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HAUSDORFF MEASURES AND FUNCTIONS OF BOUNDED
QUADRATIC VARIATION

D. APATSIDIS, S.A. ARGYROS AND V. KANELLOPOULOS

ABSTRACT. To each function f of bounded quadratic variation we associate
a Hausdorff measure py. We show that the map f — uy is locally Lipschitz
and onto the positive cone of M[0,1]. We use the measures {us : f € V2} to
determine the structure of the subspaces of V20 which either contain cg or the
square stopping time space S 2,

1. INTRODUCTION.

The functions of bounded quadratic variation, introduced by N. Wiener in [23],
have been extensively studied in their own right as well as for their applications. For
example, related results can be found in [4], [5], [9], [19] and also in the monograph
[8] where several applications are included.

Our intention in the present work is to study the structure of the subspaces of
V3. In the sequel we shall denote by Va the space of all real valued functions f with
bounded quadratic variation, defined on the unit interval and satisfying f(0) = 0.
The space V> endowed with the quadratic variation norm is a Banach space. The
aforementioned space V7' is a separable subspace of V3 of significant importance; it is
defined as the closed subspace of V5 containing all the square absolutely continuous
functions, a concept introduced by R. E. Love in the early 50’s (cf. [17]).

The space V3 was introduced by S. V. Kisliakov in [I4] as an isometric version
of the Lindenstrauss’ space JF. His aim was to provide easier proofs of the fun-
damental properties of JF. The space V3 is separable, not containing ¢; and with
non-separable dual. These properties were the most distinctive ones for JF, as
such a space answers in the negative a problem posed by S. Banach. Earlier R.C.
James [11] had presented the James Tree (JT') space which is the analogue of Vi
in the frame of the sequence spaces. It is notable that the class of the separable
Banach spaces not containing ¢; and with non-separable dual, which appears as
an exotic subclass of Banach spaces, includes spaces like V3 naturally arising from
other branches of Analysis.

There exists a fruitful relation between the spaces Vi and V5 pointed out by
Kisliakov (cf. [14]). Namely V> naturally coincides with the second dual of Vi and
moreover the w*-topology on the bounded subsets of V5 coincides with the topology
of the pointwise convergence. Among the consequences of the preceding remarkable
property is that every f € V; is the pointwise limit of a bounded sequence (f,)n
from V3 (cf. [I8]). The variety of the classical Banach spaces which are isomorphic
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to a subspace of VY is large and rather unexpected. Indeed, beyond the space (5
which among the classical spaces, is the most relative to V3, as it was stated in [15],
the space ¢y is also isomorphic to a subspace of V). Moreover for all 2 < p < +o0,
the space £, shares the same property (cf. [6]).

In our previous work (cf.[I]), but also in [3], we have started studying the struc-
ture of the subspaces of V. ;From our point of view a sufficient understanding of
the structure of V3 requires answers to the following problems.

Problem 1. Let X be a reflexive subspace of V. Does there exist some 2 < p < co
such that ¢, is isomorphically embedded into X?

As we have mentioned earlier all £,, 2 < p < oo, are embedded into V. Also,
in [6] it was shown that no £, 1 < p < 2 is isomorphic to a subspace of VJ. It is
worth pointing out that the embedding of £, 2 < p < oo is rather indirect and uses
the space S? which is one of the central objects of the present paper. The space 52
is the quadratic stopping time space and is the square convexification of the space
S1. The latter space was defined by H. P. Rosenthal as the unconditional analogue
of the space L*(\). Both spaces (i.e. S, 5?) belong to the wider class of the spaces
SP, 1 < p < oo which we are about to define. We denote by 2<V the dyadic tree
and by cgo(2<Y) the vector space of all real valued functions defined on 2<N with

finite support. For 1 < p < oo we define the || - |[s» on cgo(2<Y) as follows. For
x € coo(2<V), we set
1/p
Jellse = sup (3 [#(5)1”)
s€A

where the supremum is taken over all antichains A of 2<N. The space SP is the
completion of (cgo(2<N), || ||s»). As we mentioned above the space S! (the stopping
time space) was defined by Rosenthal and the spaces SP (1 < p < o) appeared
in S. Buechler’s Ph.D. Thesis [6]. The space S' has an unconditional basis and G.
Schechtman, in an unpublished work, showed that it contains all £, 1 < p < oc.
This result was extended in [6] to all SP spaces by showing that for every p < ¢, ¢,
is embedded into SP. An excellent and detailed study of the stopping time space
S1,in fact in a more general setting, is included in N. Dew’s Ph.D. Thesis [7]. The
interested reader will also find there, among other things, a proof of Schechtman’s
unpublished result. Let us also point out that the analogous problem to Problem
1 for the spaces S, 1 < p < oo remains also open. An important result in [6]
shows that S? is isomorphic to a subspace of Vi) and this actually yields that
V3 contains isomorphs of all £,, 2 < p < oco. Before closing our discussion for
Problem 1, let us also note that for every infinite chain C' of 2<V the subspace of
S? generated by {e, : s € C} is isomorphic to cg, while for every infinite antichain
A the corresponding one is isomorphic to ¢3. Thus, if a subspace X of V3 contains
an isomorph of S? then it contains all possible classical spaces that are embedded
to Vy.

Our next two problems concern non-reflexive subspaces of Vi). Let us begin
with a result from [3] which asserts that every non reflexive subspace X of V3
contains an isomorph of ¢3 or ¢y. To see this we start with some f € X**\ X,
where X** is considered as a subspace of V5. Since X does not contain ¢; Odell-
Rosenthal’s theorem (cf. [18]) yields that there exists a bounded sequence (f,)n
in X pointwise converging to f. If f is discontinuous then there exists a sequence
(98)ks gk = fnp — fm,, equivalent to the ¢5 basis and hence ¢ is embedded into X.
The case of a continuous f is more interesting. As it is shown in [3], such an f
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is a difference of bounded semicontinuous functions (DBSC) when f is considered
as a function with domain (By,)-,w"). A result of Haydon, Odell and Rosenthal
(cf. [10]), yields that the sequence (f,)n has a convex block subsequence (gn)n
equivalent to the summing basis of ¢y. Let us note that the existence of a continuous
function f in X**\ X is actually equivalent to the embedding of ¢q into X.

The second problem concerns subspaces of Vi) with non- separable dual and it
is stated as follows.

Problem 2. Is it true that every subspace X of Vi’ with X* non separable contains
an isomorph of Vi itself? Moreover, is every complemented subspace X of Vi with
non separable dual isomorphic to Vy'?

An affirmative answer to the second part of Problem 2, yields that V3 is a
primary space. In [I] it has been shown that the corresponding problem to the
preceding one in James’ space JT has an affirmative answer, an evident supporting
the possibility for a positive solution to Problem 2. It is worth mentioning that
as is shown in [I], every subspace X of Vi) with non-separable dual contains the
space TF. The space TF is a sequence space with non separable dual, introduced
in [I]. It is isomorphic to any subspace of Vi generated by a tree family (fs),co<n
of trapezoids. The latter spaces were considered in [6], for showing that Vi does
not contain isomorphs of JT. In [I] it is also stated without proof that the space
S? is embedded into T'F which, as we have previously mentioned, yields that every
subspace of V3 with non-separable dual contains isomorphs of all possible classical
spaces that are embedded in V). In the present paper we give a proof of the
embedding of S? into TF, granting that ¢y is embedded into T'F from [6].

The third problem concerns subspaces of Vi’ with non separable second dual and
it is stated as follows.

Problem 3. Is it true that every subspace X of Vi with X** non separable
contains cgo?

The main goal of the present work is to provide a positive solution to this prob-
lem. Before start explaining our solution, we point out that the preceding results
on subspaces X with non separable dual reduce the problem to those X with X*
separable and X** non separable. Also, as we noted above, the embedding of ¢y
into X is equivalent to the existence of a function f € (X**\ X) N C[0,1]. In
the early stages of our engagement to this problem, we observed that when X* is
separable, the set Dx« = {t € [0,1] : 3f € X** oscf(t) > 0} is at most countable,
a fact supporting an affirmative solution to the problem. However we had no fur-
ther progress, until the moment where we discovered a new concept which plays a
key role to our approach. This is a Hausdorff type measure jiy associated to every
f € Va. The measure puy is defined as follows. First we introduce some notation.

Given f:[0,1] = Rand P = {to < ... <t,} C[0,1], with p > 1, let ||P|lmax =
max{t; 1 —t; : 0 < i <p—1} and B(f,P) = NP0 (f(tis1) — f(t:))?. For every
f € V2 and for every interval I of [0, 1] we set

(D) = inf Jiss(]
fig (1) ;gouf,s( )s

where for each § > 0, iy,s(I) = sup{3(f,P) : P C I and || P||max < 6}.

The collection {fis(I) : I is an interval of [0, 1]} defines an outer measure and gy is
the regular measure induced by fiy on the Borel subsets of [0, 1]. We should mention
that N. Wiener himself had also considered the quantity /fi[0,1], pointing out
that it is a seminorm on V5. The measure uy incorporates a sufficient amount of
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information concerning the function f. Thus uy = 0 if and only if f € VI, uy is
continuous (diffuse) if and only if f is continuous and also the discrete (atomic) part
of puy is supported by the points of discontinuity of f. Furthermore the following
hold.

Proposition 1. Let f € V5. Then the set of the points of differentiability of f
has j1p-measure zero.

As a consequence we obtain the following.

Corollary. Let f be a continuous function in V5. If the set of all non differ-
entiability points of f is at most countable then f belongs to Vi). Moreover if
fe (Va\ V)N C[0,1] then the set of all non differentiability points of f contains
a perfect set.

The second result concerns the variety of the elements of V.

Proposition 2. Let @ : Vo — M™[0,1] be the function that maps f to us. Then
® is locally Lipschitz and onto. In particular for every continuous positive measure
€ MT[0,1] there exists f € (Vo \ Vi) N C[0,1] such that us = p.

The measure uy has a central role in the solution of Problem 3. In particular
the following inequality is the key ingredient. For every f € V5 the following holds.

(1) Vlugll < dist(f,V2)) < llosex fllso < \/lligll + 24/ g

where K is a w*-closed subset of B(yo)., 1-norming VY, oscf is as in [22] or [2]
and was introduced in [I3] and also ,u;lc is the discrete part of pus. Note that when
f is continuous then the inequality (1) becomes equality and hence dist(f,Vy) =
V/leerll- Furthermore the measures {py : f € Va} permit us to have a better and
more precise understanding of the structure of X when X** is non separable. Thus

we prove the following.
Theorem. Let X be a closed subspace of V). Then the following hold.

(1) The space X contains an isomorphic copy of ¢g if and only if X** is non
separable.

(2) The space X contains an isomorphic copy of S? if and only if Mx.- =
{ps: f € X**} is non-separable.

Note that when X* is non separable the stronger case (case (2)) of the above
theorem occurs. When X is isomorphic to ¢y then X* is separable and M x«
is separable. On the other hand, any subspace X of V3 isomorphic to S? is an
example of a subspace X with separable dual and M x«« non separable.

In the rest of the introduction we shall describe the basic steps towards a
proof of the main theorem. Let us start by saying that a function h € V3
is (C,e)—dominated by a measure p € M7T[0,1], if for every finite family 7 =
([ai, bi])7—, of non overlapping intervals it holds

n 2
> (he) = lan)” < Cu(uT) +

i=1
This domination property permits us to engage measures with sequences (hy)n
which are equivalent to the usual basis of ¢y as follows.

Proposition 3. Let (hy), be a seminormalized sequence of functions of V3, (&,)n
be a null sequence of positive real numbers and u € M™[0, 1] such that for some
C > 0 each h, is (C,e,)— p dominated and lim, ||hnllcc = 0. Then there is a
subsequence of (hy,), equivalent to the usual basis of ¢g.
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The next result explains how we pass data from an f € X**\ X to elements of
X itself.

Proposition 4. Let X be a subspace of V3, f € X**\ X and (f,), be a bounded
sequence in X pointwise convergent to f. Then for every 0 < § < dist(f, X) and
every sequence (e, ), of positive real numbers there exists a convex block sequence
(hn)n of (fn)n such that for all n < m the following properties are satisfied.

(1) § < [hm — hnlv, SEM, where M = sup,, || fnllvs-
(ii) [|hm — hnlloo < 2HOSC[O,1]fHoo +éen <Al flloo + en-

(ili) hm — hy is (4,En)-p5 dominated, where &, = 32|/ f|lvy+/ ||u‘fc|| + en.

The proof of the proposition uses inequality (1) and also optimal sequences
pointwise convergent to the function f (cf. [2]). Note that if we additionally
assume that f is continuous, in which case u? = 05cyp11.f = 0, Propositions 3 and
4 almost immediately yield that the space X contains cg , a result initially proved
with a different method in [3].

The proof of the main result is divided into two cases. In the first case we consider
subspaces X of V3 with X* separable, X** non separable and My« separable.
Then using Proposition 4 and the separability of X*, we may select a seminormal-
ized sequence (Hy), in Vi’ and a norm converging sequence of measures (fi,), in
M x+~ such that each H,, is (4,e,) — pt, dominated. Then an easy modification of
Proposition 3 yields that there exists a subsequence of (H,,),, equivalent to ¢y basis.

