic ¢; HI
space X4p [0]. The sequence (m;);jen we use for the space Ty, as well as for the

space Xg4, is inspired by Gasparis work ([I9]) and is defined recursively as follows
mip = meo = 2, and mj:m?_lzmymzm.umj,l for 7 > 3,
while we require that the sequence (n;);en increases rather fast, namely
ny > 25ms and n; > (4n;_1)% -m; for j > 2.

As it is well known, the norm of the space Ty = T[(An,, 7-)32,] satisfies the

m;j
implicit formula

[J]| = max{|z[eo, sup[|z]/;]}
J

1

my

U .
sup Y || Exz|| with the supremum taken over all families (E),”

where ||z]|; =

of successive finite sets. Note that the Schauder basis (e;);en of Ty is subsymmetric
and also each || ||; is an equivalent norm on Tj.

The fundamental property of mixed Tsirelson spaces, like the above Tj, is a
biorthogonality described as follows. There exists a null sequence (g;); of positive
numbers, such that for every infinite dimensional subspace Z and every j € N,
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there exists a vector z € Z with ||z;|| = ||2;]l; and ||zl < emingi,j3- A transparent
nj

example of this phenomenon are the vectors of the form y; = % > e in Ty,
T =1

satisfying the following properties. ||y;|| = |ly;|l; = 1 while |ly;|l; < n% for i < j

and [|y;l; < 7% for i > j.

As follows from Gasparis method the above unique evaluation of the vectors
(y;); is no longer true for all averages of the basis. More precisely setting p; =
ny-ng - ... -nj—1 the following holds.

Proposition 1.1. For every j > 3 we have that
P;
1 4
=2 el <—.
b=,
j—1 ! by
As p; = [] n; and m; = [] my, it is easily shown that — < ||]DL > el)s for
i=1 i=1 ’

n;
1 <4 < j. Hence we conclude that, unlikely for the vectors % > ey, the vectors
T =1

P;
Z—jj >~ e have simultaneous evaluations by the family of norms (|| ||;)1<i<;. This
=1

actuglly yields that if we consider successive functionals (@)?‘;3 of the form ¢; =
mij > ef with #(F;) = p;, then the sequence (¢;)2; generates a cy spreading

lEFj
model in 7. The proof of Proposition [[.Tis more involved than the corresponding
nj
one for the vectors ni > €, and requires some new techniques which could be of
=1

independent interest.

The existence of a sequence generating a ¢y spreading model in the dual space
1§ is the basic tool for constructing strictly singular non-compact operators on Tp.
This follows from the next general statement which is presented in Proposition 3]
of section Bl

Proposition 1.2. Let X, Y be a pair of Banach spaces such that
(i) There exists a sequence () )nen in X* generating a ¢y spreading model.
(ii) The space Y has a normalized Schauder basis (e, )nen and there exists a
norming set D of Y (i.e. D C Y* and |ly|| = sup{f(y) : f € D} for every
y € Y), such that for every € > 0 there exists M. € N such that for every
f e D7
#{n eN: [f(e)] > e} < M..
Then there exists a strictly increasing sequence of integers (g, )nen such that the
operator T': X — Y defined by the rule

T(z) = Z zy (z)en

is bounded and non-compact.

The fact that every mixed Tsirelson space of the form T[(A,,, --);] satisfies
J
condition (ii) of the above proposition, yields that there exist strictly singular non-

compact operators S : Ty — Tj.
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In section [4] the space X4 is defined with the use of the above defined sequences
(mj)jen, (n;)jen. The norming set Ky of the space X4 is defined to be the minimal
subset of ¢op(N) such that:

(i) It contains {£e} : n € N}.
(ii) It is symmetric and closed under the restriction of its elements on intervals
of N.

(iii) For each j, it is closed under the (A, mij) operation.

(iv) For each j > 2, it closed under the (A,,,_,,

special sequences.

operation on mg;_1

#)
VT

The special sequences are defined in the standard manner with the use of a Gowers-
Maurey type coding function o. Notice that, since m;41 = m? for j # 1, condition
(iv) is equivalent to saying that the set Ky is closed under the (A,,,,,, msz) oper-
ation on mg;41 special sequences for each j. Using the standard methods for this
purpose, we prove that the space X4 is HI.

In section [ a class of bounded diagonal operators on the space X4 is defined.

These diagonal operators are of the form ) A\;Dj, , where (D}, ) is a sequence of
k

diagonal operators with successive finite dimensional ranges. To be more precise,
for each j and every choice of successive intervals (I7)?, we define a diagonal

operator D; : X4 — Xg4, by the rule
1 P
Dj(z)=—">) Iz

Under certain growth conditions on the set {ji : k € N}, we prove that for every
(Mk)ken € loo(N) the diagonal operator D = >~ A\ Dj, : X4 — ¥4 is bounded with
k

ID]| < Cy - sup|Ax| for some universal constant Cy. It easily follows that such
k

an operator D is strictly singular, since the space X, is HI and lim D(e,) = 0
n

(Proposition 1.2 of [13]).

In order to construct strictly singular non-compact diagonal operators on X, we
prove that for appropriate choice of the intervals ((If k )fikl)zozl the corresponding
diagonal operator ) Dj, is non-compact. The main tool for studying the structure

k

of the space of diagonal operators on X4, is the finite block representability of Jr,
in every block subspace of X4. The space Jr, is the Jamesification of the space Tp
described earlier. This class of spaces was defined by S. Bellenot, R. Haydon and
E. Odell in [15]. Using the language of mixed Tsirelson spaces, we may write

1

JTD = T[Gv (Anjv m_j)neN}a

with G = {£x; : [ finite interval of N}. We prove that for every N € N and every
block subspace Z of X4, there exists a block sequence (z;)Y_, in Z such that

N N N
(1) 1Y pwtillom, < 1Y mezellz, < 1> mtallm,
k=1 k=1 k=1

for ¢ a universal constant. The notation (¢,)nen stands for the standard basis of
Jr,. A similar result in a different context, is given by S. Argyros, J. Lopez-Abad
and S. Todorcevic in [9], [10]. The precise definition of the space Jr, is given in
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section [0, where the theorem of the finite block representability of Jr, in every block
subspace of X, is stated, postponing its proof for section [{l Section [f] is mainly
devoted to the construction of the diagonal strictly singular non-compact operators
on the space X4.

For a given block subspace Z of X4, using () in conjunction with some easy
estimates on the basis of Jp,, we construct successive block sequences (yi)izl in
Z, such that

1 & 1 1 2 4
2 — Y g == and — —DE LI < —.
CEENT-S M SES I3y 201l <

P . .
We set D;(z) = mi] > Iz for each j, where I! =ran(y}, ;). Let’ s point out that
i=1

2p; ) . .

the diagonal operator D; acting on the vector z; = ;nTJ S (—=1)"*ty! | ignores y!
7i=1

when i is even. This in conjunction with (@) yields that ||z;|| < 4, [|Djz;| > 3.

For a suitable choice of the set {j; : k € N}, the diagonal operator D = 3" Dj,
%

is bounded and strictly singular, while it is non-compact (even the restriction of D
on the subspace Z is non-compact) since for the block sequence (zj, )ren we have
that ||z, || < 4c while || Dx;, || > 3.

Moreover, it is easily shown that for every (Ap)ren € foo(N),

1 oo
g0 SRR < 1D A | < Co-sup
k=1

hence the space Laqiag(¥Xq) of diagonal operators of X4 contains an isomorphic copy
of £o(N). The next theorem summarizes the basic properties of the space Xg4.

Theorem 1.3. There exists a Banach space X4 with a Schauder basis (e, )en such
that:

(i) The space Xq4 is reflexive and HI.

(ii) For every infinite dimensional subspace Z of X, there exists a diagonal
strictly singular operator D : X4 — X4 such that the restriction of D on
the subspace Z is a non-compact operator.

(ili) The space Lqiag(¥q) of diagonal operators of X4 with respect to the basis
(en)nen contains an isomorphic copy of £ (N).

As we have mentioned above the scalar plus compact problem remains open
within the class of separable reflexive Banach spaces. Even the weaker problem
related to the present work, namely the existence of a reflexive Banach space with
a Schauder basis such that every diagonal operator is of the form A + K, with
K a compact diagonal operator, is still open. In a forthcoming paper [6], we shall
present a quasireflexive Banach space Xp with a Schauder basis, such that the
space Ldiag(Xp) is HI and satisfies the scalar plus compact property.

2. THE MIXED TSIRELSON SPACE Ty = T[(Ay,, —)524]

m; j=1

This section is devoted to the construction of a mixed Tsirelson space Ty with an
unconditional basis, such that the dual space T admits a sequence which generates
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a co spreading model. This space is of the form Ty = T[(An,, =) en] with a very
J
careful choice of the sequence (m;);en.

Notation 2.1. For a finite set F', we denote by #F the cardinality of the set F.
We denote by A,, the class of subsets of N with cardinality less than or equal to n,

A, ={F CN: #F <n}.

By ¢po(N) we denote the vector space of all finitely supported sequences of reals

and by either (e;)$2, or (ef)$2,, depending on the context, its standard Hamel basis.
o0

For z = Y ase; € coo(N), the support of z is the set suppz = {i € N: a; # 0}
i=1

while the range ranx of z, is the smallest interval of N containing suppz. For

nonempty finite subsets E, F' of N, we write £ < F if max E < min F. For n € N,

E C N we write n < E (resp. n < E) if n < min F (resp. n < min E). For z,y

nonzero vectors in ¢go(N), < y means suppx < suppy. For n € N, 2 € ¢po(N),

we write n < z (resp. n < z) if n < suppx (resp. n < suppx). We shall call

the subsets (E;)_; of N successive if F} < Fy < --- < E,. Similarly, the vectors

o0

(x;)_, are called successive, if 21 < 23 < -+ < x,. Forz = Y a;e; and E a subset

i=1
of N, we denote by Ex the vector Fz = Y a;e;. Finally, for f = " Biel € coo(N)
i€k i=1
and z = Y ase; € coo(N) we denote by f(x) the real number f(z) = Y a;0;.
i=1 i=1

Definition 2.2. Let n € Nand 6 € (0,1).
(i) A finite sequence (f;)*_; in coo(N) is said to be A, admissible if k¥ < n and
fi<fe<- <[
(ii) The (Ay,0) operation on cop(N) is the operation which assigns to each A,
admissible sequence f1 < fo < --- < fi the vector 0(f1 + fa+ -+ fx).

Definition 2.3. Given a pair (m;);er, (n;);er of either finite (I = {1,...,k})
or infinite (I = N) increasing sequences of integers we shall denote by K =
K|[(mj,n;);er] the minimal subset of coo(N) satisfying the following conditions.
(i) {£e;: ie N} C K.
(ii) For each j € I, K is closed under the (A,,, ---) operation.

It is easy to check that the set K is symmetric and closed under the restriction
of its elements on subsets of N.

Let j € N. If f € K is the result of the (A, mi]) operation on some sequence
fi<fa<--- < fr (k<n;)in K, we shall say that the weight of f is m; and we
shall denote this fact by w(f) = m;. We note however that the weight w(f) of a
functional f € K is not necessarily uniquely determined.

Definition 2.4. [The tree Ty of a functional f € K] Let f € K. By a tree of f (or
tree corresponding to the analysis of f) we mean a finite family Ty = (fq)qca in-
dexed by a finite tree A with a unique root 0 € A such that the following conditions
are satisfied:

(i) fo=fand f, € K for all a € A.

