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HEREDITARILY INDECOMPOSABLE BANACH ALGEBRAS OF
DIAGONAL OPERATORS

SPIROS A. ARGYROS, IRENE DELIYANNI, AND ANDREAS G. TOLIAS

ABSTRACT. We provide a characterization of the Banach spaces X with a
Schauder basis (en)neny which have the property that the dual space X* is
naturally isomorphic to the space Lqiag(X) of diagonal operators with respect
to (en)nen. We also construct a Hereditarily Indecomposable Banach space
Xp with a Schauder basis (en)nen such that X}, is isometric to Lqijag(XD)
with these Banach algebras being Hereditarily Indecomposable. Finally, we
show that every T € Lgjag(Xp) is of the form T = X + K, where K is a
compact operator.
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1. INTRODUCTION

The starting point of this paper is a result connecting the dual space X * of a space
X with a Schauder basis (e, )nen, with the space Laiag(X) of the diagonal operators
with respect to this basis. We recall that Laiag(X) is the commutative subalgebra of
L(X) containing all bounded linear operators T satisfying Te,, = A\pe,, n € N, for a
sequence (A, )nen of scalars. As is well known, if the basis (e, )nen is unconditional,
the algebra Lgiag(X) is homeomorphic to the algebra o (N). Our result asserts
that, under some natural assumptions, the spaces X* and Lgjag(X) are isomorphic.
There are classical spaces, such as the space ¢(N) of all convergent sequences with
the summing basis, that satisfy these conditions and thus the structure of the space
of the diagonal operators acting on them is completely described. In particular, for
the space X = ¢(N) with the summing basis, we obtain that Lqiag(X) is isometric
to £1(N). Our first main result is the following.
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Theorem 1.1. Let X be a Banach space with a Schauder basis (e, )nen. The
following are equivalent.

(1) The map e} — e} ® e, can be extended to an isomorphism between X*
and Lagiag(X).

(2) (a) The basis (e,)neny dominates the summing basis.
(b) The norm in X* is submultiplicative (i.e. there exists C' > 0 such that

n n n
|5 aibeill <C- | & et -1 3 Biei )
1= 1= 1=

The above theorem essentially concerns conditional bases of Banach spaces. In-
deed, assuming that (e, )nen is an unconditional basis, condition (2)(a) yields that
(en)nen is equivalent to the standard basis of £1(N).

As a consequence of Theorem 1.1 we obtain the following.

Theorem 1.2. For every Banach space Z with an unconditional subsymmetric
basis (2, )nen there exists a Banach space X with a Schauder basis (e, )nen such
that Z* is isomorphic to a complemented subspace of Ldiag(X).

Theorem ] also yields the existence of a variety of Banach spaces X with a
Schauder basis (e, )nen sharing the property that X ™ is isomorphic to Lgiag(X). In
particular, using a slight modification of the James tree space ([15]), we obtain the
following.

Theorem 1.3. There exists a Banach space X with a Schauder basis (e, )nen such
that X* is isomorphic to Ldiag(X), X* is nonseparable and does not contain ¢; (N)
or ¢o(N).

Let us also mention that A. Sersouri has shown in [I8] that if the basis (ey,)nen
of the Banach space X is either boundedly complete or shrinking, then Lqiag(X)
coincides with the second dual of the space Kqiag(X) of compact diagonal operators.

In the second part of the paper we construct a Hereditarily Indecomposable (HI)
Banach space Xp with a Schauder basis (en)nen such that Lqiag(Xp) is also HI
More precisely, the following is shown.

Theorem 1.4. There exists a quasi reflexive HI Banach space Xp with a Schauder

basis (e, )nen satisfying the following.

(i) The space X7, is Hereditarily Indecomposable.

(ii) The spaces X7, and Laiag(¥Xp) are isometric.

(iii) Every T € Lgiag(Xp) is of the form T' = X + K, where K is a compact
operator.

As pointed out in [4], for every Banach space X, the space X* is isomorphic
to a complemented subspace of £(X) consisting of rank one operators. Therefore
neither £(X) nor X(X) can be indecomposable spaces. Also, as shown in [3], there
exist HI spaces having strictly singular non-compact diagonal operators, therefore
one could not expect property (iii) to hold in general within the class of HI spaces
with a Schauder basis. Recently, R. Haydon and the first named author ([4]) have
presented a £°° HI space X such that every T' € L(Xf) is of the form T = A+ K
with K a compact operator. However, the scalar plus compact problem remains
open for reflexive Banach spaces. The weaker question whether there exists a
reflexive space X with a Schauder basis (e, )nen such that every diagonal operator
T is of the form A + K where K is compact, is also open and its solution could



HEREDITARILY INDECOMPOSABLE BANACH ALGEBRAS OF DIAGONAL OPERATORS 3

be a first step towards the solution of the general one. The systematic study of the
existence of strictly singular non-compact operators on the known HI spaces (see
m, [3], [I0], [12], [13]), indicates that an example of a reflexive space answering
the scalar plus compact problem, in the general or the weaker form, requires new
approaches of HI constructions.

The paper is organized as follows. Section 2 contains the more precise statement
of Theorem [[1] (Theorem 24). Its proof uses rather standard arguments. We also
present the proofs of Theorems and

The rest of the paper is devoted to the space Xp. In section 3, we define its
norming set D which is a subset of ¢oo(N). The space Xp is the completion of
(coo(N), || Ip), where || ||p is the norm induced on cgo(N) by D. For the definition
of D we use as a ground set the set G = {£x; : I finite interval of N} and we apply
saturation with respect to the operations (A, mi])j As usual, for even indices j
we apply full saturation, while the operations corresponding to odd indices j are
used in order to define the special functionals as in all previous HI constructions,
initialized by the W.T. Gowers and B. Maurey example [I4]. Once more, the present
construction can be viewed as an HI extension of a ground set GG, according to the
approach of [8] and [7].

The novelty of the present construction arises from the need to impose a Banach
algebra structure on the dual of the space. For this purpose, in each inductive step

o0
of the definition of the norming set D = |J D,, we close the set D,, under the

n=0
pointwise products of its elements. This is necessary in order to apply Theorem [l

and get the isomorphism between X7, and Lgiag(Xp). As shown in [§], for a ground
set G C coo(N) such that X does not contain any isomorphic copy of ¢1(N), there
exists a Dg C coo(N) containing G such that Xp,, is HI. It is worth pointing out
that there are ground sets G as above, such that for any Dg containing G with Dg
closed under pointwise products of its elements, the corresponding space Xp, is
decomposable and hence is not HI. For example, let L C N such that both L, N\ L
are infinite and consider the ground set G = {£x1, £xrnr1, I finite interval of N}.
Then for every extension D¢ of G with D¢ being closed under pointwise products,
the corresponding space Xp, is decomposable. Indeed, it is easy to see that the
subspace X = Span{e, : n € L} is complemented in Xp,,.