The second case, namely when M x«~ is non separable, is more involved. Here,
we first give sufficient conditions for the embedding of the space S? into a subspace
X of Vi) . Moreover, using again Proposition 4, we construct a seminormalized tree
family of functions (Hj)seco<r of elements of X and a bounded family of measures
(ts)sea<n. For each s € 2" we define a finite subset Ly C 22" with card(Ls) = 2"
and we set G, = 27"/ Soter, He and vy = 27737, . The proof ends by
proving that these new tree families satisfy the requirements for containing a tree
subfamily equivalent to the S2 basis.

We consider the present work as a step towards the understanding of the struc-
ture of Vi. Our approach has revealed a new component, the Hausdorff measure
py associated to a function f of bounded quadratic variation, which is of inde-
pendent interest and could be useful to a further investigation of V5 as well as in
applications.

We close this introduction by pointing out that all the results contained here
remain valid under obvious modifications for the space Vpo7 forall 1 < p < .

2. PREPARATORY WORK ON V5.

This section is divided into three subsections. First we fix the notation that we
shall use. In the second subsection we prove that the set of discontinuity points
of the elements of X** when X* is separable is countable and also in this case
(X*, || llc) is separable. Finally, we introduce the biorthogonal families of functions
of V3. Such families share nice properties and as we will see they play a critical
role in the proofs of almost all of our results.

2.1. Preliminaries. We start with the notation which concerns intervals as well
as families of intervals of [0,1]. The length of an interval I will be denoted by |I].
For a finite family Z of intervals, ||Z||max = max{|I| : I € Z} and ||Z||min = min{|I] :
IeT}.
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By A we denote the set of all finite families of intervals of [0, 1] with pairwise
disjoint interiors. A sequence (Z;); in A, will be called disjoint, if for every i # j,
I € 7, and J € Z;, the interiors of I and J are disjoint. Also by F we denote the
set of all finite families of pairwise disjoint closed intervals of [0, 1]. More generally,
given a subset S C [0,1], F(S) is the set of all Z € F such that the endpoints of
every I € 7 belong to S.

Given f:[0,1] = Rand P = {tp < ... <tp} C [0,1], with p > 1, the quadratic
variation of f on P is the quantity

p—1 1/2
wlf,P) = (ki) = 1(1:))?)
i=0
Similarly for a T = (I)¥_, in A, we set v (f,Z) = (325 (f(bs) — f(a:))?)"/2, where
for each 1 < ¢ < k, a;,b; are the endpoints of I; (if Z is the empty sequence then
we define w(f, @) = 0). The quantity va(f,Z) has also been defined in [19] where
the exponent 1/2 is omitted.

Notice that every P as above, determines the family Zp = ((t;,ti11))"—, in A
and v2(f,P) = va(f,Zp). It is easy to see that for every f,g: [0,1] — R and every
7 € A, we have that

(2) |U2(f7I) - Ug(g,I)l < Ug(f +g,I) < U2(f7I) + ’Ug(g,I)
Moreover for every disjoint partition Z = U;Z; of a Z € A,
(3) wu(f, 1) <Y w(f,T) and B(f,7) =Y %(f,T)

For f,I in A, we write T < T if for every I € T there is I € T such that fg I.

For every ¢ > 0, D C [0,1] and Hq, ..., Hy in Vi) we will say that D e—determines
the quadratic variation of the linear span < Hy, ..., Hy >, if for every 7 € A there
is Z = T in F(D) such that

k k k
}@(ZAHZ) _ v‘g‘(ZAHi)} < (Z |/\i|2)a,
i=1 i=1 i=1

for every sequence of scalars (A\;)¥_,. Using standard approximation arguments the
following is easily proved.

Proposition 1. Let k € N, Hy,...,Hy in V3 and € > 0. Then there exists § > 0
such that every D C [0,1] which is 6—dense in [0,1], e—determines the quadratic
variation of < Hy,...,Hy >.

Next we state some notation for the dyadic tree. For every n > 0, we set
27 = {0,1}" (where 2° = {0}). Hence for n > 1, every s € 2" is of the form
s = (s(1),...,8(n)). For 0 < m < n and s € 27, sjm = (s(1),...,s(m)), where if
m = 0, 5|0 = 0. Also, 25" = U 2" and 2<% = U ,2". The length |s| of an
s € 2<N_is the unique n > 0 such that s € 2". The initial segment partial ordering
on 2<N will be denoted by C (i.e. s C tif m = |s| < [t| and s = t|m). For s,t € 2<N,
s 1 t means that s,t are C-incomparable (that is neither s C ¢ nor t C s). For an
s € 2<N 570 and 5”1 denote the two immediate successors of s which end with 0
and 1 respectively. More generally for s,u € 2<N, s”u denotes the concatenation
of s and u, namely the element ¢ € 2<N with [t| = |s| + |u|, t(i) = s(i) for all
1<i<|s| and t(|s| + i) = u(i) for all 1 < i < |ul.
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An antichain of 2<V| is a subset of 2<N such that for every s,t € A, s L t. A
branch of 2<V is a maximal totally ordered subset of 2<N. A dyadic subtree is a
subset T of 2<N such that there is an order isomorphism ¢ : 2<N — T'. In this case
T is denoted by T = (ts)ca<n, where t5 = @(s).

In the sequel by the term subspace we always mean closed infinite dimensional
subspace. We also use the standard notation for Banach spaces from [16].

2.2. The discontinuities of X** for subspaces X of VJ. For every f € Va,
by D; we denote the set of all points of discontinuity of f. For all ¢ € [0,1]
let f(t*) = lim, 4+ f(s) and f(t7) = lim,_,;— f(s) (where by convention we set
f(07) = f(0) and f(17) = f(1)). It is easily shown that for every f € V5, the set
Dy is at most countable an so f is a Baire-1 function. Moreover for every ¢t € Dy,
F(t) and f(t+) always exist and Yy, () = F(E)2 4 F() = F(ED)E < |13,

In this subsection we will study the set Dx«« = Ugex+=Dy, for subspaces X
of Vi with X* separable and X** non-separable. We will show that Dx«« is a
countable subset of [0, 1] which as we will see implies that the space (X**, || - ||oo) is
separable. We start with a characterization of the subspaces X of V) with separable
dual through the discontinuity points of all f € X™**.

Proposition 2. Let X be a subspace of Vi'. Then X* is separable if and only if
Dx - is countable.

Proof. Suppose that Dx-- is uncountable. Then, since for every f € X**, Dy
is countable, we may choose uncountable sets F = {fe}ecw, € Bx+ and A =
{te}e<w, C [0,1] such that the following are satisfied.

(1) For every & < wi, fe is discontinuous at t¢.
(2) Exactly one of the following hold.
(2a) For all £ < wy, fg(tg') # fe(te).
(2b) For all £ <wi, fe(ty) # felte).
Suppose that (2a) holds (the other case is similar). Passing to an uncountable
subset of F we may assume that there exists 0 > 0 such that |f5(t2') — fe(te)| > 0,
for every £ < wy. Moreover, by passing to a further uncountable subset, we can
suppose that there exist 0 < e < § and an open interval I of (0, 1) such that for every
§ < w1 we have that (i) t¢ € I, (ii) for every t € I and ¢ < ¢, |fe(t) — fe(t;)| < e

and (iii) for every t € I and t > t¢, |fe(t) — fg(tgr)| <e.
Let € <& . If te <ty then we have that

|60 (fe) = 01, (fo)l = Ife(te) — fe(tD) = [fe(td) — fe(te)]| > 0 —e.
and if t, < t¢ then similarly |6 (fe) — (5,55, (fe )l >0 —e
This implies that [|0s, |x — 5t5, Ix|| = 6 — ¢ for every £ # € and therefore X* is
nonseparable. Finally for the converse, suppose that X* is non-separable. Then by

Proposition 23 of [I] we have that X** contains a non separable family H C Vil =
<{xt:t€(0,1)} > and therefore Dy~ must be uncountable. O

Proposition 3. Let F be a subset of Vo such that Dy = Ufef Dy is countable.
Then the space (F, | - |loo) s separable.

Proof. We set Y = Vi+ < {xp,1:t € DN (0,1]} > (where Vi = V> N CI0,1]).
By exploiting the proof of Theorem 15 of [1], we have that F C ylihe g lo(Dr).
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As || - [loo <[ - llva, We get that yllva ¢ ¥l=  Moreover since D is countable,
(L2(Dx), ||l ) is separable. Since (Y, ||-||) is also separable, the result follows. O

Corollary 4. Let X be a subspace of V' such that X* is separable. Then the space
(X || - |loo) s separable.

2.3. Biorthogonal families in V7.

2.3.1. Definition and existence. In this subsection we introduce the concept of
biorthogonality for families of functions in V3.

Definition 5. Let (H;)ics be a family of functions of Vi’ and (g;)ics a family
of positive real numbers, where S is a countable set. We will say that (H;)ies is
(:)ies— biorthogonal, if for every T € A there is a disjoint partition T = U;esZ™®
such that for every j € S,

(4) > w(H,IW) <¢
{i€S:i#5}

Proposition 6. Let (H,)nen be a sequence of functions of V5 with lim || Hy ||oo = 0.
Then for every sequence (g;)ien of positive real numbers there exists a subsequence
(Hp,)ien such that (Hy,)ien 18 (gi)ien— biorthogonal.

i

For the proof of the above proposition we will need some specialized forms of
biorthogonality. Let k > 1, (;)%_, and (6;)¥Z; be finite sequences of positive real
numbers such that 0 < 6;_1 < ... < §; < §o = 1. We say that a sequence (H;)¥_; in
VY is ((e4)k_y, (8;)"=3)— biorthogonal if the inequality (@) of Definition [ is satisfied
for S ={1,....,k} and

(5) I(j):{IEZ:5j<|I|§5j71},

for all 1 < j <k (where for j =k, we set d; = 0).

We will also use the following notation. For a sequence of positive real numbers
(i)ien and every 1 < i < k, we set e¥ = (Zf;iﬂ 27")g;. Clearly for all 1 <i <k,
ek < M and limyg &b = ¢

The proof of Proposition [0l is based on the next lemma.

Lemma 7. Let (H;)%_, be an ((¢¥)5_,, (6:)%23)— biorthogonal sequence of V. Let

=1

0 < 0 < Ok—1 be such that for every T € A with ||Z||max < O, the following holds.

Ek+1
H;,7) <
(6) > valth7) < %5

Then there is € > 0 such that for every Hy11 € V20 with ||Hi+1|loo < €, the sequence
(Hi)fill 18 ((5’-““);“:11, (6:)F_y)— biorthogonal.

K3

Proof. Notice that for every J € A with 6 < || |lmin, card(J) < 8;'. Set
€ = V0,2~ * ) min{e;}%_ | and let Hyyy € V) be such that ||Hy 1]/oo < . Then
for every 1 < j < k and Z € A, we have that 0 < §; < [|ZU) || ;min and therefore

1/ S €j

2
S 5ms S gEgie

vy (Hyy1,T0)) < (5;;1(2||Hk+1|\oo)2)
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Hence for each 1 < j < k and for every Z € A,

> w(H,IV) = 3" w(H, TU) + w(Hyyr . I9)
{i1<i<k+1,i%} {i1<i<k,izj}
c k—j+2
k J _ —r _ _k+1
SE;*W‘( > 2 )Ei—fj
r=1

Finally [|[Z¢*+D || ax < 6, and so by (@), we get that

k+1 €k+1 k+1
v (H;, T < 5 = kil
i=1

O

Proof of Proposition [6l We inductively construct an increasing sequence nq <
ng < ... of natural numbers and a decreasing sequence of positive real numbers
0 < ..<d <8 <1=46, such that for every k > 1, the sequence (H,, )5 is
((e®)k_,, (652} )-biorthogonal. We claim that (H,,); is (£;);-biorthogonal. Indeed,
let 7 € A and let Z = U;,Z(® be the partition of Z induced by ). Let also ko > 1
be such that dx, < ||Z||min. Then for each j € N with j > kg, ZU) = () and so (@)
trivially holds. Otherwise for all k& > 1, )iy 2y v2(Hn,, ZU)) < ek and so

Z{i;ﬁj} vy (Hp,, IU)) < €j-

We will also need the analogue of the above in the case where S = 2<N. We omit
the proof since it is an easy modification of the one of Proposition

Proposition 8. Let (H),co<n be a family of functions in Vi such that for ev-
ery o € 2V, limy, |Hyjnlle = 0. Then for every family (es)sco<n of positive real
numbers, there exists a dyadic subtree (ts)sco<n of 2<N such that (Hy,)sco<n is
(€5)sea<n— biorthogonal.

2.3.2. Estimations on biorthogonal sequences. In the next two lemmas and propo-
sition, S stands for a countable set and (H;);ecs is an (&;);cs—biorthogonal family
in V3 such that Y, ge; = & < o0.
Lemma 9. Let Z € A, F C S finite and (\;)icr be a sequence of real numbers.
Then

(i) For everyi € S, wo(H;,Z\IW) < e.

(ii) For every j ¢ F, v2(3 ;cp )\iHi,I(j)) < maxep |Mile;
) For every j € F, v2(3,cp NH;, D) < |\jlve(Hj, ZU)) + maxie p [ Nig; .
)

(
For every j € F, va(3;cp NiHi, TW) > ’|/\j|vz(Hj,I(j)) — maX;ep |/\i|5j‘.