(ii) If @ is maximal in A, then f, = *e} for some k € N.
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(iii) For every a € A which is not maximal denoting by S, the set of immediate
successors of a in A the following holds. There exists j € N such that the
family (f5)ges, is An, admissible and f, = 2= Y~ fs. In this case we say

’ BESa
that w(f,) = m;.
The order o(f,) for each a € A is also defined by backward induction as follows.
If fo = £ej then o(f,) = 1, while if f, = ij > fs then o(fs) = 1 + max{o(fs :
ﬁesa

B € Sy }. The order o(T}) of the aforementioned tree is defined to be equal to o( fy)
(where 0 € A is the unique root of the tree A).

Remark 2.5. An easy inductive argument yields the following.

(i) Every f € K admits a tree, not necessarily unique.
(ii) For every ¢ € K, if supp(¢p) = {k1 < k2 < -+ < kq} then for every
d

Iy <ly <---<lgin N the functional ¢ = > gb(eki)e?‘i also belongs to the

i=1
set K.
(iii) For every ¢ € K and every E C N the functional F¢ also belongs to the
set K. -
(iv) If ¢ = > ase; € K, then for every choice of signs (¢;)$2, the functional

i=1
00

gia;e; also belongs to K.
i=1

Definition 2.6. The order o(f) of an f € K, is defined as
o(f) = min{o(Ty) : Ty is a tree of f}.

In general, given a symmetric subset W of ¢oo(N) containing {+e} : k € N}, the
norm induced by W on ¢go(N) is defined as follows. For every x € cpo(N),

lzllw = sup{f(z) : fe W}

In the case where W = K = K[(m;,n;),c1] for a given double sequence (m;,n;)jer,
the completion of the corresponding normed space (coo(N), || - ||x) is denoted by
T[(An,, mij)je 7] and is called the mixed Tsirelson space defined by the family

(Anj ) L

——)jer- The norming set K is called the standard norming set of the space
J
T[(Anjv mL)jGI]'

g
Remark 2.7. (i) Asfollows from Remark[23|iii), (iv), the Hamel basis (e;)ien
of cgo(N) is a 1-unconditional Schauder basis for the space T'[(A,;, ij)je[].
(ii) If z € coo(N) with suppz = {k1 < ko < --- < kgland [ <lp < --- <lg

d

then the vector y = ) e; (z)e;, satisfies ||z[|x = [|y|/x, thus the basis
i=1
(e:)ien is subsymmetric. This is also a consequence of Remark

For the definition of the space T and of the Hereditarily Indecomposable space
X4 later, we shall use a specific choice of the sequences (m;);en ,(n;);jen described
in the next definition. In the sequel (m;) en, (1j)jen will always stand for these
sequences.



STRICTLY SINGULAR NON-COMPACT DIAGONAL OPERATORS ON HI SPACES 9

Definition 2.8. [The sequences (m;); en ,(n;)jen and the space Tp]
We set m1 = mo = 2, and for j > 3 we define

j—1
R )
mj=mj_y = m;.
i=1
We choose a sequence (nj)fil as follows: ny > 23ms, and for every j > 2 we choose

nj > (4n;—1)° - m;

Observe, for later use, that n; > 29+ 2m; o while, setting p; = nq -na - ... nj_1,
we have that n; > jp;. We notice here that the numbers (p;);>3 will play a key

role in our proofs.
1 o0
<Anj 7 _)
m; /-1

We set
To=T
and we denote by K the standard norming set of Tj.

Our aim is to prove that Tj has a block sequence which generates a ¢y spreading
model (Proposition 2Z13]). The main step of the proof is done in Lemma
For its proof we need to recall the definition of the modified Tsirelson spaces
T [(An, 05)ner]. For a given (finite or infinite) subset I of N and a sequence (6,,)ner
in (0,1), with nellifrlnﬂ 0, = 0 if T is infinite, the set Ky = Kn[(An, On)ner] is

defined as follows:

The set Kjs is the minimal subset of ¢oo(N) with the following properties:
(i) {tej:ke N} C K.
(ii) For every n € I, every m < n and every sequence (¢r)i, in Kp with

m
pairwise disjoint supports, we have that 9n( > ¢k) e K.
k=1

We define the norm || - ||as on cgo(N) by the rule

[zllar = sup{o(z) : ¢ € Kar}
for every = € ¢oo(N). The space Thas[(An,0n)ner] is the completion of the space
(coo(N), [| - [l az)-

It is proved in [16] that a space of the form X = T[(A,,, mil)le] is isomorphic
to £,(N) for some 1 < p < 0o (or ¢o(N)). Under the condition that the sequence
(log,,, (nl))f:1 is increasing (which is satisfied by the sequences (m;) and (n;) used
in the definition of Tp) this p is the conjugate exponent of ¢ = log,,, (nx). In
particular, it is shown in [I6] that, for every f € coo(N), we have ||f|lq < Il fllx*,
where || - ||, denotes the norm of ¢,(N).

Using the same argument (induction and Hélder’s inequality) one can also get
the inequality || f|l4 < [|f]|xs, where || -[|x: is the norm of the dual of the modified
space Xy = Tnm[(An,;, mi)le] We note for completeness that, using the obvious
inequality || fllxy, < [|fllx~, we get that in fact X is isomorphic to X (and £,(N)).

Lemma 2.9. Let j € N, j > 3. We denote by K (j — 2) the norming set of
the modified space Tas[(An,, mi)f;f] Let ¢ € Kp(j — 2) be such that, for every

I € supp(¢), we have that ¢(e;) > mij Then,

#supp(¢) < nj-1.
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Proof. For the space Xpr = Tas[(An,, "1L )7=7] where (m;); and (n;); are as in the

definition of Tj, the inequality ||¢|lq < H¢||XM with ¢ = log,, _,(n;—2) implies the
following: If ¢ € Bx;, and ¢(e;) > mij for every [ € supp(¢), then

(# supp(¢))"/*

J

<|I¢llg < lI¢llxy, < 1.

Since m; = m?_2 and n§_2 < mj_1, we get that #supp(¢) < m;

4 )
nj_o <Mj_1. 0

Lemma 2.10. Let j > 3 and let ky < kg <--- <k,,. Then

1 & 4
[—> el < —.

Proof. From the subsymmetricity of the basis (e;);en (Remark |Z'_Z|(11)) it is enough

to show that || Z el < 4p] Let f € Ko; we shall show that f(z 1) < %. We
I= =1
may assume that f(el) > O for all (Remark 2E(iv)).

We set D = {l € supp(f) : ¢(e;) > } and we define ¢ = f|p and ¢ = f|w\p-
P
Since obviously ¢(i e;) < % it is enough to show that ¢(Z i) < ?;f;j
=1 =1

Fix a tree analyms Ty = (Pa)aca of the functional ¢. For every | € supp(¢) w
define the set A; = {i : Ja € A with I € supp(f,) and w(f,) = m;} and for each i €
A; we denote by d; ; the cardinality of the set {a € A : [ € supp(f,) and w(f,) =
m;}. Then, for each I € supp(¢),

H il,i = ¢(er) > i

I€EA; My
Thus we have that [[ m dl ¢ < m; which in conjunction to the fact that d;; > 1
I€EA;
for each ¢ € A; and taking into account that m; = mq -mg - ... - m;_; we get the

following:
(1) A; is a proper subset of {1,...,5 —1}.
(2) If j —1 € A, then d; j—1 = 1. In general, if j —1,...,5 — k € A;, then
dij—1=dyjo="-=dj =1

We partition the set supp(¢) in the sets (Bl)f:_l1 defined as follows. We set
Bj1={lesupp(¢): j—1¢ A},
and for k=2,...,7 — 1, we set
Bj_p={lesupp(¢): j—ic Aforl<i<kandj—k¢&A}

In the following three steps we estimate the action of ¢ on Bj_1, B;j_s and (in
the general case) on B,_y.

Step 1. The functional ¢|p,_, satisfies the assumptions of Lemma 2.9, hence

| ( Z ei)] < #(supp (¢|B,_,)) < nj—1.

lGB]‘—l
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Step 2. Let ¢/ = ¢|p,_, and let Ty = (fa)aca’ be the restriction of the analysis
T, on Bj_5. Then, for every | € supp(¢’) = B,_2, there exists exactly one a € A’
such that le supp(fa) and w(fy) = mj_1.

Claim. There exist disjointly supported functionals (¢s).2;" such that

nj—1

with ¢ € Kp(j —3) for 1 < s <mj_;.
Proof of the Claim. Let
B={aeA: w(f.,) =mj_1}.
By the definition of ¢, the functionals (f,).cs, have pairwise disjoint supports and

| supp(fa) = supp(¢).

a€B

For each a € A’ we write
n] 1

Zfﬁ—

M1 4e3,
where f— = 0if #S, <k <n;_1.

We now build the disjointly supported functionals ((;55) 77" We fix s and we
define inductively the analysis ( I3)vear of ¢s as follows: Let v € A’ be a maximal
node, ie. fy = ekw. Then there exists a unique a € B such that a < 7. If v = as
or as < v, then we set fJ = f,. Otherwise, we set f5 = 0.

Let now v € A’, v not maximal, with f, = miTﬁZ [s and assume that f3,

ak’

B € Sy, have been defined. If v ¢ B then we set f5 = Z f5- 1t v € B then

Sy
Mnj—1

fv:mj - E fkandwesetf = fss.

This completes the inductive construction. It is now easy to check that the
functionals ¢5 = f§, s = 1,...,n,_1, (recall that 0 € A is the unique root of the
tree A) have the desired properties and this completes the proof of the claim. O

Since ¢'(e;) = ¢(e;) > - for each I € supp(¢’) it follows that for every s,

mj
1 <s<mnj_q and every ! € supp(¢s), we have that
mi_—1 1
(bs (el) > = = .
m; mj—1
Thus, for every s = 1,...,n;_1, the functional ¢, satisfies the assumptions of

Lemma 2.9] with j replaced by j — 1, so

#supp(¢s) < nj_o.
It follows that

1
oD e (> e)S—nimi
leB; 2 s=1 lesupp(es) i1

Step 3. Let 3 < k < j—1,set ¢' = ¢|p,_,, and let Ty = (fa)aca be the
corresponding analysis. Then, for every [ € supp(¢’) and for every i = 1,...,k—1,

nj—1
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there exists exactly one a € A’ such that [ € supp(f,) and w(f) = m;—;. Asin
Step 2, it follows by induction that we can write

S )

mj—1Mj—2 mj—k+1

s=1
where the functionals (¢s).27"" " =" have pairwise disjoint supports for 1 < s <
Mj—kt1 .- Nj—1, ®s € Kpr(j — k — 1) while for every | € supp(¢s),
M1 e M 1
(bs(e[) > i1 J=hk+l = .
m; mj—k+1

For every s, the functional ¢ satisfies the assumptions of Lemma2.9lwith j replaced
by j—k+1, so

#Supp(¢s> < nj—k-
It follows that

1

¢( el) < . (lefl SN2 ... -nj,kJrl) SN
IGBZJ-;C myij—1-Mj—2 ... Mj_k41
We conclude that
Pj
6O e) < (Y et +o(d )
=1 ZGB]‘71 leB;
1
S n4_1+ n_ln_2++ N Ni_k
/ j— / / myij—1 ... Mj—k4+1 7
1
+ot——n;_1 n1
mjij—1-...-M2
i—1
1,3 m;
= nj—1+—( ? nj_l-...-nj_k)
m; P myi—1 ... Mj—k4+1
1,4
= —.(ij_k_;,_lnj_l et nj_k)
M=
(using the property n; > 2i+2mi+2)
j—2
13 1 mo
< — N k—1Mj kN 1) + — N1 N
>~ mj(];2]_k+1jkljk Jl) mj 1 7j—1
-2
1,3 1 2
< m_(z 9j—k+1 )p; + m. P
J =1 J
< 3
mj
The proof of the lemma is complete. O

Definition 2.11. We say that a sequence (z,)nen in a Banach space Z generates a
co spreading model provided that there exists a constant C' > 1 such that for every
s <ky < kg <--- <k, the finite sequence (zy,)5_, is C equivalent to the standard
basis of 7.
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Remark 2.12. A sequence (z,)nen generating a ¢ spreading model is necessarily

weakly null. Indeed, assume the contrary. Then there exists ¢ > 0, f € Z* and

M an infinite sequence of N such that f(z,) > ¢ for all n € M. Choose s > g

(where C is the constant of the ¢y spreading model) and s < k1 < ky < -+ < kg4
with k; € M. Then from our assumption about the sequence (z,)neny we get that
2k, + 25y + - + 25, || < C. On the other hand the action of the functional f yields

S
that ||zr, + 2k, + - + 25, || > D f(2k,) > se > C, a contradiction.
i=1
Proposition 2.13. There exists a block sequence in Tj; which generates a cg
spreading model.