Section 4 is devoted to the basic inequality and some of its consequences. The
basic inequality is the main tool for providing upper estimates for the action of
functionals of D on averages of Rapidly Increasing Sequences. Its proof in the
present paper is similar to the proof of the corresponding result in [3]. In section
5, we proceed to the evaluation of the norm of averages resulting from dependent
sequences with alternating signs. Our approach for this, is more complicated than
in previous constructions, where this result is a direct consequence of the basic
inequality and the tree structure of the special sequences. This is due to the fact
that closing the set D under pointwise products of its elements, we enlarge the
unconditional structure of the spaces Xp, X7,. Thus showing the HI property of
the space Xp becomes more involved and delicate.

The HI property of X7, is proved in section 6. The isomorphism between X7, and
Ldiag(XD, (en)nen) is an immediate consequence of Theorem [T and the definition
of the norming set D.
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We close this section by pointing out that it is not clear if, for every Schauder
basis (2 )nen of Xp, the corresponding space Laiag(XD, (Trn)nen) is isomorphic to
X7, or if it is Hereditarily Indecomposable.

2. ON THE ISOMORPHISM BETWEEN Lgiag(X) AND X*

In this section, we give the precise statement and the proof of the characterization
of the Banach spaces X with a Schauder basis (e, )neny which have the property
that the dual space X* is naturally isomorphic the space Lqiag(X) of the diagonal
operators with respect to (en)nen. We also state and prove Theorems and

We start with some preliminary notation. We denote by ¢go(N) the space of all
eventually zero sequences of reals, by ey, eo, ... its standard Hamel basis, while for
x =Y a;e; € coo(N) the support suppz of z is the set suppx = {i € N: q; # 0}.
For E, F nonempty finite subsets of N, we write £ < F if max F < min F’, while
for nonzero x,y € cpo(N) we write z < y if suppz < suppy. For z,y € coo(N),
x =Y ae;,y = Be; the pointwise product of z,y is the vector z -y =Y a;5;¢e;.
For f € ¢po(N) and E C N we denote by Ef the pointwise product xg - f. For
a finite set F', we denote its cardinality by #F. For K,L C coo(N) we denote
K+L={f+g: feK,gelLland K-L={f-g: feK, ge L}.

Notation 2.1. Let (X, || - ||) be a Banach space with a Schauder basis (e, )nen. We
denote by Laiag(X, (én)nen) the algebra of all bounded linear diagonal operators of
X with respect to the basis (en)nen, i.e.

Laiag(X, (en)nen) = {T € L(X) : I(M\n)nen € RY such that Te,, = \,e,, Vn}.

When the basis is a priori fixed we use the notation Lgjag(X).

For every n, we denote by €,, the rank one operator e, =€), ®e, : X — X, ie.
o0

the diagonal operator defined by the rule €,(>_ pie;) = unen.

i=1
Remark 2.2. In the case the basis (e, )nen of the space X is unconditional, the
algebra Lgiag (X) is isomorphic to £oo(N).

Definition 2.3. Let X be a Banach space with a Schauder basis (e, )nen. We
say that (e, )neny dominates the summing basis with constant C1, if for every finite
sequence of scalars (u;)?_; it holds that Cy - | D7 il < || X2 paesll-

i=1 i=1
Theorem 2.4. Let (X, -||) be a Banach space with a normalized monotone
Schauder basis (e,)nen. Let also C1,C2 > 0. The statements (1), (2), (3) are

equivalent:
(1) The operator ® : X* — Lgijag(X) defined by the rule

w* — i A€y — SOT — i An€n
n=1

n=1

is well defined, onto and C1 || > Anel || < || D0 el < Ca- || 3 Anel|| for every
n=1 n=1 n=1
r=wr — Y A\pel € X*.
n=1
(2) (a) The Schauder basis (ep)nen dominates the summing basis with constant
Ch.
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(b) The norm of X* is submultiplicative with constant Cs, i.e.

n n n
1Y aibieill < Co- |- aieill - 11 Bief
i=1 i=1 i=1

for every n € N and every choice of scalars a1, 01, a2, 82, ..., an, Bn € R.
(3) There exists a 1-norming set K of X, contained in the linear span of (e )nen,
such that

(a) £C1- > ef € K for all n.
i=1
(b)KKCCQBx*

Proof. We first show that (2) = (3). Suppose that (2) holds and set

K={Y ae;: | > aeil <1, neN}.
i=1 i=1

It is clear that (3)(b) is satisfied, as a consequence of (2)(b). Let us verify (3)(a).

o0

For every © = > u;e; € Bx, using condition (2)(a) and the monotonicity of the
i=1

Schauder basis (e;);en, we get that

n

* - < = el < =— - el < —=.
I(E e;)(@)] IZE:luzl <G [ ;:1 pies]| < c [ ;:1 pieil| < c

=1

This implies that || > ef|| < C%, hence £C; - Y ef € K.
i=1 i=1
Let us show the inverse implication (3) = (2). Suppose that (3) holds and let

neN, u1,...,u, € R Since £Cy Y ef € K the action of these functionals on the

=1
n n

n
vector Y p;e; implies that || Y peq|| > C1- | >2 w4l, thus (2)(a) is satisfied. From
i=1 i=1 i=1

*

condition (3)(b) we get that conv(K) - conv(K) C Cy- Bx~ and hence conv(K)

*

conV(K)w C Cy - Bx~. Since K is a 1-norming set of the space X, this means that
Bx+ - Bx+ C Cy - Bx+, which yields (2)(b)
Next we show the implication (1) = (2). Suppose that (1) is true. We shall

first show (2)(a). We observe that for every n € N and z = Y pie; € X we have
i=1

n n
that ||(>2€) (@) = || D wieill < ||z||, as a consequence of the monotonicity of the
i=1 i=1
n n
basis. Thus || > €| < 1, which implies that C1|| >_ ef|| < 1. Therefore for any
i=1 i=1

Wiy, pn € R we get that

n n

Crl Y il = CilO e e < LY el 1Y miell < 1Y el
=1 =1 =1 =1 =1

i=1 =

and we have shown (2)(a).
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o0
Let now n € N and a1, f1, az, B2, - . ., an, B € R. We choose x = > ue; € Bx,