(iii
(iv
Proof. (i) Let i € S. Then
'UQ(HZ,I\I(Z)) = Uz(Hi,Uj7giI(j)) < ZUQ(Hi,I(j)) < Z&'j <e
[P [P
(ii) Let j ¢ F. Then

v (Y NH, TU) <Y T (MH, ID) = [ Nifw(H;, IV)) < r?e%%d/\i'gj
ieF i€l ieF
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(iii) Let j € F. Then using (ii) we get that
'UQ(Z )\lHZ,I(])) S UQ()\jHj,I(j)) + Z ’Ug()\iHi,I(j))
i€l i#j
< |Njlva(H;, V) +max Al
1€
(IV) Since U2(EiEF AlHZ,I(J)) Z |’U2()\jHj,I(j)) — Ei#j UQ(AZ'Hi,Z(j))L the pI‘OOf iS
similar to that of (ii). O

Lemma 10. Let M > 0 and suppose that ||H;||v, < M, for alli € S. Then for all
finite subsets F C G C S, every sequence of scalars (\;)icc and every I € A the
following are satisfied.

(i) UZ(ZMA HZ,I) < Sser INPPR(HL TO) + maxiep M2 (2M + e)e.
(ii) vg(zieg )\iHi,I> > S ep NIPR(H:, TO) — maxicq [ Ai[22Me.
(iii) o2 ( iep NiHi, T) < 3 ( Sice )\iHi,I> +maxieq |Ai2(AM + e)e.
Proof. (i) By (ii) and (iii) of Lemma [0 we have that

v%(ZAiHi,I) = Z@(ZAiﬂi,ﬂj)) + Y v%(ZAiHi,I”’)

iEF JEF iEF JES\F i€F

< Z (|)\ lvo (H;, 7)) +max|)\ |5J) Z Igggdz\fa?

JjeF JES\F
<> INPu(H; Z(J))+max|)\ [2(2M + ¢)e.
JeEF

(ii) Using (iv) of Lemma[0 we obtain that

UQ(ZA Hl,I> > B3 NH UperTD) = 3RS N H;, IW)

i€eG i€G jeF i€G
: 2 :
> 3 ol ) —maxXiles| > D2 Wl T9) — mas P20
JjeEF JEF
Finally (iii) follows easily from (i) and (ii). O
Proposition 11. Let M > 6 > 2e > 0 and suppose that 0 < | H;||v, < M, for all

i €S. Then (H;)ies is an unconditional family.

Proof. Let F C G be finite subsets of S and let |\;;| = max;eq |A;|. By (iii) of
Lemma [I0, we easily get that

(7)

+ |Nig |2 (4M + €)e,

Let Zp € A such that vz(Hm, ) > 9. Since (H;);es is (£i)ics—biorthogonal, we
get that

(8) 02(Hip, 2")) > va(Hiy, To) = va(Hiy T\ Z5)) > 6 —
Moreover by (ii) of Lemma [0 we have that

0 Hign T5) = (S AHL I < oo (Y MHLZEV) < Nl
i€G 1€G,i#io
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and so
) iy lva(Hiy, T9) < UQ(ZA Hl,Z(ZO)) + + i le
i€G V2
By @) and [@), we get that
ol < 7= \
Hence by (@), we have that
1/2
‘ Z < (1 n (4M—|—a ) ‘
o 6

and the proof of the proposition is complete. O

3. HAUSDORFF MEASURES ASSOCIATED TO FUNCTIONS OF BOUNDED
QUADRATIC VARIATION.

The aim of this section is to introduce and study the fundamental properties
of the measure uy corresponding to a function f € V5. It is divided into three
subsections. The first includes the definition and initial properties of the measure
tr. The second is mainly devoted to the proof of Theorem [I9 and the last contains
a study of the points of non differentiability of a function f € V5.

3.1. Definition and elementary properties. For every f € V5 and for every
interval T of [0,1] we set
pr(I) =inf prs(
pip(I) = inf fiys(1)
where for each § > 0, fi7,s(I) = sup{3(f,P) : P C I and ||P||max < &}
We also define the function Fy : R — R by

0, if <0
Fp(x) =< ugl0,2], if 0<z<1
fifl0,1], if 2 >1

Notice that F' 't is a non-negative increasing function on R and so taking the upper
envelope Fy(z) = ﬁf (xt) of ﬁf, we have that F; is in addition a right continuous
function. Moreover since lim,_._ Fr(z) = 0 and lim, .1 o Fy(z) = 117[0,1], Fy is
the distribution function of a finite positive Borel measure on R which we will denote
by ps. Notice that py = 0 if and only if f € V3 and also that ps < ||f|lv,. Actually,
it is easy to see that defining for any function f : [0,1] — R, the measure py as
above, then iy is finite if and only if f € V5. Since pp(—00,0) = ps(1, +o00) = 0,
in the sequel we will identify i with its restriction on [0, 1].

Remark 1. The definition of the measure uy is generalized as follows. Let (X, p)
be a metric space and f : X — R be a real valued function. Following C.A. Rogers
in [21], for a function h : [0, +00] — [0, +00] satisfying the conditions of p.50 of [21]
and every open subset G of X, we define the premeasure h;(G) = h(diamf[G]).
Next following Method II (see [21]), we induce the measure ,u? defined on the Borel
subsets of X. It is easy to see that in the case of f € V3 and for h(z) = 22, the
measure u? coincides with the measure py¢ defined above. Although the measures

,u}} are not mentioned as Hausdorff measures in the literature, their definition and
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geometrical properties motivate us to include them in the latter class. It seems
interesting to examine the regularity conditions that a function f : X — R must
satisfy so that the corresponding measure u? is a finite Borel measure. For example,
this easily yields that f has at most countably many discontinuities. Hence if X is
a Polish space f is a Baire-1 function.

The following two lemmas are easily proved. The second one is essentially con-
tained in [I] (Lemma 18).

Lemma 12. Let 0 < a < x < b < 1, such that f is continuous at x. Then for
every I = I U Iy, where I is an interval with endpoints a,b and I, I5 are intervals
with sup Iy = x = inf Iy, we have that

pp(I) = g () + pg(I2)
Lemma 13. (a) For every x € (0,1] and every € > 0 there exists 0 < § < x such
that sup{v3(f,P): P C [x — &,2)} < e. In particular fif[z — 6,z) < e.

(b) Similarly for every x € [0,1) and every € > 0 there exists 0 < 6 < 1—x such
that sup{v3(f,P) : P C (z,z + 0] < e. In particular fif(z,x + 5] < e.

Proposition 14. (a) Dy = D, = Dﬁf and so f is continuous if and only if
py is continuous. Also for z € [0,1]\ Dy, Fy(x) = Fy(x).
(b) If f is continuous at x then puyl0,z] = [if[0, 2] and prlz, 1] = fylz, 1].

(c) For all continuity points x <y of f, prlz,y] = fiflx,y].
(d) For every open interval (o, 5) of [0,1], ps(a, B) = (e, B).

Proof. (a) By the monotonicity of Fy we have that for all zg € R, Ff(z3) = Fy ()
a~nd Fy(xy) = Fy(xy ). Therefore Dp, = D, and for every xo € [0,1] \ D,
Fi(zo) = Fy(xo). It remains to show that Dy = Dg, . Let zo € [0,1] be a
continuity point of f. If zg < 1, by Lemma [I2] we have that for every zo <y <1,
Fy(y) = Fy(wo) = fiy[0,y] = if[0, o] = iy (w0, y] and so by Lemma[I3(b), Fy(zq) =
Fr(zg). If 0 < xg, again by Lemma [I2 for every 0 < y < x such that y is a
continuity point of f we have that Fy(xo) — Ff(y) = iis(y,zo]. Since [0,1] \ Dy
is dense in [0, 1], by Lemma [I3|(b) we get that F is continuous at xg. Conversely
suppose that zo € Dy. Then either f(zd) # f(z0) or f(zy) # f(x0). Suppose that
f(zd) # f(zo) (the other case is similarly treated). Then it is easy to see that for
every 0 < 0 < 1— o, fig[zo, 0 + 0] > |f(zf) — f(x0)[* and using Lemma [2 we
obtain that

Fy(ag) = lim Fy(zo +6) > éin%)(ﬁf [0, z0] + Aig[zo, zo + d])

> Fylwo) +1f(xf) = f(wo)[* > Fy(wo)

Hence xg € D Py
(b) If f is continuous at x then by (a) we have that }7}(3:) = Fy(x) or ps[0,z] =
L0, x]. Again by (a) we have that Fy is continuous at z and so s ({x}) = 0. Hence
Mf[xv 1] = Mf[ov 1] - /J,f[O,.’L') = Mf[ov 1] - /J,f[O,CC] = ﬁf[ov 1] - /jf[ov ‘T] = ﬁf[xv 1]7
where the last equality follows from Lemma
(c) Indeed, using (b) and Lemma 2 pflx,y] = ps[0,y] — pr[0,2) = prl0,y] —

prl0,z] = fip[0,y] — fs[0, 2] = fis[, y).
(d) Let a < ay, < b, < b such that a,,b,, are continuity points of f, lim, a, = a
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and limy, b, = b. By Lemma [I3] lim,, if(a, a,] = lim, fif[by,b) = 0 and by Lemma

m ﬁf(av b) = ﬁf(aa a’n] + ﬁf [ana bn] + ﬁf[bnv b) Hence :D:f(aa b) = lim, :D:f [ana bn] =
lim,, pirlan, bn] = py(a,b). O

For the following we need the next notation. For every f € Va5 and z( € [0, 1],
let

Ty (wo) = max{|f(zq) — f(zo)*, |f (wg) = f(z0)]* + |f(zg) — f(zo)*}
where f(07) = f(0) and f(17) = f(1). Moreover, for every é > 0, let

71.6(w0) = sup{|f(y) — (@)l + |f(z0) = f(2)*, 1f(y) = f(2)]*},

where the max is taken for all 0 < y < zy < z < 1 with |y — 2| < §. Clearly
lims_,o 7f,5(x0) = 7f(xo) and f is continuous at ¢ if and only if 74(x¢) = 0.

The quantity 7¢(zo), is defined (with different notation) in [19], p.1464. An
equivalent definition was introduced earlier by L.C. Young [24], in order to charac-
terise the class W5. The proof of the next proposition uses similar arguments to
those in [19].

Proposition 15. For every f € Vo and z € [0,1], uy({zo}) = 7s(x0). Therefore
u?[O, 1] = ZzeDf 7r(x), where u? denotes the discrete part of py.

Remark 2. Under the current terminology, it follows that Wi = {f € Vo : puy =

14}

Lemma 16. Let f1, fo € Vo and 7 be a positive Borel measure on [0,1] such that
wp Lmand T < pyp,. Then T < pgp,—y, .

Proof. Let F = f1 — fo. Tt suffices to show that pp(V) > 7(V), for every open
subset V of [0,1]. So fix an open subset V of [0,1] and let € > 0. Since uy, L 7,
there is V. C V such that V. = UF_| I;, where (I;)%_, is a finite family of pairwise
disjoint open intervals of [0, 1], up, (V) <eand 7(Vz) > 7(V)—e. Let § > 0 be such

that |fig,, s (Vo) —pp (Vo) <& liigs,s(Ve) =g, (Vo) < e and |fip, s(Ve) —pr(Ve)| <e.
Also for all 0 < ¢ < k, let P; C I; with |P;| < 6 and ’ Ele v%(fg,Pi)—uh(Vs)’ <e.

Hence Y., 3(f1,Pi) < 2¢ and

k
pr(V) > pr(Ve) > fps(Ve ZZ v (F,P;) —

k -

sz f2.Pi) = w(fi, P))® — ¢

k k 1/2
>/J‘f2 _2(2’”% f27 ) (ng f17 ) — 2
i=1

> g, (Ve) = 20| fallva V26 — 26 2 7(Ve) — 2| follva V26 — 2¢
> 7(V) = 2[| fallv, V2 — 3e.

Hence, letting ¢ — 0, we get that up(V) > 7(V) and the proof is complete. O
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3.2. The correspondence between the functions of V, and the measures
on the unit interval. By M]0,1] we denote the space of all Borel measures
on [0,1] endowed by the norm || = sup{|u(B)| : B is a Borel subset of [0, 1]}.
The positive cone of M0, 1] will be denoted by M*[0,1]. Recall that for every
u € MT[0,1], ||u|| = u[0,1]. In this subsection we study the properties of the
function ® : Vo — M0, 1], defined by ®(f) = uy, for all f € Vo. We start with the
following easily established proposition.

Proposition 17. The next hold.
(1) For every f17f2 € Vs, Hf1+fo < 2,Uf1 + 2,Uf2
(ii) For every f € Vo and XA € R, ) = Npuy.