Proof. Let (F})32; be a sequence of successive subsets of N with #F; = p;, for
each j =3,4,.... For j =3,4,... we set

Then ¢; € Ko, thus ||¢;]| <1, and
1 1
i(— D en)=—.
J ]CEF]' J
From Lemma 210, we get that
1 4
1L S el < —.
pj ]CEF]' mJ
It follows that, for every j = 3,4, ...
1
7 Sl =1

We shall show that the sequence (gbj);?‘;g generates a ¢ spreading model. This is a
direct consequence of the following:

Claim. For every s € N, s > 3, and every choice of indices j; < j2 < --- < js with
S
s < j1, the functional 3 ¢;, belongs to K.
k=1

Proof of the Claim. Fix s and j; < jo < --- < js € N with s < j;. For every
k=23,...,s, we write

1 .1 1 .
bjr. = — € = —— ] - ;-
m Mgy Mgy Mgy 410 o0 My —1

Tk e Fy, i€Fy,
Since
#EFj = pje =1y gy g = Py (g g g,
we can partition the set Fj, into p;, successive subsets (Gf)fill where #GF =
Nj, - Nj41 ... Ny —1 forevery I =1,...,p;,.
Then, for every [ =1,...,pj;,, the functional
k_ 1 .
S e 2 G
N



14 SPIROS A. ARGYROS, IRENE DELIYANNI, AND ANDREAS G. TOLIAS

belongs to K. It follows that, for every k =2,...,s, we can write
1 Pjy
k
Pj = > v

where supp(¢¥) < supp(¥§) < - < supp(z/J’;jl) and f € Ko for every | =
1,...,pj,. Since s < j1 and sp;, < jipj; < ny,, we get that the functional

S s Pjq
o= Yoo ( Ty ()
k=1 J k=2 \i=1

bo\ieFy,
belongs to K. This completes the proof of the Claim. O

The proof of the claim finishes, as we have mentioned earlier, the proof of the
proposition. ([

3. STRICTLY SINGULAR NON-COMPACT OPERATORS ON Tj

The main step in other examples, where strictly singular non-compact operators
are produced on Hereditarily Indecomposable Banach spaces (e.g. [3], [19]), is
the contsruction of strictly singular non-compact operators on the mixed Tsirelson
spaces which are the unconditional frames of those space. In this section, we show
how the existence of a sequence generating a ¢q spreading model in T (Proposition
2.13), leads to strictly singular non-compact operators on Ty. In Proposition Bl
which is of general nature, we prove how the existence of a ¢y spreading model in
X* leads to strictly singular non-compact operators T': X — Y for certain spaces
Y, and then we apply this proposition to obtain the aforementioned result.

We also notice that it is not known whether each mixed Tsirelson space which
is arbitrarily distortable admits a strictly singular non-compact operator.

Proposition 3.1. Let X, Y be a pair of Banach spaces such that

(i) There exists a sequence (z%),en in X* generating a ¢y spreading model.
(ii) The space Y has a normalized Schauder basis (e, )nen and there exists a
norming set D of Y (i.e. D C Y* and |ly|| = sup{f(y) : f € D} for every
y € Y), such that for every e > 0 there exists M. € N such that for every
f € Du
#{n eN: |f(en)] >} < M.,

Then there exists a strictly increasing sequence of integers (¢ )nen such that the
operator T : X — Y defined by the rule

T(z) = Z zy (z)en

is bounded and non-compact.

Proof. Since the sequence (2 ),en generates a ¢y spreading model it is weakly
null, hence, since it belongs to a dual space is also w* null. From a result of W. B.
Johnson and H. P. Rosenthal ([25]), passing to a subsequence we may assume that
(xF)nen is a w*— basic sequence. In particular there exists a bounded sequence
(Zn)nen in X such that (z,,x})nen are biorthogonal (i.e. z}(xz;) = d;; for each
i)
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We select (6;);en a strictly decreasing sequence of positive reals, with 6; = 1,
o0

such that )" jf; < co. From our assumption (ii) we may select a strictly increasing
j=1
sequence (g, )nen in N such that for every j € N and every f € D,

#{neN: [f(en)l > b1} < g;-

We claim that the operator T': X — Y defined by the rule T'(z) =

z; (z)en is

118

n=1

bounded and non-compact.
We first show the boundedness of the operator T'. Let x € X and f € D. For
each j we set

Bj ={neN: 41 <|[f(en)] <0}
From the definition of the sequence (g;);en it follows that #(B;) < g;. We partition
each set B; in the following way:

Ci={neBj: n>j} and D;={neB;: n<j}
Obviously #(D;) < j — 1. Since also
#{an : n € O} = #(Cj) < #(B;) < ¢; <min{g, : n € Cj},

using our assumption (i), it follows that »_ |2} (z)] < Cllz|, where C is the
neC;
constant of the ¢y spreading model. Thus for each j,

> Ifen)l |, (@) Yo Ifen)l - Jzh, @)+ D 1fea)l - |z, (@)]

nebB; neC; neD;
0;Cllzll +6;(G — DC|=]| = j8,C||z|.

IN

It follows that

IA

[~]¢
=
—~

¢

3
-~
=
[te)

3
=
-~

1FOQ 2y, (2)en)]

IA
[]#
=
—~
¢

3
-~
=
=}

3
=
-~

< > jo))llll.
j=1

Therefore the operator 1" is bounded with ||T|| < C(Y" jb;).
j=1

Finally we prove that the operator T is non-compact. The sequence (zp,)nen is
bounded, while from the biorthogonality of sequence (2, z} )nen it follows that for
i <7,

o0
[T2q, — Txq,| = || szn (g, — g, )enll = llei — ;] = 29K
n=1
where K is the basis constant of (e, )nen. Therefore T' is a non-compact operator.
O

Proposition 3.2. There exists a strictly singular non-compact operator S : Ty —
To.
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Proof. Let X,Y denote the spaces X = Ty = T[(Ap,, mij)jeN], Y =T) =
T[(An, s mij)jeN] respectively and let Ko, K| be their standard norming sets.
From Proposition there exists a block sequence (z})nen in X* = Tg which
generates a ¢ spreading model. We also select a bounded block sequence (2, )nen
in Ty with ranx,, = ranx} such that =} (z,) = 1. The standard basis (e, )nen is a
normalized Schauder basis of the space Y, while for every j and for every ¢ € K|
it holds that

#{neN: |den)| > mij} < (n,)?

(the proof of this statement follows similarly with those of Lemma and of the
claim in the proof of Lemma [L7]). Proposition B yields the existence of a strictly
increasing sequence of integers (¢,)nen such that the operator T : Ty — T§ defined

by the rule
-3
n=1

is bounded.

Since the norming set Ky of Tp is a subset of the norming set K{, of T{, the
formal identity map I : T} — T, defines a bounded linear operator. We show that
the operator I is strictly singular. Let Y7 be any block subspace of T} and let j € N.
We may select a block sequence (y;);2}" in Y7 such that the sequence (Iy;);24" is
a (3,—2+—) R.LS. in Ty with [[Iy[|r, > 1, and thus [y;[|z; > 1. (The techmcal

details for the above argument and the definition of R.I.S. are similar to those of
Definition 29, Lemmas 13 14 15 and Proposition ELT6l) From the analogue
of Proposition .11] for the space T} it follows that

‘Iyl +Iy2+"'+1ynj+1

i1

6
< .
T, M+
On the other hand, selecting f; € K| with ranf; C rany; and f;(y;) > 1 for
1=1,2,...,n;41, the functional

f— (f1+f2+ +fnj+l)

mj

belongs to the norming set K, while its action yields that

1
> .
T, M

nity2+-tYn;

i1

nj+1

E y; belongs to the subspace Y; and

n+1.

Therefore the vector y =

6
1Lyl < Matt _ 6
Wl = L~ m

Since this procedure may be done for arbitrarily large j, it follows that the operator
I is strictly singular.

We define the operator S : Ty — Ty as the composition S = IoT. The operator S
is strictly singular (as I is). It is also non-compact, since for the bounded sequence
(24, Jnen it holds that for all ¢ # j we have that

15(2q:) = S(2g;)llmy = llei — ejllm = 1.
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O

4. THE HI SPACE X4

In this section we define the space X4 and we show that it is Hereditarily Inde-
composable. The unconditional frame we use in the construction of the space X, is
the space Ty we have constructed in section 2l For the definition of X; we define a
Gowers-Maurey type coding function o and we define the ny;_1 special sequences.

Definition 4.1. [The space X4.| Let the sequences (m;)32,, (n;)32; be as in
Definition 2-8 The set K is the minimal subset of cpo(N) satisfying the following
conditions.

(i) {£e;: ke N} C Kqy.

(ii) Kq is symmetric (i.e. if f € K4 then —f € Ky).

(iii) Kq is closed under the restriction of its elements on intervals of N (i.e. if

f € K4 and E is an interval of N then Ef € K;).
(iv) For every j € N, Ky is closed under the (A, -1

mj

) operation.

(v) For every j > 2, K; is closed under the (An,; ,, operation on

1
Vet
ngj_1 special sequences, i.e. for every ng;_; special sequence
(f1, fo,- s fnay_a), with fi € Kg for 1 < i < ngj_1, the functional f =

\/%(ﬁ + fo+ - 4 fny,_,) also belongs to K.

The space X4 is the completion of (coo(N), || - || x,)-

The above definition is not complete because we have not yet defined the ny;_1
special sequences.

Definition 4.2. [The coding function o and the ng;_1 special sequences.] Let
Qs denote the set of all finite sequences (¢1, @a,...,¢q) such that ¢; € coo(N),
¢; # 0 with ¢;(n) € Q for all i,n and ¢ < @2 < -+ < ¢q. We fix a pair
Q1,5 of disjoint infinite subsets of N. From the fact that Q, is countable we are
able to define an injective coding function ¢ : Qs — {27 : j € Qa} such that
Mo (b1, bo,esda) > max{m : lesupp gy, i =1,...,d} - maxsupp 4.

Let j € N. A finite sequence (f;);=5 " is said to be an maj_; special sequence
provided that

(1) (fl,fg, R 7fn2j71) S @S and fi € Ky fori= 1,2,... yN25—-1-

(ii) The functional f; is the result of an (A,,,, m%%) operation, on a family
of functionals belonging to of K, for some for some k& € ; such that
méf > ng;j—1 and for each 1 < ¢ < ng;j_1 the functional f;; is the result of
an (A ——L1 ) operation on a family of functionals belonging

Mo (f1, 2 53)? Mo (f1, 0 f;)

to Kd. '

As we have mentioned earlier the weight w(f) of a functional f € Ky is not
. . noj—1
unique. However, when we refer to an ng;_1 special sequence (f;),24”" then, for

2 <4 < ngj_1, by w(f;) we shall always mean w(f;) = mo(s,,.. 1)

Proposition 4.3. [The tree-like property of ng;_1 special sequences| Let & =
(6i):27", W = (1;):27" be a pair of distinct naj_; special sequences. Then
(i) For 1 < i <1< mngj_1 we have that w(¢;) # w(iy).
(ii) There exists kg v such that ¢; = ¢; for i < kg ¢ and w(¢p;) # w(v;) for
7 > k.:py\p.
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We leave the easy proof to the reader.