=1
n

such that || > a;fief|| = (D aifiel)(x) = > a;Bip;. Then
i=1 1

i= =1

n n n n n
| Zazﬂie?ll = (Z aief)(z Bipies) < || Zaiez‘ll |l Zﬁimeiﬂ
i=1 i=1 i=1 i=1 i=1
n n n
= 1D w10 8O el
1=1 1=1 =1

n n n
< D a1 @l 1D el
=1 =1 =1
n n
< 1Y aieill- Coll Y piesll - Nl
i—1 i—1
<

n n
Co 1> aies||- 1> Bies |
=1 =1

which completes the proof of (2)(b).
Finally we prove that (2) = (1). Suppose that (2) holds. We start with the
following claim.

o0 o0
Claim. The series Y Apel is w* convergent in X* if and only if the series > \,€,
n=1 n=1
converges in the strong operator topology in Lgiag(X).

o0
Proof of the claim. Suppose first that the series Y. \,e’ is w* convergent. We

n=1
choose M > 0 such that || > Aef|| < M for all n < m. We consider an arbitrary
z € X,z =Y pe;, and we shall show that the sequence (> /\iéi)(‘r))neN (i-e. the
i=1 1=1

n
sequence (> )\imei)neN) is a Cauchy sequence in X. Let ¢ > 0. We choose ng € N
i=1

oo
such that | > el < 5. Let now any m > n > ng. We select z* € Bx-,

i:n() MCQ.
oo m m

with z* = Y wef as a w* series, such that || > Aipei|| = 2*(D0 Aipes) =
i=1 i=n i=n

ST Aipivi. We set f = > Nwef. From our assumption (2)(b) we get that

i=n

A= oIl 22 el - [ 22 vief]l < CoM|z7]| < C2M. Thus [|(X2 Aig) ()] =
122 Xipieill = 20 Nipivi = F(20 pied) < FI- 120 paesll < CoM g7 = e

o0
Conversely, suppose that the series Y. \,€, converges in the strong operator
n=1

o0
topology; we shall prove that the series > Apel is w* convergent. Let z €
n=1
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o0 n
J— .p. Lok -
X,z = Z:luzez. We shall show that the sequence ((2:1 )\lei)(x))neN (i.e. the
1= 1=
n
sequence (> Aifti)neN ) is a Cauchy sequence in R. Let ¢ > 0. From our
i=1

o0
assumption that the series > A,€, is SOT-convergent it follows that the se-
n=1

M=

quence (( )\iél-)(x))n cy converges in norm. Thus we may choose ng such that

122 Aiei

| 22 Aipil < c%” Z: Aipies]| = C%H(Z: Aig;) ()| < C%C'ls = ¢. This completes the

pr:ogf of the claimi.n O

1

(z)|| < Cie for every m > n > ng. From assumption (2)(a) we get that

~_ =

From the first part of the claim it follows that the operator ® : X* — Lgjag(X)
is well defined. Taking into account that for T € Lgiag(X), if T(en) = Anen,

n=1,2,...then T = SOT — > \,&,, the second part of the claim entails that

n=1
the operator @ is onto Lgiag(X). We shall show that Cy - || Y- Aef|| < || D Mg <
i=1 i=1

o0 o0
Co- || X Mief|| for every a* = w* — > M\ef € X*. From now on we fix a functional
i=1 - i=1
¥ =w*— ) Nef € X"
i=1
From (2)(a) we get that

Idxell = sup{IQ_A@) (D mien)ll = Y piei € Bx}
i=1 i=1 i=1 =1
= sup{||Z)\iuieiH : ZuieiEBx, n € N}

i=1 =1

sup{C1 - |Z)\iui| : Zﬂiei € Bx, n € N}
i=1 i=1

Y%

= -sup{|(z )\ie’{)(z wiei)| : Zuiei € Bx, n € N}
i=1 i=1

i=1
= Cr- > el
i=1
We finally show that || > A&l < Ca- || > Aief|l. Let € > 0. We select a
i=1 i=1

n oo
finitely supported vector © € Bx, ® = > pe;, such that || > N&l < (1 +

i=1 i=1

(X NE)(@)] = (1 + )| D Aipiei]|. We choose z* = w* — > vef € Bx-
i=1 i=1 i=1

3 3 n
such that || Y Ajpiei]] = 2*(D0 Nipes) = > ipvy. We set f = Y Njpzel. From
i=1 i=1 i=1 =1

1=

n n oo
our assumption (2)(b) we get that || f|| < Ca-|| > Nief |||l o wviel]] < Co-|| D M€l
i=1 i=1 i=1
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Therefore

1Yl < Qo) I el = (L+e) - Y Nipav
=1

i=1 i=1

= (I+e)-f@<+e)-Ifl-llzl < (T +e)-Co- D Neill.

i=1
[e.°] o]

Since this happens for every € > 0 we conclude that || Y &l < Co - | > Ael]]
i=1 i=1

and this finishes the proof of the theorem. O

Remark 2.5. Usually a K C c¢oo(N) is considered and the space X is defined as
the completion of the normed space (coo(N), || ||x). If for such a K it holds that
K-K C K+---+ K (m summands) then condition (3)(b) is satisfied for Cy = m.

Remark 2.6. One can easily prove that under the conditions of Theorem 2.4] for

o0
every choice of scalars (a;)ien, the series Y a el converges in norm in X* if and
i=1

o0
only if the series ) a;€; converges in norm in Lgiag(X). Since the latter means
i=1
o0
that the operator Y a;€; is compact, we get that under the conditions of Theorem
i=1
24 the space Kaiag(X) of compact diagonal operators of X is naturally identified
with the subspace of X* norm generated by the biorthogonal functionals (€} )nen.

Example 2.7. The summing basis (s, )nen of the Banach space ¢(N) of all conver-

n
gent sequences is monotone while the set K = { £ " s : n € N} is a norming set
i=

of the space ¢(N) satisfying conditions (3)(a), (3)(b) of Theorem 24l with constants
C; =1 and Cy = 1. Therefore, Theorem 2.4l implies that the space of all diagonal
operators of the space ¢(N) with respect to the summing basis, is isometric to ¢(N)*,
which is isometric to ¢1(N).

Remark 2.8. It follows readily that if the space X has an unconditional basis
(én)nen, then, denoting by (ef),en the corresponding biorthogonal functionals,
the following holds. For every f = w* — Y ane’, g = w*— > Bpek in X* we have

n=1 n=1

o0 oo oo
lw™ =3 el < C -l =3 anei |l =Y Guei|
n=1 n=1 n=1

where C is a constant which depends on the unconditional basis constant of (e, )nen-
Therefore the dual of a space with an unconditional basis is a Banach algebra.