(iii) For every f € Va and every g € Vi, [if+g = -

(iv) The map ® : Vo — M0, 1], defined by ©(f) = py is locally Lipschitz. More
precisely

||Mf1 - Mfz” < (||f1||V2 + ”f?”Vz)Hfl - f2||V2

Remark 3. One could not expect that ® is a linear map as its range is a subset of
the positive cone M1[0,1] of M[0,1] ( next we shall show that @ is actually onto
MT[0,1]). However there are special cases where the additivity of the function
® is established. For example it can be shown that for every pair fi, fo € Vo
with py, L g, we have that pp 4y, = py, + py,. Finally the map ® is not w*-w*
continuous. For example let f € V5 such that f = )" gn, where (g5), is a sequence
in V). Then setting f, = Y k>n 9k, We have that (f,), pointwise converges to 0,
however by (iii) of Proposition [T, pif, = puy, for all n € N.

Lemma 18. Let p be a finite positive discrete measure on [0,1]. Then there is
h € Vi such that uj, = p.

Proof. Let S = {t,,}, be an enumeration of the support of . Then p? =3 A,6,.,
where A\, = u?({t,}). We define h =" /Ayxs, and let h, = > 7, Akxe,. Then
h € V5L (hp)n || - ||v,-converges to h and so (i, ) norm converges to uy in MJ0, 1].
Since pin, = Y p_1 MOuys b = Do, Andp, = p- O

Theorem 19. For every finite positive Borel measure p on [0,1] there is f € Va
such that (o = piy.

Proof. Since i = pu® + u® where p¢ is the continuous and u? is the discrete part
of p, by Lemma [I8 it suffices to find f € V5 N C[0,1] such that pu® = py (it is
then easy to see that py4p, = p, where h € V3 satisfying that pj, = u?). Hence we
suppose for the sequel that u is continuous.

For an interval I = [a,b] in [0,1] let Fy : I — R, defined by Fy(x) = pla, x], for
all z € I. Then Fy is continuous , Fr(a) = 0 and Fr(b) = u(I). Hence we may
choose &; € (a,b) such that F;(&r) = ula,&r] = u(I)/2. Consider now the function
G : I — R defined by Gr(x) = Fr(z), if a < x < & and Gy(z) = pr(I) — Fr(z), if
&r <z <b. Clearly ||Grlloo = p(I)/2.

Claim 1. For every interval I of [0, 1], let H; = /G].

0
(i) For every z <y € I, |H;(y) — H(7)]? < p(z,y).
(ii) For all intervals I, I5 in [0, 1] such that max I; < min 5 and for all 21 € Iy,
x9 € Iy, |Hy,(z2) — Hp, (21)* < (21, 2]
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Proof. (i) Notice that for a, 3 > 0, | — 3|? < |a? — 3?|. Hence |H;(y) — H;(x)]? <
|Gr(y) — Gr(z)| and so it suffices to show that |Gr(y) — Gr(x)| < p(z,y]. By
the definition of G, we immediately get that for z < y < & or for & < z <
y, |Gr(y) — Gr(z)| = p(x,y]. In the case z < & < y, we may assume that
Gr(z) < Gr(y) (the other case is similarly treated). Then there is z < z < & with
G1(2) = Gr(y) and 50 |G (y) — G1(2)] = |G1(2) — Gr ()] = pl, 2] < p(a, ).

(ii) As above it suffices to show that |G, (z2) — G, (z1)] < p(x1,22]. Let by be
the right end of I and as be the left end of Ir. Then Gy, (b1) = Gr,(a2) = 0
and by part (i) |G1,(22) — G, (21)| = |G, (x2) — G1, (br,) + G1, (a2) — Gp, (21)] <

|G, (72) — G, (b1)| + |G, (a2) — Gr, (21)] < p(z, bi] + plag, y] < p(w,y]. O
Claim 2. Let H,, = Zi? Hipn, where I} = [, S, n>0,1<i<2m,

(1) H, € VR and ||Hy|leo = /2~ @D [0, 1].
(ii) For all T € A, v3(H,,Z) < u(UZ). Therefore [Hnllve < +/u[0,1].
(iii) Let P, = {i/2"}2 U {&n}2,. Then v3(Hy, Pn N [0,t]) = p[0,1], for all
t € P

Proof. Straightforward by Claim 1. O

Claim 3. There exist a subsequence (H,,); of (H,), and a strictly decreasing null
sequence (6;)52,, with d9 = 0, satisfying the following.

(1) 225 [ Hn, lloo < 00.
(ill) (Hn,)s s ((279)524, (6:)52,)-biorthogonal.
(iii) For every i € N, &; < ||Pn;llmin < | Pn; |lmax < di—1-

Proof. We inductively define a strictly increasing sequence n; < ng < ... in N and
a strictly decreasing sequence 0 = dg > d; > d2 > ..., such that for every k > 1, the
following hold.

(1) Forall 1 <i <k, ||Hp,||oo < 27"

(2) The finite sequence (H,,)¥_, is (27951, (6;)¥=))-biorthogonal.

(3) Forall1<i<k, §; < H,Pnl min < ||Pn1 max < 0i_1.

(4) For every Z € A with ||Z]|max < 0k, b, va(H;, T) < 2741,

The general inductive step of the construction goes as follows. Suppose that for
some k > 1, we have chosen (n;);<r and (d;);<k satisfying the above. Applying
Lemma [T for ex1 = 2~ %+ we have that there exists ¢ > 0 such that for every
H € Vy with |H|lyp < e, the sequence (Hp,, ..., Hn,, H) is (272}, (6:)F=)-
biorthogonal. By Claim 2, we have that lim || H,| s = 0 and lim ||Pp||max = O.
Hence we may choose nji1 > ny such that ||Hy,,, [lcc < min{27%! ¢} and
|Prssr [lmax < Ox. Finally we choose 0 < 0ry1 < [[Pnyy, [lmin such that for ev-

ery Z € A with ||Z||max < Ok+t1, Zf;l v (H;\T) < 2= (+2) and the proof of the

inductive step of the construction is complete. O
Claim 4. Let f =3, Hy,. Then f € Von C[0,1] and py = p.

Proof. Since )", ||Hn,||oo < 00 and H,, are continuous we have that f € C[0, 1]. By
(ii) of Claim 2, (H,), is a bounded (by M = 1/u[0,1]) sequence in V3. Moreover
by Claim 3, (H,,); is biorthogonal and so by Lemma [I0 and (ii) of Claim 2, we
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have that for every 7 € A

B(fT) <> p(UID) +20/p[0,1] +1 < (v/u[0, 1] + 1)

and therefore f € V4. To prove that py = p, let D = |J, D, where for all i € N,
D,, ={m27™ : 0 < m < 2"}, Since D is dense in [0, 1], it suffices to show that
wr[0,t] = ul0,¢], for all ¢ € D.

Fix ip and 0 < mg < 2™o and let ¢t = mg/2™0. By the definition of (P,),, we
have that for all j > ig, t € Pp,, and so by (iii) of Claim 2,

/,L[O,t] = U%(Hnjvpnj m [O7t])
Hence by (iii) of Claim 3, for all j > ig,
Uz(f, Pnj N [O,t]) = U2(Hnj + ZHni7Pnj N [Ovt]) > M[Ovt] - 2_j
i#]

hence since lim; || Pr; [max = 0, pf[0,t] > lim; 3(f, Py, N[0,]) > p0,1].
It remains to show that p7[0,¢] < p[0,t]. Since limd, = 0, we have that

(10) pyl0,4] = limksup{v%(fap) : P C{0,¢], [Pllmax < 0k}

Fix k > 1and P C [0, ] such that ||P|lmax < dk—1. Let Z = Zp be the corresponding
family of intervals with endpoints successive points of P. Then 7 = Uj>,C 7)),

where ZU) = {I € 7 :§; < |I| <§;_1}, and
Jjzk Jizk
Moreover by (ii) of Claim 2,
w(f,I9) < w(Hy, + Y Hy, IV)) < v3(Hpy, I9) 4 277 < p(UZV)) 4277
i#j
Hence using ({I), we obtain that

B(fP) <Y (WD) +3 277 = p(UT) + 2871 = puf0, 1] + 28

Jj=k Jjzk
and therefore by [@0), ps[0,t] < ul0,]. O
By Claim 4 the proof of the theorem is complete. O

Remark 4. Let us present here a concrete example which illustrates the method
of the proof of Theorem Let A be the Lebesgue measure on [0, 1] and let (R,),
defined by

(12) Ry (t) = 27/2 /0 ro(z)dz,

where (r,), is the sequence of Rademacher functions. As in Claims 1 and 2 of
Theorem [19] it can be shown that

(i) v3(Rn,Z) < ANUI). ‘ ,

(ii) For every m > n and 1 <i < 2", 03(Rp, Pp N[0, 55]) = A0, 55].
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where here P,, = {2% : 0 <4 < 2"} Then as in Claim 3 we may show that
there is a subsequence (R,,); of (Ry)y such that the sum f = >, R, satisfies that
wr = A. We note that as it has been stated in [I5], the above defined sequence
(R,)n contains subsequences equivalent to ¢y basis. In the sequel (Corollary [BT))
we shall provide a proof of this statement.

3.3. On the points of non differentiability of functions in V5.

Lemma 20. Let f € Va and let (Pn)n be a sequence of finite subsets of [0,1] such
that im || Py||max = 0 and lim v3(f, P,) = ps[0,1]. Then for every sequence (Z,)n
in A such that I, C Ip, and (V3(f,Z,))n converges, we have that (jus(UL,))n, also
converges and lim v3(f,Z,) = lim pu s (UZ,).

Proof. Let a = lim v3(f,Z,) and assume that (ur(UZ,)), does not converge to a.
Then by passing to a subsequence, we may suppose that lim pf(UZ,,) = 0 # «. Let
TIn =ZIp, \Z,. Then

lim 2 (f, Jn) = ps[0,1] — @ and lim ps(UT,) = pur[0,1] — 8

Since Z,, and J,, consist of open intervals of [0,1], we can choose Z/, < Z,, and
Jn = Jn such that |uy(UL,) — 3(f, Z;)| < 1/n and |pp(UT) — v(f, Tp)l < 1/n.
Therefore we get that

limv3(f,Z,) = B and limv3(f, J.) = pus[0,1] — B8
Since Z,,, J,, are disjoint and lim ||Z,, || max = lim || 7;, ||max = O we obtain that

pe[0,1] 2 lim (£, 2, U T) = & + (g [0,1] = B),
which implies that 3 > «. Similarly,

pel0,1] > lim 3 (f, 25, U Jn) = B+ (us[0,1] = ),
which gives that o > 3. Hence o =  which is a contradiction. O
Theorem 21. Let f € Va. Then the set of all points x € [0,1] such that f is
differentiable at x has py-measure zero.
Proof. Let P, = {0 =t < .. <ty =1} C[0,1] such that lim ||Py|[max = 0 and
lim v3(f, Pn) = pr([0,1]). It suffices to show that for every C > 0, us(Ac) = 0,
where

Ac ={x € [0,1]: If'(z) and |f'(x)| < C}

Fix C > 0 and for every k € N let A}, to be the set of all z € (0,1) \ ,, P such
that for every y,z € (x — 1/k, 2+ 1/k) with 0 <y <z < z <1, |%{/(”)| <C.

Notice that -
Ac C (UP"\Df) U U Alé«
n k=1

By Proposition [I5] we get that pp(U,P, \ Dy) = 0 and therefore it remains to
show that for every k € N, pf (A’é) = 0. To this end, fix £ € N. Then for every
z € Af, and n € N there exists 0 < i < k,, — 1 such that z € (¢, ¢"). Since
lim || Py, ||max = O there is ng such that for all n > ng, ¢, —t7 < 1/k. For n > ng
let F, to be the set of all 0 < i < k, — 1 such that A% N (¢7,¢7,,) # 0 and let

T, ((t?,t?+1))iep . Then A%, C |JZ,, and therefore
=D () — fUNP < CP Yt — 7P < CP max [tfy; — t7|

i€ Fy, el
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Hence lim v3(f,Z,) = 0. By Lemma 20 lim pu¢(|JZ,) = 0 and so ps(A%) =0. O

Corollary 22. Let f € VonCI0,1]. If the set of all points x € [0,1] such that f is
not differentiable at x is countable then f € V. Moreover if f € (V2 \ V2)NC[0,1]
then the set of all non differentiability points of f contains a perfect set.

Proof. Let B be the set of all € [0,1] such that f is not differentiable at z.
By Theorem I we have that pus(B) = ps[0,1]. Also since f € C0,1], ps is
continuous. Therefore if B is countable then u¢[0,1] = 0 and so f € V5. In the
case f € (Vo \ V@) N C[0,1], us(B) > 0 and so B contains a perfect set. O

4. GEOMETRIC PROPERTIES OF THE MEASURE.

In this section we mainly concern to connect the norm of the measure py with
the distance of f from Vi). This requires first some results from [2], included in
the first subsection, related to the oscillation function oscf defined by A. Kechris
and A. Louveau [I3] and further studied by H. P. Rosenthal in [22]. The second
subsection contains the statement and the proof of the basic inequality and in the
third subsection we use these geometric properties of the measure to obtain optimal
approximations for the functions of Vo \ V4.