Remark 4.4. We mention that, since VM2j=1 = Maj—2 for each j, (see Definition
2.3) condition (v) in Definition {1l is equivalent saying that K, is closed under the
(Ansgyiss msz) operation on ngjy;1 special sequences for each j.

We call 25 4+ 1 special functional, every functional of the form Eh with E an
interval and h the result of a (A, , mL%) operation on an ngjy1 special sequence.

Let’s observe that each f € K is either of the form f = fej or there exists
d
j € N such that f takes the form f = ﬁ > fi with d < ngjyq and w(f) = majq1
i=1
or w(f) = ma;.

Remark 4.5. The trees of functionals f € K4 and the order o( f) of such functionals
are defined in a similar manner as in Definition [2:4] and Definition

The rest of the present section is devoted to the proof of the HI property of the
space Xq. We need to introduce the auxiliary spaces 17", T} .

Definition 4.6. [The auxiliary spaces 7", T .] Let 7" be mixed Tsirelson space

1 1
T" = T[(Aan,, —Jiens (Ana;irs ——)jen]

(2

and we denote by W' the standard norming set corresponding to this space. This
means that W’ is the minimal subset of coo(N) containing {+e} : k € N} and being
closed in the (Agp,, mii)iGN and in the (Asn,;,,, ngj)jGN operations.

We also consider, for each jy € N, the auxiliary space

1 1
T]{o = T[(A4m= E)iENv (A4n2j+17 —)jijo]

(2

and we denote by WJ(O its standard norming set.
Lemma 4.7. Let j € Nand f € W’. We have that
1 & 2 if w(f) =mg, i < 2j
_ < mi-mgj
LS e < |

2j = L if w(f) =my, i >2j

m;?

Proof. The case ¢ > 2j is obvious. For the case ¢ < 2j we need the following claim.
(We shall also use the next claim later in the proofs of Proposition 5.2 and Lemma

1)
Claim. If g € W’ and j € N then

#{keN: |glen)] > —1 < (dng;_1)"
may

Proof. Without loss of generality we may assume that g(eg) > % for every
J
k € suppg. Then the functional g has a tree in which appear only the operations

(Agn,, %)1§1‘S2j,1 and (Asns,. ., %)KT Then (see the proof of Lemma 20 and
the comments before its statement) ||g|lq < 1 where
¢ = max ({logmi (4ng) : 1<4i <25 =1} U {log,,, (4noiy1) @ 1 < j})

= logm2j72(4n2j,1).
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1
Hence 1 > |lgllq = +:; - (#(suppg)) *. Therefore
J

#(supp g) < m; =myl , = (4ng; 1)".
O
Let now f € W’ with w(f) = m;, i < 2j. Then the functional f takes the form
d
= mL Z fr Withfl <f2 < "'<fd in W’ andd§4n2j,1.
“r=1

d
We set D, = {l: |fr(e))] > %} forr=1,2,...,d and D = |J D,. From the
! r=1
claim above we get that #(D,) < (4ng;_1)* for each r, thus #(D) < (4ngj_1)°.
Therefore

n2j n2j n2j
o~ Zek < in(— Zek )+ 1fimp)( Zek
T k=1
1 1 1 1
< __#(D)+__
mi  Naj mi Moy
1 ,(4n9;_1)° 1
< _(( 2J 1) + )
m; naj ma;
1 1 1 2
< —(—F—)=—"—
my m2j m2j my ~m2j
]
Lemma 4.8. Let f € W; . Then
F(— N | < L Twl) =me i< 2o
k)=
N2jo+1 +—1 - if w(f) =my, i > 2jo+ 1
M2j9+1

1
and therefore |f(n2 = kzz:l er)| < Fr

Proof. The estimate for i > 2jy + 1 is obvious. For the case ¢ < 25y we shall use
the following claim.

< (4ngj,)%.

majo+17) =

Claim. For every g € W} , we have that #{k : |g(ex)| >

Proof Let g € Wi . Without loss of generality, we may assume that g(ex) >

for every k € supp g. The functional g then, has a tree in which appear only

1
ma;

7TL2J
the operatlons (Aun;s = )i<2jo and (Aany, s 7=)i<jo- Then [lgflq < 1, where
q = max ({log,, (4n;) : i < 2jo} U {log,,, (4n2iy1) : i < jo}) = 10g,,,,,, (42, ).

It follows that 1 > [|g||, > #(supp g)'/9 therefore

— M2jp+1

log,.,, ., (41230) 210g,,,; (4n2jq) 9
#(supp(g)) < mgj0+1 m230+1 = Myj, ° = (4naj,)”.

O

Let f € W) with w(f) = m;, i < maj,. Then the functional f takes the form

}-

ng +1

d
f= mil Zlfrwithdgélngjo. Forr =1,...,dweset D, = {k: |fr(er)| >
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d d
We also set D = |J D,. Then, using the claim, we get that #(D) < > #(D,) <
r=1 r=1

d - (4n2j,)? < (4naj,)3. Therefore

1 Men ] o | "ot
f(—— > el < |fip(— er)| + | fionoy (= er)|
N2j0+1 =1 N2jo+1 —1 25041 1
1 1 1 1
< — #D) + -
mi  N2jo+1 mi  M2jo+1
2
< —=
mg - M2j5+1
The proof of the lemma is complete. O

Definition 4.9. [R.I.S.] A block sequence (z1)x in X4 is said to be a (C, ¢) rapidly
increasing sequence (R.LS.), if ||zx|| < C for all k, and there exists a strictly
increasing sequence (j ) of positive integers such that

1 1
(a) T < ¢ and . #supp z;, < ¢ for each k.

(b) For every k = 1,2,... and every f € Ky with w(f) = m;, i < ji we have
that | f(zx)| < .

The sequence (ji)x is called the associated sequence of the R.I.S. (xf)g.

The next proposition is the fundamental tool for providing upper bounds of the
norm for certain vectors in Xg.

Proposition 4.10. [The basic inequality] Let (zx)x be a (C,¢) R.LS. in X4 with
associated sequence (ji )k, and let (Ag)r be a sequence of scalars. Then for every
f € K4 and every interval I there exists a functional

1 1
g€ W' = W[(A4nj7 E)jENv (A47l2j+17 m—Z)jEN]

j j
with either w(g) = w(f) of g = e such that

PO M)l < (903 alen) + D 1wl ).

kel kel kel

Moreover if f is the result of an (A,,, -—) operation then either g = e} or g is the
result of an (Ay,,, - )operation.
If we additionally assume that for some 2jo + 1 < j; we have that for every

subinterval J of I and every 2jp + 1 special functional f it holds that

(3) - Mnan)] < € ((max Al +2 3 ).

keJ keJ
then we may select the functional g to be in

1 1
W]{o = W[(A4nj7 m_)j€N7 (A4n2j+17 —)jijo]'

J J

Proof. We first treat the case that for some jy, the additional assumption (B]) in
the statement of the proposition is satisfied. We proceed by induction on the order
o(f) of the functional f.

If o(f) =1, ie. if f = %e, then we set g = e}, for the unique k € I for which
r € ran(xy) if such a k exists, otherwise we set g = 0.
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Suppose now that the result holds for every functional in K4 with order less than
g and consider f € Kq with o(f) = ¢. Then

1
fzm(fl-l-fz-i-"'-i-fd)

where f1 < fa < --- < fq are in Ky with o(f;) < ¢, and either w(f) = m; and
d < nj, or fis a 2j+ 1 special functional (then w(f) = \/mazjy1 = ma; and
d < ngjt1). We distinguish four cases.

Case 1. f is a 2jp + 1 special functional.
We choose kg € I with [Ag,| = Ikng;<|)\k| and we set g = e . Then from our

assumption (@) it follows that

O M) < C(max|/\k|+aZ|)\k|)
kel kel kel
< 090 Melen) +2 D7 Inul)-
kel kel

Case 2. w(f) < my, for all k € I and f is not a 2jo + 1 special functional.
Fori=1,...,d we set E; =ran(f;), and

I; ={kel: ran(zy) N E; # 0 and ran(xy) NEy =0 for all i’ € I\ {i}}.
We also set
Io={k € I: ran(z)) N E; # () for at least two i € {1,...,}}

d
and I' =T\ U L.

i=0
We observe that |Iy| < d. For each k € Iy assumption (b) in the definition of
R.L.S. yields that

Observe also, that for each i = 1,...,d, I; is a subinterval of I, hence our inductive
assumption yields that there exists g € WJf0 with supp g; C I; such that

(5) A Ml < C (a3 Inlen) +2 3 1wl )

kel; kel kel;

C
f

The family {I1,...,Is} U{{k}: k € Iy} consists of pairwise disjoint intervals and
has cardinality less than or equal to 2d. We set

d
g_ﬁﬁ(;gﬁzez).

kelg
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Then g € W], supp g C I, while from (),([]) we get that

d
Qe < 0 Il (an)] Z (> Meww)]

kel kely z:l kel;
d
< Yl jf)Zc(gi<z|xk|ek>+sz|xk|)
kelp =1 kel; kel;
< c(g<Z|Ak|ek>+sZ|Ak|).
kel kel

Case 3. mj, < w(f) <my, +1 for some ko € I.
In this case, for k € I with k < ko we have that m;, ., <mj, < w(f), hence, using
assumption (a) in the definition of R.L.S. it follows that

(6) |f ()] < . C - #supp(zp) < Ce.

1
— =zl £ ——
w(f) ! Mgy q

For k € I with k > ko, from assumptions (a), (b) in the definition of R.I.S. we get
that

C
(7) |f(517k)| < (—f)

Thus, setting g = ey and using (@), (@) we get that

< § Ce.

FO M)l < ol f@a) [+ > el f ()]
kel kel
k#kg
< lC+ Y lCe
kk;éEkIU
< (90 Pwlen +2 3 )
kel kel

Case 4. mj, ., <w(f) forall ke I.

In this case, as in Case 3, we get that |f(zg)| < Ce for all k € I so we may set
g=0.

This completes the proof in the case we have made the additional assumption
about jo. When no assumption about jp is made, the induction is similar to the
previous one, with the only difference concerning Case 2, where we include f which
is a 2jo + 1 special functional (thus Case 1 does not appear). In each inductive step
the resulting functional g belongs to W’. ([

From Proposition .10l and Lemma [£7] we conclude the following.

Proposition 4.11. Let (1), be a (C,¢) R.LS. with e < - Let also f € Kg.
2
Then

naj . _ o .
Zxk|<{mzjm~ o(f) = mi, i <2,

naj = +Ce, ifw(f)=my, i>2j
nz;
In particular ||% kzl ri]| < 735]
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Definition 4.12. A vector z € X4 is said to be a C — ¢} average if = takes the
k
form z = § 3 @;, with ||z;]| < C for each i, #1 < -+ <z, and ||z|| > 1.
i=1
Lemma 4.13. Let Y be a block subspace of X; and let £ € N . Then there exists
a vector x € Y which is a 2 — (¥ average.