On the other hand, it is clear that if the space X has an unconditional basis
(en)nen and it satisfies condition (2)(a) of Theorem 24] then X is isomorphic to
¢1(N). Thus, although for every space X with an unconditional basis (e, )nen it
holds that Laiag(X, (en)nen) is isomorphic to £ (N), the only space for which this
fact follows as a consequence of Theorem 24 is ¢;(N).

that

Theorem 2.9. Let Z be a Banach space with an unconditional subsymmetric
Schauder basis. Then there exists a Banach space X with a Schauder basis (e, )nen
such that Lgiag(X, (én)nen) has a complemented subspace isomorphic to Z*.
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Proof. Passing to an equivalent norm, we may assume that the space Z has a
normalized, bimonotone basis (2, )nen which is 1-unconditional and subsymmetric.

d

This means that, given z = Y \;z;, for any increasing sequence (k;)%, we have
i=1

= ||z|| and that for every choice of scalars (u;)%, with |u;] < |\

d
that || Z /\ZZ]CI
i=1

d
we have that || Y pizi|| < ||z]]. The same properties remain valid for the sequence
i=1
of biorthogonal functionals (z)nen.
The space X is defined to be the Jamesification Jz of the space Z (see also [I1]).

Namely, setting

d
K = {ZaiXIi . I1 < Iy < --- < Iy are finite intervals,
i=1

d
I aizfllz- <1, d € N}
i=1
the space X = Jz is the completion of (coo(N), || ||x). The Hamel basis (e, )nen of

coo(N) becomes a normalized bimonotome Schauder basis for X, while the norming
set K of X obviously satisfies condition (3)(a) of Theorem[Z4 with constant C; = 1.

d d

We next show that K - K ¢ K+ K. Fix f = Y aix1,, 9 = > Bjxg, in K.
i=1 j=1

Without loss of generality we may assume that each I; intersects some E; and

and each E; intersects some I;. For each j = 1,...,d’, let i; be the minimum

d/
i for which I; N Ej # 0. Using that || 3 8;25]| < 1, |a;| < 1 for each i, the
j=1

l-unconditionality and the subsymmetricity of the basis (2, )nen, We get that the
d

functional hy = > aj; /BjX]ij ng; belongs to the set K. Observe that for each i,
j=1

there exists at most one j such that I; N E; # () and i # i;. Let A be the set of

d
all ¢ for which such a j exists and denote this j by j;. Using that || > a;2f|| <1,
i=1
|bj| < 1 for each j, the l-unconditionality and the subsymmetricity of the basis

(2n)nen, we derive that the functional he = > aibjiXImEji also belongs to the set
€A

K. Hence the functional f - g = hy 4+ ho belongs to K + K, therefore (see Remark

2.5) condition (3)(b) of Theorem 2.4]is satisfied with constant Cy = 2.

Theorem [2.4] entails that the space of diagonal operators Laiag(X, (en)nen) is
isomorphic to X*. It remains to show that the dual space Z* is isomorphic to a
complemented subspace of X*.

We define w,, = ea,,_1 —€a, forn=1,2,....

Claim. The basic sequence (wy,)nen of X is 2-equivalent to the basis (z,,)nen of
Z, i.e. for every sequence of scalars (\)¢_,

d d d
(1) 1Y " Xezillz < 1D Mwllx <20 Aezkllz
k=1 k=1 k=1
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d
Proof of the claim. Let z = > Az be a finitely supported vector in Z. We
k=1
d
choose a functional z* = ) apzj € Bz~ such that z*(z) = |z]|z. Then the
k=1

d
functional f = > apel, ; belongs to K and thus
k=1

d d d d
1> Mwllx = FO Mwn) =D arde = 2°(2) = | Y Mzl 2
k=1 k=1 k=1 k=1

d/
Next we prove the inequality in the right side of (). Let f = > a;xs, be an
i=1
arbitrary functional in K. Observe that if min I; is odd and max I; is even then
x1; (wg) = 0 for all k. We set

Ap = {i: minl; is even and maxI; is odd}
Ay = {i: minl; is even and max[; is even}
As = {i: minl; is odd and maxI; is odd}

For i € AgU A1 let min I; = 2p; and for i € Ag U A let max I; = 2¢g; — 1. It follows
that

d
f(z /\kwk) = Z ai(_)‘pi + /\qz) + Z ai(_/\m) + Z ai/\qz'
k=1

i€Ag i€EA; i€Ag
=Y Cadt Y e
i€ AgUA, i€ AQUA,
d d
= (Y az) O e + 0> az)O )
1€AQUA, k=1 i€AQUA, 1

d
< 20D Mzl
k=1

where we have used the 1-unconditionality and the subsymmetricity of the basis and
d d d
the fact that || > a;2f|| < 1. Thus it follows that | > Aewkl|x < 2| 3 ezl z-
i=1 k=1 k=1
O

It follows from the claim that the space Z is isomorphic to the subspace W =
span{w, : n € N} of X. We claim that W is a complemented subspace of X.

Indeed, let P: X — W with P(>_ Apen) = > Aon—1wy,. Then, for any choice of
n=1 n=1

scalars (\,)2%; we have that

d d 2d
HZ)anlwn”X S 2|‘Z)\2n712n||Z S 2”ZAnenHX
n=1 n=1 n=1

Thus ||P|| < 2, while, since obviously P(w,) = w,, for all n, P is a projection onto

Therefore Z*, being isomorphic to W*, is isomorphic to a complemented sub-
space of X*. Since Laiag(X, (én)nen) is isomorphic to X*, we conclude that the
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space of diagonal operators Lgiag(X, (én)nen) has a complemented subspace iso-
morphic to Z*. (I

Theorem 2.10. There exists a Banach space X with a Schauder basis (e)nen
such that its space of diagonal operators Laqiag(X) is nonseparable and does not
contain ¢o(N) or £;(N).