4.1. The oscillation function. Recall that for a function f : K — R where K
is a compact metric space, osck f, is defined as follows. For every t € V C K let
s(V,t) = sup{|f(z) — f(t)| : © € V}. Then for each t € K,

osci f(t) = inf{s(V,t) : Vopen neighborhood of t}

It can be easily shown that for every sequence (f,), of continuous real valued
functions on K pointwise converging to a function f and every € > 0 there exists
ng € N such that for every n > ng, ||05ck flloc — & < ||fn — flco-

The next lemma is included in the more general Lemma 1.2 in [2] and shows
that passing to convex blocks the above inequality can be reversed.

Lemma 23. Let (f,)n be a uniformly bounded sequence of continuous real valued
functions on a compact metric space K pointwise converging to a function f. Then
for every null sequence of positive reals (0,)y there exist a convex block sequence
(gn)n of (fn)n such that ||gn — fllec < [l0SCK flloc + On-

Corollary 24. Let E be a separable Banach space, X be a subspace of E and K be a
weak® -compact subset of Bg+ which is 1-norming for E** (that is for all x** € E**,
|z**|| = supg.cx |2**(x*)|). Then for all x** € X** which are weak*-limits of
sequences in X, we have that

dist(x*™, X) < ||osck ™| 0o
In particular this holds for all x** € X™** if {1 is not embedded into X .

Proof. Let K be a weak* subset of Bg+ which is 1-norming for X**. Let «** € X**
be a the weak*- limit of a sequence (z,,), in X. Denoting again by z,, and z** the
restrictions of ,, and ** on K, we have that (z,,), is a uniformly bounded sequence
of continuous functions on the compact metric space K, pointwise convergent to
a**. Therefore, by Lemma 23] there is a convex block sequence (yp)n of (2,), such
that for all n € N,

sup |yn (") — 2™ (z7)] < [oscxa™ [loo +1/n
z*eK
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Since K is 1-norming for E**, we have that the left side of the above inequality is
the norm of y,, — x**. Hence

dist(e™, X) < ||y — || < l|63exca™ [l +1/n,

for all n € N and the result follows. Finally if ¢; does not embed into X then by
Odell-Rosenthal’s theorem [I§], all 2** € X** are w*-limits of sequences of X. O

Remark 5. Notice that for every z** € X** and every z € X, [|osckx™ ||oo =
[losexc (2 — x)||oo < 2||a** — z|| and so ||0Scea™ || < 2dist(z**, X). Hence by
Corollary[24] we have that for every subspace X of E not containing ¢1, ||0sciz™*||oo
is an equivalent norm on the quotient space X**/X.

4.2. Connection of the measure ;1; with the distance of f from V5). Return-
ing to Va, we recall that the set K C (V3))* of all 2* of the form z* = Y, a; (s, — dy,)
where ((sz, ti))i is a sequence of pairwise disjoint intervals of [0,1] and ), o < 1,
is a w*-compact subset of Byy). which is 1-norming for V> ([3]).

Theorem 25. Let X be a subspace of Vi'. Then for every f € X**,

kgl < dist(£.V5)) < dist(f, X) < [|03exc flloo < \/llugll + 24/ 1l

Proof. By Proposition [[7], we have that for every g € Vi, py+y = py. Hence for
every g € V9, gl = ligsoll < 11 +g]12, which gives that \/[las] < dist(f, V2) <
dist(f, X). Since K is a weak*-compact subset of (V{)* which is 1-norming for
Vo and /1 is not embedded into Vi, by Corollary B4l we have that dist(f, X) <

[losck flloo and so it remains to prove that ||osck flleo < \/||uf|\—|—2,/|\,u?|\. To show

this, let * € K and let {z}},, be a sequence in K, w*-converging to z* such that
osci f(x*) = limy, | f(af) — f(x*)] (clearly there exists such a sequence). Notice that
for every y* =3, (05, — 0¢,) € K and every f € Va, f(y*) =X, ai(f(s:) — f(ts))
where the series ). o;(f(si) — f(t;)) is absolutely convergent. So we may reorder
each z, and in this way we may assume that z}, = 3%, af(dsn — &) where for
every i, ti' — s >t — si', 1. Moreover by passing to a subsequence we may also
suppose that for each i € N, the sequences {s}'},, {t!}, are monotone and that
ol — oy, 55— S, and £ — ¢;.

Therefore x* = Efil Q5 (551 - 5,51) with ti — S5 Z trL’Jrl —Si+1 and so since ((Si, tZ))’L
consists of pairwise disjoint open intervals in [0, 1] of decreasing length, ¢; —s; < 1/i.
Also by the monotonicity of (s7")n, (t7")n, there are e,,e5, € {0,+, —}, such that

K2

limy, f(£7) = f(t;"*) and limy, f(s]) = f(s;").
Let € > 0. We choose i1 € N such that uf[0,1] < fif1 /5, [0,1] < py[0,1] 4 &2 and

Dizi 11 lail? <e?/[IfII3,. We set

il o0
vi =Y (0, —0,) and ap= > ai(d, —6)
=1 1=11+1

and for each n € N, let

i1
vhy= af(0m —0m) and  ah,= Y ol(6e — Opm)
i=1
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Then by Cauchy-Schwartz inequality we get that |f(z5)[* < &* and |f(z}, 5)]* <
prl0,1] + €2, for all n € N. Therefore

oseicf(a") =lim|f(ay,) = £(27)| < |1im f(x7, 1) = f(2)] + Tm|f (27, 5) — f(x3)]

<| iai<f<sf3i> ~ flsi)| + | Z Qa(f(E") = F0))| + Tl £ (& )| + 1)

< (0065 — 10607) "+ (165 - 500P) 4 (fuont] o) 4
i=1 i=1

< (Somsttsh) " (it + furlo 1] 2
i=1 i=1

Hence for every & > 0, [[05ck flloo < /Ilfll + 24/ll1}]|l 4 2¢ and the conclusion
follows. O

Since ,u;lc =0 if f is continuous, we easily get the following.

Corollary 26. For every subspace X of Vi) and every f € X** N C[0, 1],

dist(f, V7)) = dist(f,X) = ||03cxc flloo = /s

Remark 6. Let us note that there exist non-continuous functions f € V5 satisfying
the proper inequalities /||| < dist(f,Vy) < ||osckf|ls. For example, it can
be easily shown that for 0 < s < ¢ < 1 and f = x5 + 2X(t,1], We have that

loscic flloo = 2, iy is the sum of the Dirac measures on s and ¢ (so /iy = u? =

V2) and V2 < dist(f,V3) < 2.
4.3. Optimal approximation of functions of V; \ V3.

Lemma 27. Let f € Vo \ V¥ and let (f,.)n be a bounded sequence in V¥ pointwise
convergent to f. Then for every sequence (e, )y, of positive real numbers there exists
a convex block sequence (hp)n of (fu)n satisfying the following properties.

(i) th - fHoo < Hof'\s/c[o,l]f”oo +én.

(i) For everyZ € F([0,1]\ Dy), v(hn — f,Z) < p1y (VL) + 8| fllvar/ 1} l] + €n-
Proof. We may assume that ¢, < 1. Let also §, = (1 + 6| f||v,) ‘en. By our
assumptions we have that (f,), is a uniformly bounded sequence of continuous

functions on [0, 1] pointwise convergent to f. Hence by Lemma 23] (for K = [0, 1]),
there exists a convex block sequence (gn)n of (fyn)n such that

(13) llgn = flloo < lloscio,1)flloc + On,

Now (gn)n is a uniformly bounded sequence of w*- continuous functions on the
compact metric space K and so by the same lemma and Theorem 25 there exists
a convex block sequence (hy,)n of (g5 )n such that

(14) 1hn = fllve < llosexc flloo + 0n < 3/llpgll + 24/ llfll + 0n
It is clear that by (I3) we have that
(15) 1hn = flloo < ll05cio,1)flloo + 0
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Moreover, using that ||u‘fc|| = ,/||u7.||, / ||u‘}|| < | fllvar/ ||u7|| and taking squares in

([I4) we easily obtain that

(16) lhe = FI, < Nagll + 81 fllvar/ Il + n

Let T € F([0,1]\ D). Then [0,1]\UZ = U™, I where each I/ is a non trivial open
interval in [0,1]. By Proposition [4] u;(I]) = fis(I}) and so for each 1 < i < m,
we can choose a sequence (P})), of finite subsets of I/, such that limy, [|P}|lmax = 0
and limy, v3(f, Pi) = pr(I]). Since hy, € V3, for all 1 <i < m,

(17) lim o5 (h — f, Pp) = lm o3 (f, Pp) = s (1)

Also setting T' = (I/)™y, llgll = p17[0,1] = 1 (UT) + iy (UT'). Hence (IG) gives
that

m

i=1

Letting k — oo and using ([{T), part (ii) of the lemma follows. O

Proposition 28. Let X be a subspace of V', f € X**\ X and (fn)n be a bounded
sequence in X pointwise convergent to f. Then for every 0 < § < dist(f,X) and
for every sequence (e,,)n of positive real numbers there exist a convex block sequence
(hn)n of (fu)n such that for all n < m the following properties are satisfied.

(i) 0 < ||hm — hnllv, < 2M, where M = sup,, || fullv,-
(ii) ||hm - hn”oo < 2||0/'9vc[0,1]f||<>o +eéen < 4||f||oo +é€n.

(iii) For every T € A, v3(hy — hn, T) < 415 (UZ) + 32| fllvo /I 41| + n-

Moreover given k € N and an open subset V' of [0, 1] with pg (V) > 0 > 0 there exist
JeAwithUT CV andl > k such that

(iV) U%(hl — hk,j) > 0.

Proof. Let (£],) be a decreasing sequence of positive real numbers with ), < 4e,.
Let (hy)n be the convex block sequence of (fy,), resulting from Lemma Since
(hn)n is w*- convergent to f, for every n € N there are finitely many m > n
such that ||hy, — hullv, < § (otherwise, ||f — hn|lv, < § < dist(f, X) which is
impossible). Therefore by passing to a subsequence we may assume that for all
n < m,d < |[hm — hnllvy. Also since (hy), is a convex block sequence of (fy)n,
Ihnllv, < M and so [|hy, — hy||lv, < 2M.

To show (ii), notice that by (1) above,

1 — halloo < [hn = flloo 4+ [[Am — flloo < 2||£C[0,1]f|‘oo +en <4 flloo +en

For property (iii) observe that since h,, — h,, is a continuous function on [0, 1], and
[0,1)\ Dy is dense in [0, 1], it suffices to check it for Z € F([0, 1]\ D). In this case,
by Lemma 27] (ii), we have that

U%(hm —hn,I) < 21’%(hm - [I)+ 2U§(hn - 1)
< 4pp(UT) + 32| fllvar/ ¢l + en

Finally fix k¥ € N and let V' be an open subset of [0,1] with us(V) > 6 > 0.
Choose a family (I;)!"; of disjoint open intervals of [0,1] such that I; C V and
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pp (U I;) > 6 and let

ur,I;)—=6
O<E<,uf( =1 )

2(1+ M)m
Since hy, € V3, there is some § > 0 such that
(18) sup{w(hg, Q) : @ C[0,1], || Q|lmax < 6} < &.
For every 1 < i < m, there exists P; C I; with ||P;||max < 9 and
(19) pp(li) —e < (f,Ps)

Moreover since (h, ), converges pointwise to f, there is [ > k such that for all
1<i<m,
(20) 5 (f, Pi) — w3 (h, Pi)| < e
Then for every 1 < i < m we have that
05 (hy — i, Pi) > (v2(he, Pi) — vahu, Pi))? > 03 (e, Pi) — 202 (hiey Py)va(hu, Py)

> 3 (f, Pi) — e = 2¢||hullvy > py (L) — 2(1+ M)e
Therefore, setting J = UX_, Tp,, we obtain that

(= b, T) =Y v3(h = hie, Pi) > Y g (L) = 2(1 + M)me > 6.
=1 i=1

O

Remark 7. Notice that since £; is not embedded into V', from [I8] and Goldstine’s
theorem, there is a sequence (fy,), in X pointwise converging to f with || fu|v, <
I /|lv,. Hence, in Proposition[28 we can assume that (f,,), (and thus also (hy,),) is
a sequence in X with || fnllv, < |1 fllve = M.

5. ON THE EMBEDDING OF ¢y INTO SUBSPACES OF V.

In this section we show that every subspace X of V3 with X* separable, X **
non separable and M x+« = {us : f € X**} separable, contains an isomorphic copy
of ¢g. This is the first step towards the proof of the main theorem integrated in the
next section.

5.1. Sequences of V) dominated by measures.

Definition 29. Let u be a positive finite Borel measure on [0,1] and C, e be positive
constants. We will say that a function G of Vi is (C,&)—dominated by u if for every
TeA,

A(G,T) < Cu(UT) +<
More generally for a sequence (Gy)y in Vy and a sequence (), of positive real
numbers, we say that (Gy)n s (C, (en)n)-dominated by p if for every n € N and
every T € A, 3(Gp,T) < Cu(UI) + ep.

Remark 8. Suppose that the sequence (G,,), is (C, (€4)n)-dominated by p and
>, &n =€ < 00. Then by the countable additivity and the monotonicity of s, it is
easy to see that for every disjoint sequence (Z,), in A, we have

(21) > B(Gn,In) < Cllpl + ¢

n
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Proposition 30. Let (Gy,)nen be a sequence of functions of Vi which is (C, (£,)n)-
dominated by a positive measure p € M][0,1], for some null sequence (e)n of
positive real numbers. Assume also that (Gy,)n is a seminormalized sequence in Vy
and lim,, ||Gpllec = 0. Then there is a subsequence of (Gyn)nen equivalent to the
usual basis of cg.