For a proof we refer to [12] Lemma I1.22.
Lemma 4.14. If x isa C — 6’1“ average, d < k and Fy < --- < Ey is a sequence of
d
intervals then ; |1Ez| <C(1+ %d) In particular if z is a C' — ¢} average then

for every f € K4 with w(f) = m;, i < 2j we have that |f(x)] < C(l + 2”” 1) <

BC 1 B
2 W)

For a proof we refer to [12] Lemma I1.23. The next lemma is a direct consequence

of Lemma .14

Lemma 4.15. Let (z1)ken be a block sequence in X4 such that each xy, is a C'—£, 2

average, where (I )ren is a strictly increasing sequence of integers, and let € > 0.
Then there exists a subsequence of (x)gen which is a ( ,€) R.IS.

Proposition 4.16. [Existence of R.1.S.] For every € > 0 and every block subspace
Z of X4 there exists a (3,¢) R.I.S. (zg)ren in Z with |Jzx|| > 1.

Proof. It follows from Lemma and Lemma O

Definition 4.17. [Exact pairs.] A pair (z,¢) with 2 € X4 and ¢ € Ky is said to be
a (C,2j) exact pair (where C' > 1, j € N) if the following conditions are satisfied:
(i) 1 < |z < C, for every ¢ € K4 with w()) < maj, we have that |¢(z)] <
(1/))’ while for ¢ € Kq with w(¢) > maj, [1(z)] < -5
25
(i) ¢ € K4 with w(¢) = ma;.
(i) ¢(x) =1 and ranz = ran ¢.

Proposition 4.18. Let j € N. Then for every block subspace Z of X4, there exists
a (6,2j5) exact pair (x,¢) with x € Z.

Proof. From Proposition EI6 there exists (1), a (3,¢)-R.LS. in Z with ¢ <

27711%‘ and |lzgx|] > 1. Choose z} € K4 with x}(x;) > 1 and ranz} = ranz;. Then
J

Proposition [11] yields that for some 6 with % <0<,

m naj naj
2j
n . Zxk’ Z zi)
% b= Mo
is a (6,24) exact pair. O

Definition 4.19. [Dependent sequences.] A double sequence (zy, ;). 2" with
T € X4 and a:k € K, is said to be a (C, 25+ 1) dependent sequence if there exists a
sequence (2jx),2;" of even integers such that the following conditions are fulfilled:

(i) (96,6)2271+1 is an ng;y1 special sequence with w(x}) = mg;, for all 1 < k <

n2j4-1-
(ii) Each (zg,x}) is a (C,2jy) exact pair.



24 SPIROS A. ARGYROS, IRENE DELIYANNI, AND ANDREAS G. TOLIAS

Remark 4.20. It follows easily, that if (zx,2}),2" is a (C,2j 4+ 1) dependent

sequence then the sequence (z), > is a (3C,¢) R.LS. where ¢ = ——.
2j4+1

Proposition 4.21. Let j € N. Then for every pair of block subspaces Z, W of

n2j41

X4 there exists a (6,2 + 1) dependent sequence (xy, z}),~]" with zor—1 € Z and
ror, € W for all k.

Proof. It follows easily from an inductive application of Proposition .18 O

We need the next lemma in order to apply Proposition [4.10] with the additional
assumption.

Lemma 4.22. Let (z,2})." be a (C,2j + 1) dependent sequence. Then for

every 2j + 1 special functional f and every subinterval I of {1,2,...,n2;41} we
have that |f( > (—1)*z)| < C.
kel

Proof. The functional f takes the form

1 * * *
f=—EFzi+aip+ o+ fr+ fra o+ fa)

maj
where (27,23, ...,25_1, fry fr41,- -+, [na;y1) IS an ngjq1 special sequence with
w(fr) = w(zk), fr # xf, E is an interval of the form EF = [m, maxsupp z;] and

d S n2j41-

Using the definitions of dependent sequences and exact pairs we obtain the fol-
lowing.
For k < t we have that f(zx) = 0.
For k =1, |f(a0)| = 7 |Eaf (20)] < 7 - ]| < 2.
For t < k < r, we get that f(zx) = %2]962(9%) =
For the case k = r we shall say later.
Let k with r < k < ngjy1. For i < r —1 we have that ran(z}) Nranz, =
thus 7 (zx) = 0. Also, the injectivity of the coding function o yields that w(f;)
maj, = w(zy) for r <i < d. Setting

0
#

Jg ={i: w(fi) <mgy} and  JF = {i: w(fi) > may}

we get that
1
|f(ze)] < E( Z | fi(zi)| + Z | fize)])
T eay e
1 3C C
P OF SR IPL
112 ieJ, w(fi) i€t 2ji
< C ( 4 . 1 )
< — (== 241
moj w(zt) ! m3;,
< C 4 n 1 < 5C 1
< —(Z— +n2t1- S :
maj ”%j+1 ! ”§j+1 maj ”%j+1

For k = r using similar arguments it follows that [f(z,)| < 7=
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Weset I} = IN{t}, L=IN{t+1,....,r—1}, I3 =1N{r},
I, =INn{r+1,...,n2541} and we conclude that
LSOO )l < Y @)l + £ (1) )]
kel kel kel
@)+ ) (@)
kel kel
c 1 2C 5C 1
< —F+—+—+ngp1-—— 55—
ma; maj Mz maj N4
< C

(]

Proposition 4.23. Let (zy,2}),>" be a (C,2j + 1) dependent sequence. Then

1 4C
[ (=) | < .

nojy1 i Mm2j41
Proof. The sequence (z5),>" is a (3C,e) R.LS. for ¢ = 2 (Remark F27]).
It follows from Lemma [£.22] that the additional assumption of Proposition E10
concerning the number jo = j and the sequence (¢)22T ' is fulfilled. Thus

n2j+1

applying Proposition 410 and Lemma [£.8 we get that for every f € K4 there exists
g € W} such that

n2j41

n2j41

1 1 1
£ ( (=D))< 3C(g( er) + —
n2j+1 1 — N2j+1 15 2j+1
1 1
< 3C(m : )
2j+1 N5 19
4C
< .
M2 41
This completes the proof of the proposition. (I

Theorem 4.24. The space X4 is a reflexive HI space.

Proof. The Schauder basis (e,)nen of the space X4 is boundedly complete and
shrinking (this follows by similars arguments with the corresponding result in [23]).
Therefore X, is a reflexive space.

Let Z, W be a pair of infinite dimensional subspaces of X;. We shall show that
for every ¢ > 0 there exist z € Z, w € W with ||z—w|| < e||z+w||. It is easy to check
that this yields the HI property of X4. From the well known gliding hump argument
we may assume that Z, W are block subspaces. Then for j € N, using Proposition
211 we select (zy,2}),2 " a (6,25 + 1) dependent sequence with xo,_1 € Z and
Zor € W for all k. From Proposition [£.23] we get that

1

n2j4+1

n2j41

24
Yo DM <

o .
1 27+1

On the other hand, since (z}),2" is an ngj+1 special sequence, the functional
n2jt1

f= \/W kz::1 xy, belongs to the norming set Ky, while the action of f on the
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n2j41

1 .
vector o—— >~z yields that
k=1
n2j41

1 - 1
— > el > ——.
n2j4+1 1 /M2jt+1

n2j41/2 n2j41/2

Thus setting z = Z Top—1 and w = E Top we get that z € Z, w € W

and ||z —w| < \/% Hz —|— w|| which for suﬁimently large j yields the desired result.
Therefore the space X4 is HIL (|

5. A CLASS OF BOUNDED DIAGONAL OPERATORS ON X4

In this section we present the construction of a class of bounded diagonal opera-
tors on the space X4. These operators are of the form ) A\ D;, where {j; : k € N}
k

is a lacunary set and (Ag)ren is any bounded sequence of real numbers. Each Dj,

Pk .
is of the form Dj, () = == >~ I*z. We pass to the details of the construction.
Tk =1

Let {If 1 1<i<p;, j=1,2,...} be any family of intervals of N such that, for
every j
, , 4 -
<< <L <.

For each j € N, we define the diagonal operator D; : X4 — X4 by the rule

1 <&
= — Iz,
We also define
1 &L
=—) |z
and we observe that for every 7 € N and € X; we have that

[1Dj|| < aj(z) < ||

Indeed, the left inequality is obvious while, in order to prove the right one, for
i=1,. ..,p], we select ¢; € K, such that supp(¢;) C I/ and ¢;(2) = ||I7z||. Then,

E ¢; € Kq, thus

Z 1/ z|l = ¢(x) < ||
m;
Lemma 5.1. Let L C N with #L < min L. Then, for every = € X4, we have that

> aj(z) < .

jeEL

Proof. Let L = {ji1,j2,...,js} with s <j1 <ja <--- <js. Forevery k=1,...,s
and i = 1,...,pj, we choose ¢¥ € K, such that supp(¢¥) C I/* and ¢f(z) =

. Pi
[I/%z||. Then, for every k = 1,...,s, we have that ¢¥ = -3 ¢F € K, and
Thi=1
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¢k (x) = aj,(x). Moreover, as in the proof of Proposition I3, the functional
f = ¢* takes the form
k=1

with (1/11)?; % being successive members of K4, hence f € Ky. It follows that

>y (@) = f(z) < ||z
k=1

O

Proposition 5.2. Let M = {j; : j € N} be a subset of N such that for every k
the following conditions are satisfied:

(i) My = 2k+1 "M+
(i) mjyy, > 2% maxIft .
(i) ji > nok.
Then for every (Ag)ren € ¢oo(N), the operator > A, D,, is bounded and strictly
singular with *
1> XDyl < Co- Sup [ Ax|
k

mag :

oo .
where Cp = 3+ > L
i=1
We divide the proof of Proposition in several steps. The main step is done
in the following proposition.

Proposition 5.3. For every f € K, and every interval I there exists g € W’ (recall
that ' is the norming set of the space T" = T[(Aun, mLi)iENv (Adnajss mL%_)jeN],
see Definition [.6]) having nonnegative coordinates, with supp g C I, such that for
every x € X4 is holds that

1
|f(Dj, )| < oy (x)g(er) + o llz]
for all k € I with the potential exception for k € {ko, ko + 1} where kg+1 < supp g.
For the proof, we need the following Lemma.

Lemma 5.4. Let k€ N, ¢ € K4 and = € Xy.
(i) If w(¢p) < my,_, then
1
< —T05,(@) + gl

1 25 1
I’x
(o))<

(ii) If w(¢) > my, ., then |¢(Dj, ()] < 5rllz]-

|6(Dj ()| =

d
Proof. (i) Let ¢ € K4 with w(¢) < m;, ,. Then ¢ = ﬁ >~ ¢ where, for some
=1

j € N, either w(¢) = m; or w(¢) = /m; and d < n;. Since w(¢) < m;, ,, in
either case we get that d < nj, ,41.



28 SPIROS A. ARGYROS, IRENE DELIYANNI, AND ANDREAS G. TOLIAS

Forl=1,...,d, we set
= {i: ran(¢;) N I’* # 0 and ran(¢p) N I7F = for I # l}.
We also set
A={ie{l,...,p;}: ran(¢) N I/* #  for at least two l}.
It is easy to see that #A4 <d < n;, ,4+1. For every x € X4 we get that

D5 @) = |- () Z@ 3 1)

My, i€A ka =1 i€R;
Pjy
< ZH I ||+
My, €A
< Long el + ——aj, (@),
= m;, Jk—1+ (¢) Ik

From property (i) of the sequence (jk)g" 1, we get that

1
|6(Djy, ()] < 2k||:v|\+ (¢)agk(w)

(ii) Let now ¢ € K4 with w(¢) > my,,, and x € X4. We have that

Pjy, Py,
6(Dj. ()| = LS ZI”“
Jk i=1 ka ¢
1
1 Jk 1 Jk
S gy ety el < R akdl
k+1
< sl
where the last inequality follows from property (ii) of the sequence (jx)32 ;. O

Proof of Proposition 5.3l For each k = 1,2,... let I* be the minimal interval
Pjp
containing U I;. We proceed to the proof by induction on the order o(f) of the
=1
functional f

If o(f) = 1, i.e. if f = +ef, then, if r € I* for some k € I we set g = e},
otherwise we set g = 0. Suppose now that the conclusion holds for every functional
in K4 having order less than ¢ and consider f € Ky with o(f) = ¢. Then f =
w(j s (fit+fat- -+ fa) with o(f;) < ¢ for each 4, while either w(f) = m; and d < n;
for some j, or f is a 25+ 1 special functional, in which case w(f) = \/mz;j11 = ma;
and d S n2j+1-

Fori=1,...,d we set

I ={kel: ran(f;)NI* #0 and ran(fy) N I* =0 for ¢ € I\ {i}}.
We also set
Io = {k € I: ran(f;) N I* # () for at least two i}

and we observe that #1y < d.