Proof. The space X = JT; that we define, is a variant of the classical James
Tree space JT. We consider the dyadic tree (D, =) with its standard interpretation
as the set of all finite sequences of 0’s and 1’s with partial order defined by the
relation a < [ iff a is an initial segment of 3. The lexicographical order of D is
defined through the bijection h : D — N defined by the rule h(0) =1, h(ey...e,) =

2" 4+ >~ ;2"7J. Thus the set N of the natural numbers is endowed with a partial
j=1

order < such that (N, <) coincides with the dyadic tree, while the natural order of

N coincides with the lexicographical order of D. Thus a subset A of N is called a

segment of the dyadic tree if the set h=!(A) is a segment of D. We set
§ = {A: Ais a finite interval of N} U
{A: Ais a finite segment of the dyadic tree}.
We observe that for A, B € § we have that AN B € 8.
We define the subset K of ¢oo(N) as

d d
K = {ZaiXAi : (Ai)le are pairwise disjoint members of 8, Zaf <l1l,de N}.
i=1 i=1
The space JT7 is the completion of the normed space (coo(N), || - || x). The standard
Hamel basis (e )nen of coo(N) is a normalized bimonotone Schauder basis of JT7.
Since clearly £x¢1,....n) € K for all n, condition (3)(a) of Theorem 2.4 is satisfied

d d’
with constant Cy = 1. Also, if f = > a;xa, and g = }_ B;xp, belong to K, then
i=1 j=1
d d d d
we have that f-g = > > aifljxa,np; with ;N B;j € 8§ and Y > a?f7 < 1,
i=1j=1 i=1j=1

hence f-g € K. Thus condition (3)(b) of Theorem [Z4] is satisfied with constant
Cy = 1. Therefore Theorem 24 entails that the algebra Laiag(JT7), of all diagonal
operators of the space JTI7 with respect to the basis (en)nen, is isometric to JT7}.
Similarly to the proof for the classical James Tree space JT (see e.g. [15], [16]),
it is proved that JT; contains no isomorphic copy of ¢1(N), hence JT} contains
no isomorphic copy of ¢o(N), while JT} is nonseparable and (JT7)** is isomorphic
to JI7 @ ¢2(c). The later implies that JT; does not contain ¢;(N). Therefore the
space of diagonal operators Lgiag(J17) is nonseparable and does not contain ¢y(N)
or 61 (N) [l

3. DEFINITION OF THE SPACE Xp

The content of the present section is the definition of the space Xp that we
shall study in the subsequent sections. The novelty of the definition of the space
Xp (compared to earlier HI constructions) is that, in each inductive step of the
definition of its norming set D, we close under pointwise products, in order to
obtain a set D satisfying condition (3)(b) of Theorem 241 This forces the dual
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space X}, to be a Banach algebra. We also include in the norming set D of the
space X p, the functionals £y for all finite intervals I, in order to satisfy condition

(3)(a) of Theorem 241

Definition 3.1 (The space Xp). We fix two sequences of integers (m; ) jen, (n;)jen,
as follows:

e m; =2 and mj_m , for j > 1.

4logy (mj )+2 Q2 logy(m;)
J
log, (m;)

e ny =4 andn; >m; for j > 1,

where Qj = (nj,1 . 10g2(mj))

Let Q; denote the set of all finite sequences (¢1, ¢2, . . ., dq) such that ¢; € coo(N),
o; # 0 with ¢;(n) € Q for all i,n and ¢1 < ¢2 < -+ < ¢dq. We fix a pair Q1,Q9
of disjoint infinite subsets of N. From the fact that Qs is countable we are able to
define a Gowers-Maurey type injective coding function o : Qs — {25 : j € Qo}
such that mg (g, ¢s,....60) > max{Wlﬁ)l : lesupp gy, i =1,...,d} - maxsupp dgq.

We shall inductively define a triple (K, My, D,) of subsets of coo(N), n =
0,1,2,...and K7, j =0,1,2,... with K, = |J KJ.

3=0

We first define G = {£x; : I is a finite interval of N}. We set K§ = G, K = 0,
j=12,...and Ky =G, My = G, Dy = convg(G).

Suppose that the sets (K},)52y, My, Dy have been defined. We set K, = G
and for j = 1,2,... we define

d
1 _
K2 {—E i fi €Dy, i< < d,dgn-}qug
S m2jl-:1f g h g %

and
1 ngj—1
2j—1 i .
K2, = {:I: E(mgj,1 ; fi): f1 € K2 for some j; € Qy
: 1/2 ) ) a(f1se-sfi)
with moj, > M2j—1, f1+1 S Kn R
fl < f2 << f'n«2j—17
E is an interval of N} UK~
We set
Kny1 = U K7j1+1’
My = {fl'...'fd:fiEKnJrl,Z.:l,...,d,dEN}
Dn+1 = COHVQ(Mn+1).

. S .
The inductive construction has been completed. We finally set K? = |J K}, for

n=0
j=1,2...and K = UKn,M UMn,D UD
=0
The Banach space %D is the complet1on of the normed space (coo(N), | - ||p)-

Remark 3.2. The norming set D of the space Xp is closed under pointwise prod-
ucts. Indeed, since K,, C K,+1 and K,, C M,, C D,, for all n, in order to show the
former it is enough to show that each D, is closed under pointwise products. Let
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d d’
f,9 € Dy. Then f = 3" Nifi, g = > p1;9; as convex combinations, with (f;)% ; and
i=1 j=1

’ d,
(gj)?:1 in M,,. The pointwise product f - g takes the form f-g= > > Xy fi-9g;
i=1j=1
as a convex combination of the family of functionals (f; - gj)?’:L Jil with each f; - g;
belonging to M,,. Therefore f-g € D,, C D.
It follows that | - gl < |1/ - lg] for every f,g € X}, therefore the space X} is

a Banach algebra.

Remark 3.3. The set D is the minimal subset of coo(N) satisfying the following
properties:

(i) G C D, i.e. the set D contains +x; for any finite interval I of N.
(ii) D is closed under the (A,,,, msz)J operations.

(iii) For each j, the set D is closed under the (A, ,, ﬁ) operation on 2j —1
special sequences (see Definition 3.4 below).

(iv) D is closed under the restriction of its elements to intervals of N.

(v) D is rationally convex.

(vi) D is closed under pointwise products.

Definition 3.4. A block sequence (f;);>5" is said to be a 2j — 1 special sequence
if fi € K% for some j; € ; with m%f > ngj_1 and fiq € KUl for
1<i1< n2j—1.

Remark 3.5. The sequence (e, )nen is clearly a normalized bimonotone Schauder

basis of the space Xp. From the fact that the norming set D is closed under the

(An,; s msz)J operations, and taking into account that lim% = 0, it also follows
J

that the basis (e, )nen is boundedly complete. Hence the space (Xp). = span{e}, :
n € N} is a predual of the space Xp. Notice also that, as a consequence of the fact
that the norming set D is rationally convex, the set D is pointwise dense in the
unit ball By of the dual space. Since the set D is closed under the (Ap,;, msz) jeN

operations, we get that the unit ball Bx: shares the same property, i.e. if j € N,

maj
(2

d
d< Nnaj and fl < f2 < - < fd with ||f1|| <1 then H L fZH <1.
i=1
Remark 3.6. Each f € D has one of the following forms:
(a) f==%x1, I an interval of N (i.e. f € G). We set w(f) = 1.
d ,
(b) f: mLZfl Withfl < - - <fd,d§nj, flED (1e fEKJ CK) In
T =1

this case we set w(f) = m;.
(¢) The functional f € M is the pointwise product f = f1 - ... fq with each
fi € K. In this case we define w(f) = w(f1) - ...  w(fq).

d
(d) f is a rational convex combination f = Y \;f; with each f; belonging to
i=1
cases (a), (b), (c).