Proof. Let 0 < § < ||Gy|lvy, < M. Since (g,)n is a null sequence by passing to a
subsequence we may assume that (e,,), is decreasing and ) e, = ¢ < co. Since
(Gp)n is seminormalized and pointwise convergent to zero, it is weakly null and so
we may also suppose, by passing again to a subsequence, that it is a basic sequence.
Also since lim,, |G, ||oc = 0, by Proposition[d and passing to a further subsequence,
we may suppose that (G,,), is (e,),— biorthogonal.

As (Gp)n is a basic sequence, trivially (G,), has a lower co-estimate. To show
that (G.,), is dominated by the co- basis, let (Ay)r_; be a sequence of scalars and
let [Ag,| = maxi<k<n |[Ak| . Then by Lemma [0} we have that

(22) vg(zn: )\ka,I) < |/\k0|2(zn: B(Gr, IM) + e(2M + 5)),
k=1 k=1

for every Z € A, which by (1)) gives that

(23) B( D MGrT) < (Clull + (M +1+&)) rs,
k=1

Therefore setting K = /C||ul| +£(2M + 1 + ¢), we conclude that

n
H Z)\kaH < K max |)\k|
£ Vi 1<k<n

and the proof of the proposition is complete. O

Remark [ and the above proposition yield the following.

Corollary 31. The sequence (Ry,), defined in (I2) contains a subsequence equiv-
alent to cg basis.

We also state the following generalization of Proposition [3(] for later use.
Proposition 32. Let (Gy,)nen be a sequence of V', (pin)n be a sequence in MT[0,1]
and (e,)n be a null sequence of positive real numbers with the following properties.

(1) (Gn)n is a seminormalized sequence in Vy .

(2) lim, ||Gyr|lee = 0.

(3) There is a constant C' > 0 such that G,, is (C,e,)—dominated by p,, for
all n € N.

(4) There is a measure p € M¥[0,1] such that (pin)n i norm convergent to fi.

Then there is a subsequence of (Gpn)nen equivalent to the usual basis of cg.

Proof. By passing to a subsequence of (Gy,), we may suppose that for all n € N,

(24) l[n = pll <277

Let 0 < 6 < ||Gnllvya < M. As in the proof of PropositionB0, by passing to a further
subsequence we may also assume that ) &, = ¢ < co and that (G), is again a
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basic sequence which in addition is (), — biorthogonal. To show that (G,), is
dominated by the co-basis, equations (22) and [24]) give that for every 7 € A,

v%(zn:Aka,I) < |Ak0|2(czn:ﬂk(uz<k>)+a(2M+1+E))
k=1 k=1

< ko P(Cllull + C +£(2M + 1+ ¢€)),
which setting K = /Cllu]| + C +e(2M + 1 +¢), yields that

H Z/\kaHV < Kmax{|\e| : 1 <k <n}
k=1 2

O

Proposition 33. Let X be a subspace of V3 and let (f)n be a bounded sequence
in X pointwise convergent to a function f € (X**\ X)NCI0,1]. Then for every
0 < 6 < dist(f,X) and for every sequence (), of positive real numbers there exist
a convez block sequence (hy)n of (fu)n such that for all n < m the following are
satisfied.

(1) 8 < ||hm — hnllvy < 2M, where M = sup,, || fullva-

(i) [hm = oo < &n.

(ili) The function hy, — hy, is (4,e,)-dominated by the measure .

Proof. Since f is continuous, we have that oscy 1;f = 0 and u? = 0. The result
now follows by Proposition d

Corollary 34. Let X be a subspace of Vi and f € (X**\ X)NC[0,1]. Then cq is
embedded into X .

Proof. As we have already mentioned (see Remark [7), there is a sequence (f,), in
X pointwise convergent to f with || fullva < ||fllv,- Let (e4)r be a null sequence of
positive real numbers and let (h,,), be a convex block sequence of (f,), satisfying
the properties of Proposition[33l For each n € N, let G,, = ha,, — hap—1. By (i)-(iii)
of Proposition B3] we have that (G,,), is a seminormalized sequence of functions in
X, lim, ||Gplleoc = 0 and (G,,)n is (4, (2n—1)n)-dominated by the measure pu;. By
Proposition B0 the result follows. O

Remark 9. Exploiting more carefully Lemma [33] we may pass to an appropriate
subsequence of (h,), which is equivalent to the summing basis. This gives an
alternative proof of the known result that every f € Vo N C[0,1] is a difference
of bounded semicontinuous functions on the compact metric space (Byy)-,w").
Moreover the converse of Corollary B4l also holds, that is (X**\ X)NC[0,1] # 0 if
and only if ¢ is embedded into X (cf. [3]).

5.2. The embedding of ¢y into X when M x.. is separable.

Lemma 35. Let X be a subspace of Vi’ and F be an uncountable subset of X**.
If Dy = UscrDy is countable then for every ¢ > 0 there is an uncountable subset
F' C F such that for every fi, fo € F', ||,u%_f2|| <eEe.

Proof. Let Dy = {t,}n. By Proposition [[5, we have that ||u?|| = >, Tf(tn) <
[ fII3,, for every f € F. By the definition of 7;(t), we easily get the following
inequalities.
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(a) For every f € Vo, 74(t) < 4(If(t7)[> +f (T2 + [ f(O)).

(b) For every fi, fo in Va, Tf,— 1, (t) < 274, (t) + 274, (¢).
By passing to an uncountable subset F’ of F, we may suppose that the following
hold.

(i) There is ng € N such that 3 _ 7¢(t,) < /8, for all f e F".
(i) For all 1 <n <ng, j € {—,0,+}and fi1, fo € ', |(f1 — fo){#)| <, | 3
Then by (ii) and (a), we get that for every fi, fo € F/,

(25) Dothent) <4 D DA - L) <e/2
n=1

J€{=,0,+} n=1

Moreover by (i) and (b),
(26) o thont) <2 Th(t) +2 Y T (t) <e/2

n>ng n>ngo n>ngo
Hence, by @23) and @8), |1, _p, [l = 308 7 - (tn) + sy TH-£2(tn) <e. O

Proposition 36. Let X be a subspace of Vi such that X* is separable, X** non-
separable. If Mx«« is a separable subset of MJ0,1] then ¢y is embedded into X.

Proof. Let F be an uncountable subset of the unit sphere Sx+« of X** such that
for all f1 # fo in F, ||f1 — f2llv, > 36 > 0. Since X is separable, it is easy to see
that by passing to a further uncountable subset, we may assume that for all f; # fo
in F, dist(f1 — f2,X) > 0. Moreover since X* is separable, by Proposition [ the
set Dx is countable.

Let (en)n be a sequence of positive real numbers with ¢ = ) &, < co. Using
Lemma [35], Proposition Bl and our assumption that M x«« is a separable, we easily
construct a decreasing sequence (F,),, of uncountable subsets of F such that

(27) I, gl <ens lfs = folloo <en and |lug — ppll < en,
for all n € N and f1, fo € F,,.

Given the above construction, we pick for each n, fi* # f3' in F,. Notice that
since (Fp)n is decreasing, by 21) we have that [[usp — ppnea| < en and so, as
> n En < 00, the sequence (pfn ), is norm converging to a py € M[0,1]. Similarly
(tofp )n converges to a pz € M[0,1]. Let F,, = fi' — f3'. Applying for each n € N,
Proposition 28 with F,, in place of f, we obtain G,, € X satisfying the following.

(i) o< ||G"||V2 < 2||Fn||V2 <4.
(i) [|Gnlloo < 4 Fulloo + n.

(ili) For every T € A, v3(Gn,T) < 4pp, (UI) + 32| Fullver/ g, | + €n.
By @10), | Frlloc < €n and therefore (ii) gives

(iv) lim, ||Gplle = 0.

Moreover ||uf. || < €2, ||Fallv, <2 and setting i = 2(pgp + pgp), by Proposition
07 ur, < pn. Replacing in (iii) we get that for each n € N,
(v) For all Z € A, 3(Gp,T) < 4pn(UT) + 65¢,,that is G,, is 65¢,-dominated
by fin.
By (i), (iv), (v) and since (pn)n is norm convergent to py + p2, the assumptions

of Proposition [32] are fulfilled and so there is a subsequence of (G,,), equivalent to
the c¢o basis. O
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6. ON THE EMBEDDING OF S? INTO SUBSPACES OF V3 .

This final section includes the main results of the paper. We divide this section
into three subsections. In the first subsection we define the S2- systems and we
show that their existence in a subspace X of Vi lead to the embedding of S
into X. A key ingredient is Lemma which is of independent interest. In the
next subsection we define the S?-generating systems which consist the frame for
building S2-systems. Finally in the third subsection we show that every subspace
X of V3 with Mx-- non separable contains an S? generating system and thus by
the preceding results the space S? is embedded into X. We also show that S? is
contained into T'F.

6.1. S?-Systems. In this subsection we will define certain structures closely related
with the embedding of the space S? into Vy. We start with the definition of a
system.

Definition 37. Let M, A, 8 be positive constants and (£,)72, be a sequence of

)
positive real numbers. An (ey)n—system with constants (M, A, 0) is a family of the
form

((GS= Vs, IS)S€2<N7 (Qn)neN),

where (Gg)sea<n is a family of functions of Vy', (vs)sca<n is a family of positive
Borel measures on [0,1], (Zs)sco<n is a family in A, and (Qp)nen s an increasing
sequence of finite subsets of [0,1], satisfying the following properties.

(1) For every s € 2<N, ||Gsllv, < M and ||vs| < A.

(2) For everymn >0 and s € 2", ||Gs||loo < €.

(3) For every n > 0, the set Q, e,— determines the quadratic variation of
<{Gs:s€2™} >.

(4) For everyn >0, s € 2" and every I € F(Qy), v3(Gs,T) < vs(UL) + &,.

(5) For every s L t, (Zs,1) is a disjoint pair.

(6) For every s € 2<N, 12(Gs, ) > 0.

Remark 10. Notice that by property (2), we have that lim|Gynllec = 0 and

therefore by Proposition B for every family (g5)s of positive scalars there is a

dyadic subtree (¢s)s such that (G, )s is (g5)s-biorthogonal. Moreover by (3) and

(4) we have that for every s € 2™, the function G is (1, 2¢,)—dominated by v.

Definition 38. An (g,),— S? system with constants (M, A, 0) is an (£,,)n— system
((Gs, s, Is) sca<n, (Qn)n), with the same constants satisfying in addition the follow-
ing property. For every 0 <n <m, s€ 2", t€2™ withs Ct andZ € F(Q,),

(28) | (UZ) — vs(UT)| < en

Remark 11. Suppose that (g,,), is a null sequence. Then, as Q,, is increasing, by
(28) we get that for every o € 2V and every Z € F (U, Qn), the sequence (v, (UI))n
is Cauchy.

Lemma 39. Let ((Gs,vs,Zs)sco<r, (Qn)nen), be an (en)n — S? system with con-
stants (M, A, 0). Assume also that (e,)n is a null sequence. Then there exist a
family of positive Borel measures (Vy)geon on [0,1] such that sup, ||vs|| < A, and
Jor all 0 € 2V, (Gyip)n is (1,(3en)n)— dominated by v,
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Proof. Let o € 2V, Since (Vo|n)n is a bounded sequence in M0, 1], there exist a
subsequence (Vq|, )ner and a positive Borel measure v, on [0, 1], such that (Vy)n )ner
is w*— convergent to v,. Fix for the following k£ > 0 and a finite family of intervals
7 € A. By condition (3) of Definition 37, there exists Z € F(Qy) with Z < Z such
that |v3(Gok, ) — U%(Gg|k,f)| < &j. Moreover by condition (4) of Definition BTl
and (28), we get that for every m > k,

(29)  B(Gop,I) < U%(Gamj) +ep < Va|k(Uf) +2¢;, < Va\m(Ui) + 3eg,

By Remark [Tl we have that lim,, l/g‘m(Uf) exists and so (29) implies that,
(30) B(Goiy ) < 1 vy, (UL) + 3, = lim Voln(UZ) + 3¢y,

As the set UZ is a closed subset of [0,1] and w* —limyez, Vg|n = Vo, by Portmateau’s
theorem (see [12]) and the monotonicity of v,, we have that

(31) lim v, (UZ) < vo (UT) < v (UT)

By (B0) and (1) we conlude that for every k& > 0 and every Z € A,
(32) 05(Gop, I) < vo(UT) + 3ey,

that is the sequence (Gyn)n is (1, (36n)n)-dominated by the measure v,. Finally
since v, is in the w*-closure of {vs}scocn, [[Vo]| < sup,, ||V < A. O

Remark 12. Notice that if e, = € < 0o, the above lemma yields that for every
o € 2% and every disjoint family (Z,),, in A, we have that

(33) > B(GopnyTn) < A+ 3¢

The next lemma concerns an inequality for tree families of positive numbers
which is critical for the embedding of S? into subspaces of V3 and could be useful
elsewhere.