Let now kg € N be such that m;, < w(f) < my, ,, (the modifications in
the rest of the proof are obvious if no such kg exists, i.e. if w(f) < my,). For
k < ko, Lemma [5.4] (ii) yields that |f(D;, (z))| < 5|z for every @ € X4, while for
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k> ko + 1, Lemma [5.4] (i) yields that |f(D;, (z))] < ﬁ%‘k () + 5 ||z for every
T € Xq.

For each ¢ = 1,...,d from our inductive assumption there exists g; € W' with
supp g; C I; such that

(D, )] € e @)+ gllel

for all k € I;, with the potential exception for k € {k;, k;+1} where k;+1 < supp g;.
For the rest of the proof suppose that k;, k; + 1 € I; are indeed exceptions to the
above inequality.

We set

1 d
9= m(Z(e;’; + €1+ 9i) Z ek)
i=1 kely

and g = [ko + 2,+00)g’. The family {e; , ez .1, i, i =1,...,dyU{e;: k € Ip}
consists of successive functionals belonging to W/, while its cardinality does not
exceed 4d. Thus the functional ¢’ belongs to W’ hence the same holds for the
functional g. We have to check that the functional g satisfies the conclusion of the
proposition.

Let x € X4. For k < ko, as we have observed earlier, we have that |f(D;, (z))| <
2%”:1:” The numbers kg, kg + 1, if belong to I, are the potential exceptions to the
required inequality; observe also that kg+1 < supp g. Let now k € I with k > ko+1.
We distinguish four cases.

Case 1. ke {k;, ki +1} C I; for somei € {1,...,d}.

Then
1 1 1
[F(Dj, (2))| = mlfi(Djk (@) < ml\Da‘k (@) < w2 (x) = i (x)g(ex)-
Case 2. ke I\ {kik;+ 1} for somei e {1,...,d}.
Then
1 1 1
[F(Dj ()| = mlfi(Djk ()] < m(%k (@)gi(ex) + 57 [12])
< @)gler) + gl

Case 3. k€ I.
Then, since also k > ko + 1 we get that

(D) < 0 o)+ gellel = o @aten) + 57

d
Cased. kel\ U L.

=0
Then |£(D;, (x))] = 0.
The proof of the proposition is complete. O

Lemma 5.5. Let g € W’ and = € X4. Then

>, (@)lgler)] < Clz]
k=1

where Cp = ) %
=1
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Proof. We set
1
F=1{k: —
L= ks = < lglen)l)

and for i = 2,3,... we set

1

ma;—2

1
F,={k:
{ —_—

(ex)] <

).

Since my = mg = 2, if F} # () then g = +e’ and the conclusion trivially follows
(since C; > 1). Suppose now that F; = (). From the claim in the proof of Lemma
A7 we get that #F; < (4ng;_1)* < ng; for each i =2,3,.... We set

Li={k € F;: ng < jr} mboxand G; = F;\ L ={k € F; : jr < no;}.
Since
#H{jr k€ Li} < #L; < #F; <ng; <min{jy : k € L;},
Lemma [5.]] yields that

> aj (2) < .

keL;
On the other hand, by Property (iii) of the sequence (jx)32;, we have ng; < j;, and
hence, G; C {1,...,i— 1}. Thus, for i > 2,
o) =Y @)+ Y (@) < (@ = Dl + =] = il
kEF; keG; keL;

We conclude that

z{:chk )g(ex)

I
NE
M

IA
gk
3
f —
NJ

M
2
&

IN

0o .
Z Mzl = Ciflz].
moi;—2

=

O

Proof of Proposition Firstly we shall show the bound of the norm of the

operator D = " A\ D;,. Let x € X4. We shall show that for every f € Ky, it holds
k

that

ZMDM )< Co- Sup|/\k| [l]]-

Let f € K4. From Proposition (B3] there exists ¢ € W’ having nonnegative
coordinates and kg € N such the

[F(Dj (2))] < ey (x)g(ex) + ;kl\xll
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for all k & {ko, ko + 1}. Therefore

FQ_MDj (@)l < ZP\kl ))|<sup|/\k| Zlf i ()]
k

S (|f<Djk0< DI 4+ 1f (D (@)
S (ajk<x>g<ek>+2ik||w||))
kQ{ko,k(rFl}

<

1
sup | Ak | - (lleko (@) + 1Dy 4 (@) + Z Z—kllwﬂ
k=1
+Zag—k<x>g<ek>)
< sup|/\k (3||I||+Zoe]k >

From Lemma we get that

Zagk gler) < Gl

where C; = Z ;‘fl. Thus the operator D = Z)\kDJk is bounded with ||D| <
Co - sup [Ak where Co=3+0C.
The fact that the operator D : X; — X4 is strictly singular follows from the fact

that lim D(e,) = 0 in conjunction to the HI property of X4 (see Proposition 1.2 of
[13]). O

6. THE STRUCTURE OF THE SPACE Lgiag(X4)

In this section we define the space Jr,, which is the Jamesification of the space
Ty studied in section 2l We state the finitely block representability of Jr, in X4
(the proof of this result is presented in the next section) and apply it in order to
study the structure of the space Lgiag(Xq) of diagonal operators on Xq. We start
with the definition of the space Jr,.

Definition 6.1. The space Jr, is defined to be the space
1

Ej)nEN}

where G = {%x; : [ finite interval of N}. This means that Jr, is the completion
of (coo(N), || - ||p,) where Dyg is the minimal subset of cgo(N) such that:

(i) The set G is a subset of Dy.
(i) The set Dy is closed in the (A, %) operation for every j € N.

Jr, =T[G, (An,,

Remark 6.2. An alternative description of the space Jr, is the following. Let
(tn)nen be the standard Hamel basis of coo(N). The norm || - ||, is defined as
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follows: For every x = > x(n)t, € coo(N) we set

n=1
l

2]l 7z, = sup {]| Z ( Z z(n))elln,, L €N, [} < I <...<I intervals of N}.
k=1 necl

The space Jr,, is the completion of (coo(N), || - || 14, )-

Proposition 6.3. For the space Jr, the following hold.

(i) The sequence (t,), is a normalized bimonotone Schauder basis of the space
Jr, .
(ii) For every j € N, we have the following estimates:

||—Zt2k oz, =5

Pi 2
2p; 2p;
1 1 4
Y 1 k+1tk Jr, — 15— Ek|| T, < —
Iy 2V telon, = I > el < o

In particular the basis (¢, )nen is not unconditional.
Proof. The proof that ( n)neN 1s a normalized bimonotone Schauder basis is stan-
dard. We set z = Z tog—1. The inequality ||z[| s, < 3 is obvious while from

the action of the functlonal f= XI € Dy, where I = {1,2,...,2p; — 1}, on the
vector z we obtain that ||z, > 3.

2p;
Setting | = 2p; and I, = {k} for 1 < k < I we get || 3 (=1)F ]y, >
k=1

2pj 2pj
| kzl(—l)k*‘lekHTO = | kzl er||T, where the inequality follows from Remark [62]

while the equality is a consequence of the 1-unconditionality of the basis (ef)ren
of Ty (Remarks 25 and 7).

Let’s explain now the inequality || Z (=) gl g, < || Z erl|T,. We observe
that for every interval I of N the quantlty S (=1)kis elther equal to —1 or to 0
or to 1. Thus the inequality follows from Rkeerlnarks and

Finally the inequality Hﬁ % erllm < W‘f follows from Lemma 2101 O

Theorem 6.4. There exists a positive constant ¢ such that the basis (¢, )nen of
Jr, is c - finitely representable in every block subspace of X4. This means that, for
every block subspace Z of X4 and every NV € N, there exists a finite block sequence
(2£)2_, in Z such that, for every choice of scalars (u;)4_,, we have that

N
[ Zuktkl\JTo < Z/Lkzkﬂxd <c 1wt n, -
k=1

We shall give the proof of Theorem [6.4] in the next section. Let us note that,
since the basis (¢, )nen of Jr, is not unconditional, Theorem[6.4limplies in particular
that the space X4 does not contain any unconditional basic sequence. Of course,
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in Theorem .24] we have already proved the stronger result that the space X4 is
Hereditarily Indecomposable.
From Theorem and Proposition we immediately get the following.

Corollary 6.5. Let Z be any block subspace of X; and let 7 € N. Then there
exists a finite block sequence (yk)ip:jl in Z such that

2pj

1 & 1 1
5= > worll =5 and [=— > (=D gyl < —
2p; ; 2 2p; kz::l m;

Theorem 6.6. There exist bounded strictly singular non-compact diagonal oper-
ators on the space X;4. Especially, given any infinite dimensional subspace Z of
X4 there exists a bounded strictly singular diagonal operator on X4 such that its
restriction on Z is a non-compact operator.

Moreover the space Laiag (%4) of all bounded diagonal operators on the space X4
contains an isomorphic copy of £o (N).

Proof. By standard perturbation arguments and passing to a subspace we may
assume that Z is a block subspace of X;. We inductively construct vectors (yi)iijl,
j=1,2,...in Z, satisfying the conclusion of Corollary[6.5land moreover ygpj < y{+1
for each j.

For j=1,2...and 1 <i < p; we set Iij = ran(y%i_l) and we define the diagonal

Pi .
operator D; : X4 — Xq by the rule D;(z) = = 3" I’z. We also consider for
7 i=1

2p; )
j=1,2,...the vector z; = ;nTJ > (=1)k*1y! which belongs to Z. Then ||z;|| < 4c,
7 k=1

|Djz;|| > 4 while Dyz; =0 for [ # j.
Let now M = {ji : k € N} be any subset of N satisfying conditions (i), (ii),
(iii) in the statement of Proposition Then, from Proposition 5.2l the diagonal
o0
operator D = Y Dj, is bounded and strictly singular. The restriction of D on Z
k=1
is non-compact, since the block sequence (z;, Jken is bounded, while the sequence
(Dzj, )ken does not have any convergent subsequence.
For M = {ji : k € N} as above, Proposition 5.2 yields that for every (Ax)ken €

l+(N), the diagonal operator Y A\yD;, is bounded with || > A\eD,, || < Co -
k=1 k=1

sup |Ag|. On the other hand the action of the operator > ApDj, to the vector

k k=1

xj,, yields that | > \eDj, || > M””Jw > L . |\,| for each m. Hence
=1

T | = 8

1 o0
—-sup M| < 1D Dy, || < Co - sup Ak,
8¢k k=1 k
The proof of the theorem is complete. O

7. THE FINITE BLOCK REPRESENTABILITY OF Jp, IN X4

The content of this section is the proof of Theorem Let N € N and let Z
be any block subspace of X4. We first choose j > 2 with 2p; > N and ¢ > j such
that mg;—1 > 38p;. Then we select (z,, ¢, )" a (6,2i + 1) dependent sequence

r=1
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with z, € Z and minsuppx; > mag;4+1 (this is done with an inductive application
of Proposition [L18). The fact that (¢,.).2"" is a special sequence yields that the
functional

¢ = _(¢1+¢2+"'+¢n2i+1)'
ma;

is a 2¢ 4+ 1 special functional and thus belong to the norming set K.
We set M = "g;zf_l and observe that M > (4ng;)?. For 1 < k < 2p; we set
J

m kM
9
Y = ]\4Z Z L.
r=(k—1)M+1
We also consider the functionals
1 kM
y; = Z Qbr
ma;
r=(k—1)M+1

for 1 < k < 2p;, and we notice that y; € K4 (since each yj is the restriction of ®
on some interval) with rany, = rany} and ||yx|| > yi(yx) = 1. Observe also, that
for every subinterval I of {1,2,...,2p;}, the functionals + > y; also belong to K.

kel
Our aim is prove that for every choice of scalars (uk)iijl we have that
2p; 2p; 2p;
(8) 1Y pwtellamy < 1D syl <150 1> puatl s -
k=1 k=1 k=1

This will finish the proof of Theorem for ¢ = 150. We begin with the proof of
the left side inequality of () which is the easy one.