We next show, that a functional f € M (i.e. a pointwise product), can be written
as f = ﬁ >~ h; with (h;); being a sequence of successive functionals belonging to
the norming set D, of length determined by w(f).
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Lemma 3.7. If (I,)L |, (Jj)?,:l is any pair of families of successive intervals of N

(ie. [ <---<Ijand J; < --- < Jg) then the cardinality of the nonempty sets of
the family {I; N J;, 1 <i<d, 1<j<d'}isat most d+d — 1.

Proof. We proceed by induction on the sum d+d’. For d+d' = 2,ie. ifd=d =1
there is nothing to be proved. Let k > 2 and suppose that the lemma is true for
d+d < k. We prove the result for d+d = k+1. If d = 1 or d’ = 1 then the result
is straightforward, so we assume that d > 1 and d’ > 1. Without loss of generality
we may assume that min Jp < min I;. From our inductive assumption the family
{ILnJ;, 1<i<d-1,1<j<d} has at most (d — 1) + d — 1 nonempty sets.
Since min Jy < min Iy we get that IyNJ; =0 for j =1,...,d" — 1. Thus the only

set between Ji,...,Jg that may intersect I; is Jy. Therefore the nonempty sets
of the family {I, N J;, 1 <i<d, 1 <j<d'}areat most [(d—1)+d —1]+11ie.
at most d +d’ — 1. O

Proposition 3.8. Let f € M, f = fi1-...-fr with f; € K, w(f;) =m;,,i=1,...,r.

U

Then the functional f takes the form f = ﬁj) h; where h; € D, hy < --- < hq

and d < nj, +---+n;, — (r —1). Moreover, if f
h; to belong to D,,.

m L

M, 41, then we may select each

Proof. Let f € Myu41. Then f = f; ... f, with each f; € K, ;. We shall
prove, by induction on k, that each product fi -...- fx, for 1 < k < r, takes the

desired form. For k = 1 there is nothing to be proved. Let k < r and suppose
d/

that f1-...- fi = MZHI with H; € D,, Hy < -+ < Hyp and d' <
=1

nj, +---+nj —(k—1). Let also fr41 = m;( f+1—|—-~—|—fffl+1), m < nj,,,, with

Jk+1
each f;”'l € D,,. Applying Lemma[B7]to the families (ran Hl)l(il and (ran f;““);-”:l
we get that ran H; Nran ff“ # 0 for at most nj, +- - -+nj,, —k pairs ([, j). Taking
into account that the set D,, is closed under pointwise products (see Remark [3.2))

we get that

1 1 d m d

B 1y _ L ‘
fl'-u'fk'fk-i-l_w(fl),”_.w(fk) Q_H)Q_ T )_wzhl

M
Tt =1 j=1 i=1

where w = w(f1)-...-w(fr) -mj_ ., =w(fi-- .- fu fesr1), ha <--- < hq with each
hi € Dy, and d < nj, +---+ny, ., — k. This completes the proof of the inductive
step and the proof of the proposition. O

Corollary 3.9. Let f € M with w(f) < m;. Then the functional f can be written
d

in the form f = ﬁ > h; with h; € D, by < -+ < hg and d < n;_1 logy(m;).
i=1

Proof. Let f = f1-...- fi with f; € K, w(f;) = mj,, i =1,...,k. Then m; >

w(f) =w(f1) ... w(fr) > 2% and hence k < logy(m;).
Since j; < j — 1 for each 4, from Proposition B.8 the functional f takes the form

d
f= ﬁ Z h; with d <mj; +...+nj, — (k-1)< nj_llogz(mj). ]
=1



HEREDITARILY INDECOMPOSABLE BANACH ALGEBRAS OF DIAGONAL OPERATORSI15

Corollary 3.10. Let f € M, f = f1-...- fr with f; € K, such that w(f;) < for

m;
d
i=1,...,k and w(f) < m?. Then the functional f takes the form f = —) Z

with h; € D, hy < --- < hgand d < nj_y 10g2(mj).
Proof. The proof is almost identical to that of Corollary [3.9] so we omit it. O

Definition 3.11. For f € D we call tree of f (or tree corresponding to the analysis
of f) a family of functionals Ty = (fs)aca indexed by a finite tree A, with each
fa € D, such that the following conditions are fulfilled:

(i) The tree A has a unique root 0 € A and fy = f.
(ii) If @ is a maximal element of the tree A then f, € G. In this case we say
that f, is of type 0 with weight w(f,) = 1.
(iii) For every non-maximal a € A, denoting by S, the set of immediate succes-
sors of a in the tree A, S, = {01, -, Ba}, one of the following holds:

d
(a) fg, < --- < fg, and f = ﬁl;f& where w(f,) = mj, - ... m;,

and d < nj, +---+n;, . In this case we say that f, is of type I with
weight w(fy).

d
(b) There exists a family (\g, )%, of positive rationals with > \g, =
=1

such that f, = Z Ag; fa; and for each i, ran fg, C ran f, and fg, is
either of type I or of type 0. In this case we say that f, is of type II.

Remark 3.12. Every f € D admits a tree (not necessarily unique). Indeed, it
can be shown that each f € D,, admits a tree, using induction on n and applying
Proposition [3.8 in each inductive step.

Proposition 3.13. The Banach algebra Lgiag(Xp) of diagonal operators of Xp
with respect to the basis (e, )nen, is isometric to the dual space X%,.

Proof. Since the norming set D of the space Xp contains the characteristic func-
tions £xq,... ny for every n (this is the reason we have included the set G in the

.....

norming set D) ie. =+ Z ef € D for every n, condition (3)(a) of Theorem [2:4]

is satisfied with constant C’l = 1. The norming set D is closed under pointwise
products, i.e. D-D C D, hence condition (3)(b) of Theorem [24] is also satisfied
with constant Co = 1. Theorem [2.4] entails that the space of diagonal operators
Laiag(Xp) is isometric to the dual space X7,. O

4. THE BASIC INEQUALITY AND EXACT PAIRS

This section is mainly devoted to the statement and the proof of the basic in-
equality (Proposition [4.8]). For this we follow the standard method which has been
used in earlier works (i.e. [2], [3], [5], [6], [9]). The general scheme for this method
goes as follows. We first define an auxiliary space which is a mixed Tsirelson space
and the basic inequality shows that the action of every f € D on an average of a
RIS is dominated by the action of a functional g on the corresponding average of
the basis of the auxiliary space plus a small error. This provides, among others,
the upper estimate of the norm of averages of a RIS. We show that the space Xp is
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of codimension 1 in X7 hence is quasireflexive. Finally, we define the exact pairs,
a key ingredient for the definition of dependent sequences.