Lemma 40. Let (as)gea<n , (As)sea<n be two families of non negative real numbers
and let n > 0. Then there exists a mazimal antichain A of 25" and a family of
branches (by)iea of 2S™ such that D scocn AsQts < EteA(Esebt as)\ and t € by,
for all t € A. Therefore if -, g < C, for all o € 2N then for each n > 0
there is an antichain A of 2S™ such that D oscocn Asts SC Y7 4 A

Proof. We shall use induction on n > 0. The lemma trivially holds for n = 0.
Assuming that it is true for some n, we show the n + 1 case. For each j € {0,1},
let Dj = {t € 2™ : t(1) = j}. Then D; is order isomorphic to 25" and so by our
inductive assumption there is an antichain A; C D;, and a family of branches {b] :
t € A;j} CD; with t € b, for each t € A; and > sep,; Astts < ZteAj(Zseb{ as) At
Hence we easily get that

(34)
Z AsCs = Npayg + Z Ay < Apag + Z (Z )\ + Z (Z Qs )\

sea<nt1 teDoUD; teAy scb? teA1 seb}

We distinguish two cases. _
Case 1: \p < 37 cq M+ 2yea, Mo Then let A = Ag U Ay and by = bf U {0}, for
each t € A;. Obviously A is a maximal antichain in 25" and {b; : t € A} is a
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family of branches with ¢ € b; for each t € A. Moreover as A\yg < >, 4 Ar, by (B4)

we obtain that
Z ASQSSZ(ZQS))\t.

se2sn+1 teA s€b

Case 2: 37,4 A+ e, A < Ap. Then we set A = {0} and by = {@}Ub{g where
D sepio Qs = Max U;:O{Esebj as:t € Aj}. By (34), we get that
to t

> s < N (a@ + > as) < (D @

s€2<n+1 seb{(f)’ 5€by

d

Proposition 41. Let ((Gs, Vs, Zs)sca<v, (Qn)n), be an (£,)n — S? system with con-
stants (M, A, 0). Suppose that (€,,)n is a summable sequence of positive real num-
bers. Then there is a dyadic subtree (ts)scan of 2<N such that (Gy,)geco<n is equiv-
alent to the S?-basis.

Proof. Let (g5)sca<n be a family of positive real numbers such that Y es =¢ < o0
and 6 — (¢ + 2M)e > 0. As we have already mentioned (see Remark [I0)), there is
a dyadic subtree (t5),co<n of 2<N such that (Gt,)geo<n is (€5)seo<n— biorthogonal.
We will show that (G, )seo<n is equivalent to the S?-basis. To this end, fix a
sequence of real numbers (As)|s)<n-

First we show the upper S%-estimate. Let 7T € A. By Lemma [0 we have that

65 B( X AGLT) <Y NP B(Gr, T0) 4 ma [N [P(2M + c)e

|s|<n |s|<n

By Remark [[2] we have that vag(Gtg‘n,I(ta‘")) < A+ 3¢, where e = ), e,.
Hence by Lemma B0, (with ©3(G;,,Z(*+)) and |\s|? in place of as and |\| respec-
tively), we obtain an antichain A C 25" guch that

(36) Z |)‘S|QU§(G1€S=I@S)) < (A+3e¢) Z |)‘S|2

[s|<n s€A

By (B3)) and (36), we get that

B( Y NG T) (A +39Y Auf? + max A2 (2M +2)e
|s|<n s€A -

2

27

< (A—|—36+ (2M+E)€)H Z As€s

|s|<n

This yields that there is C' > 0 such that || 32, <, AsGr,[lva < C[| 22,5 <, Aseslls2-

We pass now to show the lower S2- estimate. Let A be an antichain of 2$™ such
that

(37) 13" A, = (ZIASF)W

[s|<n s€A
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Since (Zt,)sea is a disjoint family, we get that 7 = (J,. 4 Zi, € A. By Lemma
and ([31), we have that

vg( 3 )\SGts,Z) 3 INPR(G ) — mas |, (Z 55)2M

(38) |s|<n s€A |s|<n
> 3 PG T = (3D INJ) 2
s€A s€A

By the properties of the S?-system, we have that for every s € A,
9 < /U%(Gts7:z-ts) S v%(GtsVz-) = ’U%(Gts7I(t5))+v§(Gts7I\I(tS)) S ’Ug(Gts7I(tS))+€2
and therefore 13(Gy,,Z()) > 0 — 2. Hence by (B8), we obtain that

vﬁ(z/\sGts,I) (9— (e +2M) )(Zm)

ls|<n

which gives that there is ¢ > 0 such that ||}, -, Vo = € || X0 51<n Aseslls2-
- - O

6.2. S%-generating systems.

Definition 42. An (e, (e,)n)— S? generating system with constants (M, A, 0) is
n (en)n— system ((Hs, ts, Ts)sca<t, (Pn)n), with the same constants satisfying in
addition the following properties.
(i) For every m >n >0, s € 2™ and {so,s1} C 2™ such that s~0 C sg and
sT1C s1 and every T € F(P,,), we have that
[ + M
2

(ii) For every n > 1, the sequence (Hg)scan i (€s)scan-biorthogonal, where
€= icom€s > 0.

In the following we present a partition of 2< in continuoum many almost disjoint

subtrees. This partition is induced by the canonical bijection between 2<N and
2<N y o<N/

(39) (UZ) = ps(UI)| < &n

Definition 43. Let s € 2<N. If s = 0 then let Ly = {0}. If 0 # s = (s(1), ..., s(n))
let Ly = {t € 2" : (2i) = s(i), for all1 <i < n}.

Remark 13. It is easy to see that for each o € 2V, T, = U, L olns 18 a dyadic
subtree of 2<N and (T,),cov is an almost disjoint family and hence their bodies
([T6]))sean are disjoint.

The following properties of (Ls),eca<n are easily established.
(L1) For all n > 0 and s € 2", Ly C 22" and |Ls| = 2", where |Lg| is the
cardinality of L.

(L2) For s1 C s, Ly, = Lg,In1 = {t|n1: t € L, }, where ny = 2|s1].

(L3) For sy L sq, Ls, L Ly,.

(L4) For all n >0, 22" = Ugean L.

Given an an (g, (€,)n) — S? generating system ((Hs, its, Js)sea<v, (Pn)n), With
constants (M, A, 0), we set Gy =2"/2 Sover, Hovs =273 cp e, Ts = User, T

Qn = Pay and ), = 55 + 2"/ %ey,,.
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Proposition 44. If 0’ = 0—(2M +¢)e > 0 then the system ((Gs, Vs, Zs)scov, (Qn)n)
is an (g)), — S? system with constants (M +¢,A,0").

Proof. Let n > 1 and s € 2". Since Ly C 22" |Ls| = 2™ and (Hy)seo2n is (£¢)sezn-
biorthogonal, with », 52, &t = € < 1, by Lemma [0, we get that for every Z € A,

15(Gs, ) < |Lo| ™" > 03(Hy, IW) +27"(2M +e)e < (M +¢)?
teL,
and so [|Gsllye < M +e.

Moreover ||Gs|lco < \/Eszn = /2"y, < ¢/,. We show now that the quadratic
variation of < {Gs}scan > is €/,-determined by Q,,. Let Z € A. Since Pay,, €2p-
determines the quadratic variation of < {H;},;coon >, there is Z < T in F(Pay)
such that for all (u);eo2n,

|v3( Z peHy, T Z pHy I)| < ( Z PARES

te22n te22n te22n

Notice that for every sequence of scalars (As)sean, D con AsGs = D ycoom pitHy,

where for each t € 22", y; = |Ls|~'/?),, for t € L,. Therefore
|/U§(Z ASGS7I ’02 Z A GS,I | - |’l)2 Z y‘tha Z Mtha
se2n se2m te22n te22n
< (3 s < (30 NP
te22n sE2N

We proceed to show property (4) of Definition B7 Let Z € F(Q,). Then 7 €
F(Pan), T = Upeg2nZT® and for all t € 22, 3 (H;, TM) < 5y (UI®) + €9,,. Notice
also that for every ¢t € Lg, put < |Ls|vs. Hence, by Lemma [0} we get that

B(Ga,T) < Lo ™' > e (UIW) + 9, +27"(2M + €)e
teL,

<Y ve(UTW) + e + 30/4v27 < 1, (UT) + €
teLs

We show now (28) of Definition B8 Let m > 1 and ¢t = (t(l),...,t(m)) € 2m.
Let 0 < n < m and s = tln. For each w € Ly, let wog = w™07¢(n + 1) and
wy; = w17t (n+1). Let also u = (u(1),...,u(m—n—1)) where u(i) = t(n+1+1),
forall 1 < i <m—n—1. Then Ly = | (wg Ly, Uwi Ly,) and so v, =
27y e, 2avel, (Mwﬁv + Muﬁv)' Therefore,

Vp — Ve =27 mz Z L —27”Zuw

wWELs vEL, weELs

:2_7”2 Z(uwav—i_ w'u 2”“’)

WELs vELy
Moreover by [89), for every Z € F(Qy) = F(P2n), and all v € L,,, we have that
| (Bt = 2000) (UT)] < 262,

Hence |14 (UT) — v, (UT)| < 2-m2n2m—n-19g, — gy < & .
That the pair (Zs,Z;) is disjoint, is straightforward by properties (5) of Definition
B7 and (L3) of Definition @3l Finally, v3(H;, J;) > 6, implies that v%(Ht,Is(t)) >

weLg
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0 — &2, for all t € 2<N. Hence by Lemma [I0] we obtain that

15(Gs,Ze) > Y Lo '3 (Hy, I) — 27"2Me > 0 — (e + 2M)e = ¢/
teLg

6.3. The embedding of S? into X when M .. is non-separable.

Lemma 45. Let {ji¢}ecw, be a non-separable subset of M™[0,1]. Then there are
an uncountable subset I' of w1 such that for every £ € I', pe = ¢ + 7¢ where ¢, 7¢
are positive Borel measures on [0, 1] satisfying the following properties.

(1) For all§ €T, A\¢ L 7¢ and ||7¢]| > 0.

(2) Forall¢<&inT, pe L 7e.

Proof. We may suppose that for some § > 0, ||ue — pic|| > 9, for all 0 < { < € < wy.
By transfinite induction we construct a strictly increasing sequence (£ )a<w, in
wy such that for each o < w1, pe, = Ae, + 7., with Ae, L 7, ||7e. || > 0 and
Teo L pe, for all 8 < a. The general inductive step of the construction has as
follows. Suppose that for some a < w1, (€8)g<a has been defined. Let (8,), an
enumeration of o and set

Co =supép,, Vo= Zugﬁnﬂ" and Ny = {{ < w1 : (o < §and pe << vy}

By Radon- Nikodym theorem, {u¢}een, is isometrically contained in Lq([0, 1], v4)
and therefore it is norm separable. Since we have assumed that ||pue — pc|| > 6, for
all 0 < ¢ < &€ < wq, we get that IV, is countable. Hence we can choose &, > sup N,,.
Let pe, = ¢, +7¢, be the Lebesgue analysis of j1e, where A¢, << v, and 7¢, L v,.
By the definition of v, and &, we have that ||7¢ [ > 0, 7¢, L pe,, for all g < a
and the inductive step of the construction has been completed. ([l

Lemma 46. Let {7¢}e<w, be an uncountable family of pairwise singular positive
Borel measures on [0,1]. Then for every finite family (T;)%_, of pairwise disjoint
uncountable subsets of w1 and every ¢ > 0 there exist a family (T:)%_, with T

uncountable subset of T'; and a family (U;)¥_, of open and pairwise disjoint subsets
of [0,1] such that 7¢([0,1]\ U;) <e, for all1 <i <k and § € T'.

Proof. For every a < wy, we choose (€)%, € Hle I'; such that for every a # 3 in
wy and every 1 < ¢ < k, £¥ # {Zﬁ For each 0 < o < wy the k-tuple (ng)le consists
of pairwise singular measures and so we may choose a k-tuple (Ui‘")f:1 of open
subsets of [0, 1] with the following properties: (a) For each i, 7¢=([0,1] \ Uf) < ¢,
(b) For all i # j, Uf N U = 0 and (c) For each i, U/ is a finite union of open in
[0, 1] intervals with rational endpoints.