Proof of the left side inequality of (®). It is enough to prove that for every
2p;
k

choice of scalars (uy),; and every g € Dy (recall that Dy is the norming set of

2p;
the space Jr,; see Definition [6.1) there exists f € K4 such that g( > uktk) =
k=1

2pj

FOY pwyw).

k=1
Let g € Dy. We may assume that suppg C {1,2,...2p;}. Let (ga)aca be
a tree of the functional g. We shall build functionals (fs)eca in Ky such that

2p; 2p;
ga( Zf uktk) = fa( Zf ukyk) for each a € A. Then the functional f = fy (where
k=1 k=1

0 € A is the oot of the tree A) satisfies the desired property.
For a € A which is maximal the functional g, is of the form g, = ex; where

¢ € {—1,1} and I is a subinterval of {1,2,...2p;}. We set f, = ¢ >_ y; and the
kel
desired equality holds since y; (yx) = 1 for each k. Let now a € A be non maximal

and suppose that the functionals (fg)ges, have been defined. The functional g,
has an expression g, = mi > gp with #S, < ng, for some ¢ € N. We set
! pESa

fo = mi > fa. Then f, € Ky while the required equality is obvious. The
q
BESa
inductive construction is complete. ([

Before passing to the proof of the right side inequality of (8) we need some
preliminary lemmas.
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Lemma 7.1. Consider the vector z = E e; in the auxiliary space T” (recall the
the auxiliary space T” and its norming set W’ have been defined in Definition [A.6]).
Then

(i) If either f € W’ with w(f) > maiy1 or f is the result of an (Asp,, ., %)
operation then

1
fl2)] < —=.
@)l < o1
(ii) If either f € W' with w(f) < mg; or f is the result of an (A4p,,, %)
operation then
2
) < ———m.
[f ()] < ()

Proof. Part (i) is obvious. In order to prove part (ii) consider f € W’ such that
either w(f) < mo; or f is the result of an (Aup,,, %) operation. In either case

d
the functional f takes the form f = ﬁ > fe with fi < fa <+ < fgin W' and
k=1

d
d < 4ng;. We set Dy, = {l : |fu(er)] > L} for k=1,2,...,d and D = |J Dy.
k=1
From the claim in the proof of Lemma F7 we get that #(Dy,) < (4ng;_1)* for each
k, thus #(D) < 4ng; - (4ngi—1)*.
Taking into account that M > (4ng;)? > 4ng; - (4ngi_1)* - mo; we deduce that

@] < 1fip@)] + o @)
< o HO o
< ()

O

Lemma 7.2. For 1 <k < 2p; we have the following.

(i) If either f € K4 with w(f) < mg; or f is the result of an (A,,,, =)

M2 Mo,
operation then

54
|f(yr)] < Wf)

(ii) If either f € Ky with w(f) > mo;41 or f is a 2¢ + 1 special functional
(i.e. f = Eh where h is the result of a (A +5-) operation on an ng;i1
special sequence) then

|f(ur)| <

1
N2i4+19 mg

18m2i + 36m21 < 19
w(f) M = my

In particular ||y < 36.

Proof. From Remark 220 it follows that the sequence (x,)reny (and thus every
subsequence) is an ( ) R.I.S. The result follows from Proposition [4.10 and

Lemma [T 1] O
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Proof of the left side inequality of (8). Let f € K. We fix a tree (fy)aca of
the functional f. We set
B ={a€A: f,is a2i+ 1 special functional}.
Let 5 € B’. Then the functional fz takes the form

1
E(d)l +"'¢lo +1/}l0+1 +"'+1/}n2i+1)

fo=c¢
b=

where eg € {—1,1}, E is an interval of N and (¢1,..., b1, Yig+15- -+ s ¥ns,yy ) is an
ng;+1 special sequence with 1,11 # ¢1,4+1. For 8 and f3 as above, we set
Ig = {k €{1,2,...,2p;} : suppyy C ran E(¢ + - --(;510)}.
Let
B={peB: Iz +#0}.
We notice that

(i) For every B € B, the set I3 is a subinterval of {1,2,...,2p;}.
ii) For 31,3, € B with 5 > we have that Iz, NIz, = (. In particular
’ B1 B2 p

> #(Ip) < 2p;.

B
(iii) g‘ir every 8 € B we have that fa( Y wryr) =€ >, tk-
kEls kels
We set
F={]Is.
BeB

2pj
Claim 1. We have  [f( > pryr)| <3-[ X2 pntellsr, -
keF k=1

Proof of Claim 1. We partition the set B into two subsets as follows:

By = {ye€B: thereexists § € Bwith 8 <~}
By = {yeB: p¢Bforevery <~}
We shall first estimate |f( > > pwyk)|- Let v € By and consider 8 € B with
YEB1 kel

B < v. The functional fg is, as we have mentioned before, of the form

1
E(d)l +"'¢lo +1/}l0+1 +"'+1/}n2i+1)

fo=c¢
b=

with ¢,4+1 # Y1,+1. Then supp f, C supp); for some [ > Iy + 1. Since ¢; is not a
special functional we obtain that f, # ;. Thus

(Y k)l < #WVW(Z 1Y)

kel ke,

From the definition of special functionals we get that w(v;) > w(¢1) > n3,, ;. We

also have that |f,( > prye)l = > prl < max|uk|- #(Iy). Thus
kel kel k

1

PO eyl < [ D pwyn)| <

—— - max|jue] - #().
kel kel 2i+1
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We conclude that

1
PO mw)l < D FO my) <> — 'mgx|uk|'#(lv)
~€EB; kel, veB: kel yeBy 2t
2p; il
< max || - 52— < max ] <D gt
k USTAR k 1

Our next estimate concerns |f( >, > pryg)|- From the definition of Bs, its
yeEBs k€L,
elements are incomparable nodes of the tree .A. We consider the minimal complete

subtree A’ of A containing Bo, i.e.
A ' ={a€ A: there exists § € By with a < }.

For every a € A" we set

R.= |J I
BeB2, Bra

As follows from the definition of the sets I, for every non maximal a € A’, the sets
(Rg)pes.nAs are pairwise disjoint.

For every a € A’ we shall construct functionals g4, he € coo(N) such that the
following conditions are satisfied:

(i) suppgs C R, and supp h, C R,.
(ii) go € Do (the norming set Dy of the space Jg;, has been defined in Definition
G.I) and [|halleo < 5

moit1

(111) ga( Z ,uktk) Z 0 and ha( Z uktk) Z 0.
kER, kER,

(V) [faC 22 pryr)l < (9o +ha)( 30 pate)-
kER, kER,

The construction is inductive starting of course with the maximal elements of
A’, i.e. with the elements of Bs.

12 inductive step

Let 5 € By. Then f3 is a 2 + 1 special functional, Rg = Iz and |fz( > puwyr)| =
kERg

| > k|- Weset € =sgn( > pr), g3 = € x1; and hy = 0. It is clear that our
kERg ]CERQ
requirements about gg, hg are satisfied.

General inductive step
Let a € A, a ¢ By and assume that for every v € S, N A" the functionals g, h,

have been defined satisfying the inductive assumptions. We distinguish three cases.
Case 1. f, is not a special functional.

Let f, = -~ Y f, with #S, <n,. We set

m
P yeSa

1 1
9o = m_p Z 98 and hq = m_p Z hg.
YESLNA/ YESLNA/
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Conditions (i), (ii), (ili) are obviously satisfied, while, since R, = |J R,, we
yeESLNA!
get that
Y )| = \— S KO )]
kER, P yeS.nA kER,
1
s > 1KY )l
P yeS.nA’"  keR,
1
< poo Z (g + hy) Z prt)
P yeSanA kER~
= (g + ha) Z [ktr)-
kER,

Case 2. f, is a 2q + 1 special functional for some ¢q > 1.

Then f, =¢eq Mag (¢1 +- (blo + wlo-ﬁ-l +oeet wn2q+1)7 with ¢l0+1 i wlo-l-l (func—
tionals of the form ¢, in the expression above may appear only if ¢ = ¢; if ¢ > i
then lp = 0). If ¢ > ¢ then a &€ B’, hence it has no sense to talk about I,. In
the case ¢ = ¢ from the definition of the set By we get that I, = (). Similarly to
the proof concerning By, we obtain that for every § € By with a < ( there exists
I > lo + 1 such that supp fz C supp; and

fa( ) 1ayn)

. H(I5).
gg;lukl #(Ip)

kelg q+1

Therefore
1
|fa(z preye)| < Z |fa(z,ukyk)|§n§ ) Eé%xmﬂ Z #(13)
kER, BEBy, Ba kelg a+ BEBs, Bra
2 .
< P max el < —— - max
Nygr1 kERa Nog+1 kER

We select k, € R, such that |ug, | = Iax |pr] and we set
€R,

go =0 and ha = sgn(pu, ) - -

n2q+1
Case 3. f, is a 2q + 1 special functional for some ¢ < 1.
Then f, takes the form f, = ec,—— e E(fy, + -+ fy,) with d < nggq1. Similarly to
the proof concerning 8 € By, for every 8 € By with a < (§ there exists s such that
supp fg C supp f-,, while

e (D el < fv ] £ )|

kels kels

Let sg be such that w(f,, ) < maiy1 < w(f,, ). From the definition of the special
sequences and the coding function o, we get that

S0 1
#( U ran f%) < maxsupp fo,, , <w(fy, ) < mait1.

s=1
Since for each k we have that #suppyr > M > mg;y1, it follows that for every
5 < sg there is no 3 € By such that supp fg C supp f-,.
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If s > sp and B € By are such that supp f3 C supp f,, then

1 (O )| < f S e man < L_ ma | - #(15).
Ys mai;4+2

kelg
kelg kel

We select k, € |J R,, such that |ug,| = max{|u|: k€ U R4}

$>50 $>380

If there is no B € By such that v, < (5 then we set

ga =0 and ha = sgn(ug, ) - .-

mai+1

If there exists § € By such that v5, < [ then the functionals g5, and hs, have been
defined in the previous inductive step. We set

tr .

ka

Ja = Jso and ha = hsy +sgn(ps, ) - —
2i+1

Conditions (i), (ii), (iii) are easily established; we shall show condition (iv). We
assume that there exists 8 € B such that v, < 8 (the modifications are obvious
is no such (3 exists).