Definition 4.1. Let C > 1, ¢ > 0. A block sequence (z); in Xp is said to
be a (C,e) Rapidly Increasing Sequence (RIS) if there exists a strictly increasing
sequence (jx)x of integers such that the following conditions are satisfied:

(i) |lzk]] < C and ||zk|l¢ < € for each k.
(i) - < e and #supp(z) - —— < ¢ for all k.
i1 +1

Ik

(ili) For every k and f € D with w(f) < m;, it holds that |f(zx)| < %

We call the sequence of integers (ji )i, the associated sequence of the RIS (xf ).

Definition 4.2 (The auxiliary space). Let W be the minimal subset of coo(N) such
that

(i) It contains +ej, n € N.
(ii) It is closed under the (Asgp,, ij) operation for every j.
(iii) It is rationally convex.
We also define W’ as the minimal subset of cgo(N) satisfying the above conditions

(i), (ii).
Remark 4.3. Tt is easily seen that a subset of ¢go(N) which is closed under the
(Ap,0) and (A, 0") operations, it is also closed under the the (A, 0") operation.
It follows that the set W is closed under the (A(2n,,).....(2n;, ) ﬁ) operation,
k k

for every j1,...,Jjr € N (not necessarily distinct). Since Y 2n,, < [] 2n;, we get

i=1 i=1

- 1

that the set W (and the set W' also) is closed under the (Azy,; +..+2n;, m)
operation.

Remark 4.4. The trees for functionals g € W, are defined in a similar manner
as the corresponding ones for g € D (Definition B.IT), the only difference being
that the functionals corresponding to maximal elements are of the form +e}. For
f € W’ the trees are defined as those for g € W, the only difference being that we
require that no functionals of type II appear.

Lemma 4.5. Let g € W with a tree (¢s)ac.a. Then the functional g is a rational

convex combination g = > Afg’ such that for each i € I, g¢ € W', the functional g*
il

has a tree (g’ )q,c4: and there exists an order preserving map ®* : A° — A satisfying

the following.

(i) For every maximal node a € A*, ®‘(a) is a maximal node of A and g} =
9oi(a)- _ _

(ii) For every non-maximal a € A’, the functionals g;, goi(q) are of type I
with w(gl) = w(gei(e)) and #S. = #S¢i(a), where S. denotes the set of
immediate successors of a € A* and S, is the set of immediate successors
of ay e A

(iii) If the functional g is weighted then w(g%) = w(g).

Proof. We shall prove, using backward induction, that for each a € A the func-
tional g, with the tree (ga)qca=s, where A= = {a € A: a = (3}, satisfies the
conclusion of the lemma. This will finish the proof of the lemma, since g = gy,
where 0 € A denotes the unique root of the tree A.
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The first inductive step concerns a € A which is maximal. In this case, setting
I, = {1}, \! =1, A' = {a} and ®'(a) = a, the required conditions are obviously
satisfied.

Let us pass to the general inductive step. We consider a € A which is non-

maximal, S, = {01, ..., 34} and we assume that for_ eachk =1,...,d, the _functional
9p, takes the form gg, = > Aj gj, and each g € W’ has a tree (%MMEA;;
i€l k

such that there exists an order preserving map @},k : A%k — AZPr satisfying
conditions (i), (ii), (iii). We distinguish two cases.

Case 1. The functional g, is of type I, g, = m(gg1 + -+ 98,)-

We set [, = Ig, x --- x Ig, and for each i = (i1,...,iq) € I, we define N, =

)\El . /\gdd and gi = @.(gzﬁl1 + - +gg5,). It is evident that g, equals to the
convex combination Y. A,g’.. For each i = (i1,...,1q) € I, we define the tree
i€la

. . d .
Aj as the disjoint union A; = {a} U | Aj with its ordering defined by the rule
k=1

01 = &y if and only if §; = a or if there exists k € {1,...,d} such that 01,92 € g“k

and §; =< Jo in the ordering of Ag;. We also define the order preserving map
i AL — A= as follows; @ (a) = a and ®¢ () = @gck () for v € AZ,’;. It is trivial
to observe that conditions (i), (ii), (iii) are satisfied.

d
Case 2. The functional g, is of type II, g, = > A3, 93, -
k=1

d ) .
Then, using our inductive hypothesis, we get that g, = kzl _g]: (A3 A5, )95, as
=liclg,
a convex combination, while the required conditions (i), (ii), (iii) are obviously
satisfied.

The proof of the Lemma is complete. O
d
Lemma 4.6. Let g € W, g = ﬁ >~ gi where w(g) = my, -...-m;, and g1 <
i=1
- < gq with g; € W and d < 2nj, 4 --- 4+ 2n;,. Let also j € N. Then
1 n; —w(gz)mj if w(g) < m;
oS el <d
i k=1 @) if w(g) = m;.

Proof. From Lemma 5 we may assume that ¢ € W’ and ¢g; € W’ for each
i=1,...,d. We start with the following claim.

Claim. For every f € W/, #{k: |f(ex)] > %} < (2n_y)los2(mi) =1,

Proof of the claim. We may select a family of functionals (f,).ec4 indexed by a
finite tree A, with f, € W, such that

(i) The tree A has a unique root 0 € A and fy = f.
(ii) For every maximal node a € A, f, = te.
(iii) For every non-maximal node a € A, there exists j, € N such that f, =
mlja (fg, + -+ fs,) and d < 2n,, where Sq = {f1,...,8q4} is the set of
immediate successors of a in A and fg, <--- < fg3,.
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We may assume that f(ex) > - for every k € supp(f). Since w(f.) > my > 2
J

for every non-maximal a € A it follows that the cardinality of every branch of the

tree A is less than log,(m;). An easy inductive argument implies that # supp(f) <

(anfl)logz(mj)*l_ O

Let now g € W’. The case w(g) > m; is obvious. Assume that w(g) < m;.