Since the family of all finite unions of open intervals with rational endpoints is
countable, there is a k-tuple (U;); and an uncountable subset T" of w1, such that for
all<i<kandalla e, U =U,;. Foreach1 <i<k,set ', = {&*: aeT}.
Then for each 1 <i <k and all { € T}, 7¢([0, 1]\ U;) < e. O

Lemma 47. Let X be a subspace of Vi) and suppose that X** contains an un-
countable family F such that Dy = Use gDy is countable and My = {jif}ter is
non-separable. Then there are constants (M, A, 0) such that for every ¢ > 0 and
every sequence (€,,)n of positive scalars there is an (g, (en)n)- S? generating system
((Hs, prs, Ts)se2<rt, (Pn)n) with constants (M, A,0) and Hys € X, for all s € 2<N.
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Proof. Since for all f € V5 and X € R, puys = A uy, we may assume that F C Sx-.
By Lemma [5] there is a non-separable subset {u¢}ecw, of Mz such that for all
0<E&<wr, pie =Ae+7¢, Ade L e and forall ( < &, u¢e L 7¢. By passing to a further
uncountable subset, we may also assume that there is 6y > 0 such that ||7¢]| > 6o.
We fix € > 0 and a sequence (&,,),, of positive real numbers. We will construct the
following objects:

(1) A Cantor scheme (T's)s of uncountable subsets of w; (that is for all s € 2<N,
Fs"O U Fs"l g Fs and FSAO N F5A1 - @),

(2) A family ((€2,¢€1))s of pairs with €9 < ¢! in T, for all s € 2<N.
(3) A Cantor scheme of open subsets (V5), of [0,1],
(4) A family of functions (Hs)s in X,
(5) An increasing sequence (Py,), of finite subsets of [0,1] \ Dz, and
(6) A family (Js)s in A,
such that the following are satisfied.
(i) For every € € Ty, 7¢(V;) > 6p/2 and 7¢([0,1]\ Vi) < (1, 2724
(ii) The measures pco and g1 are w*-condensation points of {fi}eer, -
(ili) For every n > 1, s€ 2" (¢ €Ty and Z € F(Pp-1),

(e = e (UD)] < 5 = (s(1), . 8(n — 1))

(iv) ||Hsllv, <2, UJs C Vs and 13(Hg, Js) > 0o/2.

(v) For every s € 2", || Hy|loo < &n and v3(Hs,Z) < 8(peo + pier)(UT) + &, for
all T € F(Py). ‘

(vi) If (s;)%, is the lexicographical enumeration of {0,1}", then (Hy,)2", is

(£/2%)2~,-biorthogonal.

(vii) The set P,, e, —determines the quadratic variation of < {H} co<n >.
Given the above construction, we set 15 = 8(j1¢0 + p1¢1) and we claim that the fam-
ily ((Hs, s, Js)sea<vs (Pn)n) is an (g, (€4 )n)- S? generating system with constants
(M, A,0), where M = 2, A = 16 and 6 = 6y/2. We only verify condition (B9) of
Definition B2] since the other conditions are immediate. So let n < m, s € 2" and
50,81 € 2™, with s70 C sg and s71 C s9. Then I'y; CT'y~(, I's; € I'y~q, and so by
(iii), for all T € F(P,,) and j € {0,1}, we get that

En
(40) max{| (g, ~ 1) (U] (g, — met)(UD)]} < 32
Since

[ + s,
2
by (@), we have that for all Z € F(P,,), |(Eoita — 1) (UT)| < e,
We present now the general inductive step of the construction. Let us sup-

pose that the construction has been carried out for all s € 2<™. For every s =
(s(1),...,s(n)) € 2", we define

@) T ={eeT 1 VI € F(Pu), (e — preom )(UD)| < £n/16}

— ps| < 4Allpeo, — peol + e — peol + lngo, — pex 1 — herl)

Since F(Pp—1) is a finite subset of F([0,1] \ Dx+«) and ue(0(UT)) = 0, for all
T e F([0,1] \DX**) and all £ < wy (where 9(UZ) is the boundary of UZ), the set

{pe : € € NS } is a relatively weak*-open nbhd of ug o in {peheer, . By our

inductive assumption, peo and pe  are weak™- condensation points of {Mg}ger‘
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and therefore for all s € 2™ the set Fgl) is uncountable. Applying Lemma [46] we
obtain a 2™-tuple (Us)sean of pairwise disjoint open subsets of [0, 1] and a family

(P§2))Segn such that for each each s € 2™, 1"(52) is an uncountable subset of 1“21) and
for all € € T,
(42) 7e([0,1]\ Us) < 6p/2"2

For every s € 2™ we set Vy; = Us N V,-. Since 1“22) - I‘gl) C T's-, using (i), we get
that for all s € 2" and all £ € I‘g),

n

(43) 7e([0, 1]\ Va) < (D276,
i=0
Moreover as S 27 (+2) < g0/2 and || 7¢|| > 6o, we get that for all £ € T,
=0 €
(44) Te(Vs) > 00/2

Since for all { < § < wy, we have pg > 7¢ and 7¢ L p¢, by Lemma [I6, we get that
Mfe—f. = Te. Therefore

(45) ppe—fe (Vi) > 16 (Vi) > 00/2,

for all s € 2" and ¢ < ¢ in T'(.

Let (s;)%, be the lexicographical enumeration of 2". Using Lemma [, Proposi-
tion Bl and a finite induction on 1 < ¢ < 2™, we will choose for every 1 < ¢ < 2™, the
set I'y,, the function Hy,, the pair of ordinals (£2,,¢! ) and the family J, satisfying
(ii)-(vi). Suppose that for some 1 < k < 2", (H,,)i<k have been chosen so that
(Hs,)i<k is an ((eF), (5;)524)-biorthogonal sequence, where ¥ = (Zf;llﬂ 27")e/2¢

Then by Lemma [ there are 6,, > 0 and ¢ > 0 such that for every H € V) with
|H||s < €, the sequence Hg,, ..., H, H is an ((eF*1)M! (6;)7,)-biorthogonal

Sm—19 7 =1

sequence. Clearly, we may suppose that € < &,,. For each £ < wy, let f¢ € F such
that pe = pys,. Since D is countable, by Proposition 3] we have that (F, || - [)

is separable and so there is an uncountable subset I‘gi)ﬂ of I‘Ei)ﬂ such that for all
¢, eIy
(46) 1fe = felloo <€/8

Applying also Lemma [B5, for the family F = {ff}ger(?’) we pass to a further
SSt sS4

uncountable subset I‘gﬂl of 1“5;11 such that for every (,& € I‘gﬂl,

d 2

(47) 5, — s Il < (e/128)
4 .
We set T'y,,, = I‘gk)ﬂ and we choose §Sk+1 < §Slk+1 in I'y,,, such that pe, |
and g are weak*-condensation points of the set {ug}gep%“. We put F =
Skl
feo  —fer . Sincefor all § < wi, || fe|lv, = 1, we have that ||F||o < 2. Moreover
Sk41 Sk41

by @3)-(1), we have that
(48) pE(Voren) > 00/2, [|Flloc < €/12, and |G|l < (/128)?
Let (fn)n be a sequence in X pointwise converging to F' with || f|lv, < ||F||v, (see

Remark [7)). By Proposition 28] there exist a convex block sequence (hy, )y of (fn)n
and J € A such that setting H = h; — hy,, for sufficiently large k < I, we have that

(a) [Hllv, <2[[Fllv, <4 and [[Hlco < 4[|F[lcc +€/2 <.
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(b) UT C Vi, and B(H,T) > bo/2.
(c) For allZ € A,

d
B(H,T) < 4pp(UT) + 32| fllvo/lndll + €/2 < 8(ueo, | +per J(UI) +e

We set Hg,,, = H and J,,_, = J and the inductive step is completed. Finally,
using Proposition [Il we choose a sufficiently dense finite subset P,, C [0,1] \ Dx
determining the quadratic variation of < {Hg}secan > which completes the proof of

the inductive step. ([l
Lemma [47, Proposition 44] and Proposition ] yield the following.

Proposition 48. Let X be a subspace of Vi) and suppose that X** contains an
uncountable family F such that Dy = UserDy is countable and My = {jf} ter
is non-separable. Then X contains a subspace isomorphic to the space S>.

Lemma 49. Let G = ((gs), (Is, Js))sea<n be a tree family such that TF = < {gs}s >
and for every n > 0, let K,, = Ugcanls. Then for every f € TF**, supp pr C K,
where K = N5y K.

Proof. Let f € TF** and let (fm)m be a sequence in < {gs}s > pointwise conver-
gent to f and such that ||f,|lvs < [|fllvs- For each n > 0, let P, : TF** — G,
be the natural projection onto the finite dimensional space Gy, =< {gs}s|<n >
(where Gy = {0}). Let also b = f,, — Py(fm) and h, = f — P,(f). Since
P, is w* — w* continuous, the sequence (h?,),, is pointwise convergent to h,, and
so supp h, C K,. Since pup, = pr and supp pun, € supp hp, we conclude that

supp py € Ky, for all n > 0. [l

Proposition 50. The set MG p.. = {ps: f € TF**NC0,1]} is a non-separable
subset of M[0,1]. Therefore the space S? is embedded into TF.

Proof. Let G = ((9s), (Is, Js))sea<n be a tree family such that TF = < {gs}s >.
Let also (T,,),eon be the almost disjoint family of dyadic subtrees in 2<Y defined in
Remark I3 For each o € 2%, we set G, = ((gs), (Is, Js))ser, - As we have already
mentioned in the definition of the space T'F, G, is also a tree family and hence the
space X, = < {gs}ser, > is a copy of TF. Therefore ¢ is embedded into X, which
gives that (X*\ X) N C[0,1] # 0 (cf. Remark[). So for each o € 2% we can pick
a fo € X;*\ X NC0,1]. Setting Ty = (t7)scon and Ky = Ny Usean Iio, by Lemma
we have that supp pur, C K,. Since (T,),eon is an almost disjoint family, we
get that (K, ),con is a disjoint family of compact subsets of [0, 1] and so {py, }eon
consists of pairwise singular positive measures. As {f,},con € TF** N C[0, 1],
we conclude that M$p.. is non-separable. Finally, that S? is embedded into X,
follows by Proposition 4§ for F = TF** N CJ0, 1]. O

Proposition 51. Let X be a subspace of Vi’ such that the space S? is embedded
into X. Then the set Mx« = {uy: f € X**} is a non-separable subset of M[0, 1].

Proof. Let T be an isomorphic embedding of S? into X and let fs = T'(es), where
(es)s be the usual basis of S?. From [3] we have that for each o € 2V, the sequence
(3" k—o folk)n is pointwise converging to a function f, € (X**\ X)NCI0,1]. Hence
there exist an uncountable subset ¥ C 2N and § > 0 such that for all ¢ € I,
dist(fo, X) > 6. We will show that the set {uy, : ¢ € £} C M]0,1] is non-
separable. Indeed, otherwise, we can choose a norm-condensation point u € M|0, 1]
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of {1y : o € 2V}. Fix also a positive integer m € N and € > 0. Then for uncountably
many o € X, we have that

(49) s, — ull < g/m

Let o1,...,0m € X satisfying @9) and let ng € N be such that for all n > ng
and 1 < i < j <m, o4n L gjln. We set go, = > 5,0 fo;ln- Since fo, — go, =
Y neng Join € X, we have that dist(g,,, X) = dist(fo,, X) > 0 and py, = pg, .

no+n

For every n € N, let F! = k—no Joi k- Then
no+n
1Es e < ITH| Y eon], <171
k:’n,()

Applying Proposition B3] for the continuous function g,, € X**\ X, the sequence
(F!),, and &, = ¢/m2™, we obtain a convex block sequence (h¢), of (F!), such
that the functions G%, = h},,, —hb,,, satisfy the following. (i) § < ||G% v, < 2||T],
(il) |Glloo < €/m2%™ and (iii) for every T € A, %5(G},, T) < 4py, (UT) +¢/m2°™.

By (ii) and Lemma [7l we can choose ny < ... < n,, such that the finite se-

quence (G! )™, is e/m—Dbiorthogonal. By the definition of G%,, we have that

7

Gl = Yser, Nsfs; where Fj is a finite subset of {o;|n : n € N}. Hence

(50) 5 < NGl < 1T 2 Aves

seF;

Let s; € F; be such that |As,| = maxser, [As|. Then by B0), |As,| > 6/||T|| and so,
since the set {s; : 1 <i < m} is an antichain of 2<N, we get that

i I 52 5
o Xl 2 gl 2 T = T
i=1 2 i=1scF;

>
By Lemma [I0 and (iii), for every Z € A we have that

< || T[| max A
S2 sEF;

1
> >
sz NT=HEV T~ 1T

B GLaT) <Y w(GLL I+ (AT + e <4 g, (VIW) + (4T + 2)e
=1 =1 =1
<4p(UT) + e+ (@IT) + 2)e < 4flpl + @IT] + 3)e

Therefore, letting € — 0, 4| u| > H S G || and so by (B)) , we get a contra-
v,
diction. ’ g

We are finally ready to prove the main results of the paper.

Theorem 52. Let X be a subspace of Vi'. Then the space S? is embedded into X
if and only if Mx«~ is non-separable.

Proof. By Proposition [51] if 52 is embedded into X then M x-- is non-separable.
Conversely suppose that M x«« is non-separable. Then we distinguish two cases.
If X* is separable then by Proposition 2] the set Dx«« is countable and hence by
Proposition B8, for F = X**, we get that S? is embedded into X. In the case X*
is non-separable, by [I], the space T'F is embedded into X. By Proposition (0, we
have that S5 is embedded into T'F and hence into X. O

Theorem 53. Let X be a subspace of V. Then cq is embedded into X if and only
if X** is non separable.
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Proof. Suppose that X** is non separable (the other direction is obvious). If X*
is non-separable then as we have already mentioned the space TF and hence ¢ is
embedded into X. So assume that X* is separable. We distinguish the following
cases. If M x+ is non-separable then the result follows by Theorem B2l Otherwise,

M

(1]
2]

[3]

[9]
(10]
(11]
(12]
(13]
(14]
(15]
[16]
[17]
(18]
(19]

20]

x+= is separable and so by Proposition Bfl ¢y is again embedded into X. ([l
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