Fa(D D eyl < [ Fr O eyl + D £ 0D )]
kER, keRy,, $>s0 kER~,
< gso +hso Z Mktk
kER,,

max  |ul - Y #(R,)

M2i+2 k€ U Ry,

s>s( §>s0
< gso( D> mkte) +heo( D matr) + |tk | - 25
k€ Ry, k€ Ry, 2i+1
< G0 D mwte) +hso (D i)
kER, kGR

+sgn(px, ) -

Z Loty)

m21+1 keR
a

= ga + h Z ,Uktk
kER,

The inductive construction is complete.
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For the the functionals gg, hg corresponding to the root 0 € A of the tree A,
noticing that Ry = |J I, we get that

BEB2
PO D mwey)l = 1FO meye)l < (g0 +ho) (D pst)
BEBs kGIg keRg kERy
1
< kte) + - max |k # R
Qo(kezlgoﬂ ) Mier ke |12 (Ro)
2p; W,
< tr) + J_ . max
go(;m@ k) Mmai+1 1<k<2p; |Mk|
2p;
<
< | ;thk”JTo + | Jnax | ok
2p;
<

21 gt -
k=1
Therefore we get that

PO mydl < 1FO0 D mue)l + £ D )|

keF ~€EB1 kEL, BEBs kels
2p; 2p; 2p;
< DY mtkll, 210D patillam, =3+ 1> pwticll i,
k=1 k=1 k=1
and this finishes the proof of Claim 1. O

Next we shall estimate |f( Y uryx)|. We clearly may restrict our intention to
kgF
k € D where

D={ke{1,2,...,2p;}: k¢ F and supp f Nsuppys # 0}.
In order to estimate f( > uxryr) we shall split the vector yg, for each k € D, into

keD
two parts, the initial part y;, and the final part y;/. The way of the split depends

on the specific analysis (f,)qsca of the functional f that we have fixed.
Definition 7.3. For k € D and a € A we say that f, covers y; if
supp(fa) N supp(yx) = supp(f) N supp(y).
Next we introduce some notation which will be used in the rest of the proof.

Notation 7.4. We correspond to each ys, for k € D, two vectors y;,, v, defined as
follows.

Case 1. #| supp(f) ﬂsupp(yk)> =1

Then there exists a unique maximal node aj, € A such fq, = €], covers yx. In this

case we set y;, = yi and y; = 0.
Case 2. #(supp(f) N Supp(yk)> > 2.

Then there exists a unique node ar € A such that f,, covers y, but for every
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B € Sa,, fs does not cover yi. Let

{B € Sa : supp(fs) Nsupp(yx) # 0} = {61, B2, ..., Ba}
with fg, < fg, <--- < fg,. We set

y;c = yk|[1,maxsupp £l and y;g/ =Yk — y;c

Remark 7.5. The estimates given in Lemma for the vectors yi, 1 < k < 2pj,
remain valid if we replace, for each k € D, the vector yj, by either the vector y}, or
by the vector yy..

The analogue of Definition [[3] concerning the vectors yj,, vy, is the following.

Definition 7.6. For k¥ € D and a € A we say that f, covers y;, if supp(fs) N
supp(y;,) = supp(f) N supp(y;,) while we say that f, covers y; if supp(fs) N
supp(yy) = supp(f) N supp(yy).-

The property of the sequences (y;,)kep and (yj )rep which will play a key role
in our proof is described in the following remark.

Remark 7.7. (i) Suppose that k € D and a € A is a non maximal node such
that f, covers y; but for every 3 € S,, f3 does not cover y;. Then there
exists a node fj € S, (not necessarily unique) such that

supp(fs, ) Nsupp(yy) # 0

and
supp(fs,) Nsupp(y;) =0 for all l € D with [ # k.

(ii) The statement of (i) remains valid if we replace the sequence (y;);ep with
the sequence (y;')iep.

Claim 2. We have that

2pj
(@) [FOX i)l < T3- 11 22 pntll oz -
keD k=1

2p;
(d) 1O mey) <7301 3 pwtill g, -
keD k=1

Proof of Claim 2. We shall only show (a). The proof of (b) is almost identical;
only minor modifications are required.
For each a € A we set

D,={keD: f, covers y;}.

Setting A’ = {a € A: D, # 0}, we observe that A’ is a complete subtree of the
tree A. We shall construct two families of functionals (g4)eea’ and (hq)aeas such
that the following conditions are satisfied for every a € A’.

(i) suppga C D, and supp h, C D,, while supp g, Nsupp h, = 0.
(ii) ga € Do and ||helloo < ==

mai—1"

)
(iil) ga( > prtr) > 0and he( > prtr) > 0.
)

keD, k€D,

O ey < (7290 + ha)( D0 pate)-
keD. kED.

(iv
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For a € A’ which is non maximal in A’, we set S!, = S,NA" = {8 € S, : Dg # 0}.
Observe for later use, that the sets (Dg)ses; are successive and pairwise disjoint.
The construction of (gq)ac.a’ and (hg)ae.a is inductive. Let a € A" and suppose
that for every 8 € A’, 8 = a the functionals g, hg have been defined satisfying
conditions (i), (ii), (iii), (iv). We distinguish the following cases.
Case 1. a is a maximal node of the tree A.

Then f, is of the form f, = e; , while the set D, is a singleton, D, = {k.}. We

set go = sgn(p, ) -ty and he = 0. Conditions (i), (ii), (iii) are obvious, while from
Remark and Lemma we get that

1Fal D i)l = Lt [ fa () < i, 15k, || < 36: i, | < (T2at+ha) (D pists)-
keD, keD,

Case 2. w(f,) > mait1.

Then from Remark [5 and Lemma [7.2 we get that |fa(y,)] < 1% for every k €

ma;

D,, thus, taking into account that #(D,) < 2p; and that from our choice of i,
38p; < mag;_1, it follows that

[Fal D pmrti)| < ma |pug| -
k€D,

19 - #(D.) 1
ma;

< ma, . .
< max |u| p—

We select k, € D, with |ug,| = max |pr] and we set g, = 0 and h, = sgn(ug, ) -
€D,

1 *
mM2i—1 Chq-

Case 3. f, is the result of an (A, , =) operation for some p < 2i.
P

Let f, = > fa with #S, <n,. Weset T, =D, \ U D

BES, Bes!,

mp

From Remark [T, for each k € T, there exists B € S, such that supp(fg,) N
supp(y;,) # 0 and supp(fs,) Nsupp(y;) = 0 for every | € D, | # k. This implies
that B, € S, \ S.,. Since clearly the correspondence

T. — S.\S,
k— Bk

is one to one, it follows that #T, + #5, < #S, < n,. We set

Zgg+2sgn,uktk and ha:miZhg.

" Ges kET, P pes

From our last observation and the inductive assumptions it follows that g, € Dy,
while, again from our inductive assumptions, we have that [|hqllec < ——— and

m2i—1
ga( Y mrtr) >0, ha( > prtr) > 0.
keD, keD,
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For every k € T,, Remark [[5] and Lemma [[.2] yield that |f,(y,)] < 2+ < 72,

mp - mp
Therefore
1
Fa(Y - )l < —1fs( >yl + Y [ falunyi)|
k€D, BeS, P kE€Dg kET,
1 72
< D (205 +hp)( > ptn) + Y |l —
m m
ges: P kEDg kET, P
= (7294 + ha) Z Lkt
k€Dq

Case 4. f, is a 2i+ 1 special functional.

Let fo = Eam E(¢1 + -1y + ig11 + -+ 9a), where ¢y 1 # Yigr1, d < noiya
and max £ = maxsupp ¢q. From the definition of the sets F' = |J Ig and D =
peB
{k: k ¢ F and supp(f) Nsupp(yx) # 0} we get that the set
R={ke€ D,: f, covers y and supp E(¢1 + -+ ¢1,) Nsupp(y}.) # 0}

contains at most two elements (i.e. #R < 2). We set

1
=3 Z sgn(pu )1y,
keR
We observe that |fo( Y pryr)] <36 X k] = 729a( Y. pwts)-
kER kER kER
kM
Since yp, = " > xr, the vector y}, takes the form
r=(k=1)M+1

Y = G (@ p—nypm41 + -+ w1 + ) for some s < kM where 2/, is of the form
! = [minsupp x5, m]z;.

Let k € D, \ R. In order to give an upper estimate of the action of f, on y;,
we may assume, without loss of generality, that 2/, = z4. Since (z,, ¢, ) 27" is a
(6,2i 4+ 1) dependent sequence we have that w(i;) # w(¢,) for all pairs (I, r) with
(I,r) # (lo+ 1,10+ 1), while [¢y+1(z141)] < ||21o41]] < 6. Tt follows that

d s
ma;
|fa(yr)] < Ml( Z i) ( Z z,)|
I=lp+1 :(k—l)M-H
mao;
< M Z Z |¢l :Er
r=(k—1)M+1l=lp+1
Ma; u 18 6
< W(GJF > X + D 2)>
DM w( w(tr) w(er)
r= w () <w (o) w(r)>w(dr)
1
< .
moi41
Thus
1
a Dl < -2 < .
fal > eyl < masx [l - 2p; omax sl -

keD,\R
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We select k, € D, \ R such that |ug, | = kI%a)iRLuH and we set h, = sgn(pg,) -
€D,

1

mog ka'

We easily get that

Y i)l < (7290 + ha) (D pnt)

k€D, keD,

while inductive assumptions (i), (ii), (iii) are also satisfied for the functionals g,
ha.
Case 5. f, is a 2g + 1 special functional for some g < i.

Let f, = EamL%(fﬁl + fa, + -+ fa,), where d < nogy1(< ngi—1). We set

lo = min{l/ : maxsupp fz, > minsuppy; }.

Then using our assumption that minsupp z1 > mae; 41 (see the choice of the depen-
dent sequence (z,,¢,) 2" in the beginning of the present section), the fact that
min supp ¥} = minsupp z; and the definition of the special sequences, we get that

Maoi11 < minsuppy; < maxsupp fa, <w(fs,.4)-

Thus for every k, using Lemma [T.2(ii) and Remark [T.3] we get that

d d
18m2i 36m2i
Yool < D0 | + )
I=lo+1 o W) M
36m2i
< 18myo; + no;_
2 Maits 2¢—1 M
2
< :
ma;

d
This yields that > > [fs,(y3)| < 2pj - 75 < si—.
keD, l=lp+1

We observe that there exists at most one ko € D, \ Dp,, such that supp Jai, N
supp y;% # (). Without loss of generality, we assume that such a kg exists. We set

1 *
Ja = 5(9510 + eko)'

We select ko, € D, \ (Dg,, U {ko}) such that |uy,| = max{|uk|: &k € Do\ (Dg,, U
{ko})} and we set

*
* tka'

1 1
ho = —hg, +sgn(uk,) -
Mg Big g (/L ) M1
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Then conditions (i), (ii),(iii) are obviously satisfied, while

1
S R (N DR AR
k€D, 29 k€Dg,
d
+> > |fﬁz(ﬂky;c)|>
keDg l=lp+1
<

1
5(72'9610( > mwte) + g, (> pts)
q

kEDglo kEDgZO

1
+36| 1k, | + )
ma;—1

< (7294 + ha)( Z Pt
keD,

The inductive construction is complete.

For the functionals gg, hg corresponding to the root 0 € A of the tree A, and
taking into account that Dy = D, we get that

PO eyl < 72900 pwtr) +ho( > puwtr)

keD keDy k€Dg
2pj 1
< 72- ktr) + max |ug| - 2p; -
go(;u ) +max |p| - 2p; p—
2pj
< 721> pwtell + max ||
k=1
2pj
< T et -
k=1
The proof of the claim is complete. O
From Claim 1 and Claim 2 we conclude that
2p;
POyl < 1FOQ mu) + £ )l + £ )]
k=1 kEF kED keD
2p; 2p; 2p;
< 3 atllam, + 730D mtkllam, + 731D stk
k=1 k=1 k=1
2p;
< 1501 gtk -
k=1
This completes the proof of the right side inequality of (8) and also the proof of
Theorem 6.4 O
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