Then, as in the proof of Corollary B.9] it follows that d < 2n;_;logy(m;). For
d

i=1,...,d set Ly = {k: |gi(ex)| > =} and L = |J L;. From the claim above we
’ i=1

get that #L; < (2n;_1)'°820m) =1 for each 4, thus #L < (2n;_1)'°%2("3) logy(m;).
Therefore, splitting the functional g as g = g|r + g|n 1z We get that

11 11
}:ek < —#L + ———

nj = w(g) n; w(g) m;
1 1 1 2
< — 2n;_ log2(mi) Jog, (m;) + —) < ————.
S )] (n]( 1) g2(m;) mj) S W)

O

Lemma 4.7. Let g € W and suppose that the functional g admits a tree (gq)aca
with the following property. For every a € A such that g, is of type I with w(g,) <
m?g, the cardinality of the set S, of immediate successors of a in A satisfies #5, <

m3, Qj, (recall from Definition BTl that Q, = (nj,1 - logQ(ij))log2(mj°)). Then

1 & 2
l9(— Zekﬂ S5
JO —1 mj,

Proof. It is enough to prove the statement for g € W', since from Lemma [£H] the

functional g takes the form g = Y Mg’ as a convex combination, with each g* € W’
i€l
and such that each g’ satisfies the assumption of the statement.
Let g € W' satisfying the assumption of the statement of the lemma. We set

By ={k: |g(ex)| > } By ={k: |g(er)| < }

JO Jo

and we consider the functionals g1 = g/, and g2 = g|p,. Then obviously

L)

(2) lg2(— Z er)| S

Jokl

The property of the statement remains valid for the functional g1; let (ga)ac.a be
a tree of the functional g, satisfying the aforementioned property. Note that no
functionals of type IT appear in this tree, since g1 € W’ (see Remark [£4]). The fact
that |g1(ex)| > —2— for every k € supp g1 implies that every branch of the tree A has

length at most logz( ). Since also w(g,) < m3, for every a € A, our assumption

entails that each non-maxmlal a € A has at most mJOQJO immediate successors.

Thus #suppg1 < (meQjo)logZ(mgo). Using the growth condition concerning the
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sequence (n;); (see Definition B1]) we derive that

Mo

1 1 1 41 o) 21 ; 1

B)  lgi(— > en)| < — #suppgr < — -my B QRE ) <
"o =1 Mo Jo j

o
From (2), @) we conclude that |g(% Ster)| < m22 . O
70 k=1 Jo
Proposition 4.8 (basic inequality). Let (z),”°, be a (C,¢) RIS in Xp with as-
sociated sequence (jk)ZQl. Then for every f € D there exists a functional g € W
such that the following conditions are fulfilled.
(1) If f is of type I then either w(g) = w(f) or g =e* or g = 0.

Mo

@) 17 3 a0l < Clos 35 ) +2).

k=1
If we additionally assume that jo < j; and that for every subinterval I of the
interval {1,2,...,n;,} with #(I) > m? Qj, and for every functional h € K7° - D
it holds that |h(Y_ xx)| < C - e - #I, then the functional g € W may selected to
kel

satisfy in addition the following property:
(3) The functional g admits a tree (gg)sep with the property that for every
B € B with gg of type I and w(gg) < m?o, the node (3 has at most m?DQjO

immediate successors.

Proof. We begin with the proof of the first part of the proposition (without the
additional assumption). We fix a tree (f;)aec4 of the functional f (Definition B.1T]).
Using backward induction we shall define, for every a € A and every subinterval
J of {1,2,...,nj,}, a functional g/ € W such that the following conditions are
satisfied.

(i) If f, of type I then either g/ = e or g/ = 0 or g/ is of type I and takes
d
the form g/ = ﬁ(z:lgg + ké e;) where S, = {f1,..., 084}, each J;
1= 0

for 1 < i < d is a subinterval of J, Jy C J and the sets Jy, Ji,...,Jq are
pairwise disjoint.
(i) [fa( 32 2a)] < Cgl (X ex) +e- #J).
keJ keJ
(iii) The functional g has nonnegative coordinates and supp g/ C J.

When the inductive construction is completed, the functional g = g(‘)]‘), where 0 € A
is the root of the tree A and Jy = {1,...,n,,}, satisfies the conclusion of the
proposition.

The first inductive step concerns a € A which are maximal. Then f, € G. We
set g7 = 0 for every subinterval J. Since ||zx|/¢ < € for each k (condition (i) of

Definition 1)) it follows that | fo (> k)| < > |fa(zk)| < e-#J and thus condition
keJ keJ
(ii) is satisfied.
Let us pass to the general inductive step. We distinguish two cases.

d
Case 1. The functional f, is of type II, f, = > Ag, f3,-
i=1

d
For every subinterval J we set g/ = > Ag, géi. Then, using the inductive hypothesis
i=1
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we get that
d d
L an)l < Y Xalfa. O an)l <D a0 (95, en) +e-#J)
keJ i=1 keJ i=1 keJ
= C(g]O ex)+e-#J).
keJ
Case 2. The functional f, is of type I, f, = ﬁ(‘fﬁl + f3, + -+ fp,) (where
w(fa) =mya ... mje and d < nje + -+ + nja for some jf, ..., j € N).

Fix J a subinterval of {1,...,n;,}. We distinguish three subcases.

Subcase 2a. m;, < w(f,) <my, ., for some ko € J.
Then for k € J with k < ko we have that mj, ., < m;, < w(f,) and thus, using
conditions (i), (ii) of Definition ] we get that

1 1
< — < —0.(C- < cE.
|f¢l(xk)| = w(fa) ||Ik||21 = My C #supp(xk) <C-e

For k € J with k > ko, using conditions (ii), (iii) of Definition 1], we get that

c c
<

C-e.
wfa) Sy S0F

|fa($k)| <

If ran(f,) Nran(zy,) # 0 we set g = e , otherwise we set g; = 0. The inductive
conditions are easily established.
Subcase 2b. mj,_, < w(f) for every k € J.
Then, as before, |f,(zx)| < C - ¢ for every k € J and we set g7 = 0.
Subcase 2c. w(f,) < mj, for all k € J.
Let E; =ran fg, fori=1,...,d. We set

Jo = {k € J: ran(zy) intersects at least two E;, i =1,...,d}
and for i =1,...,d we set
Ji ={k e J\ Jo: ran(zy) intersects E;}.

We observe that #.Jy < d and that each J; is a subinterval of J. From our inductive
hypothesis the functionals (géj)gzl have been defined satisfying conditions (i), (ii),
(iii). The family {J;: i =1,...,d} U{{k}: k € Jo} consists of pairwise disjoint
intervals while its cardinality does not exceed 2d. We define

d
ol = oo+ X e
4 =1

keJy

From our definitions it follows that g/ € W (see Remark E3). Observe, for later
use, the following. If w(f,) < m?g and f, ¢ K% - D then Corollary B.10 entails that
d < nj,—1logy(m3,) and hence 2d < 4nj, 1 logy(my,) < m?3 Q.

Since w(f,) < my, for every k € J, condition (iii) of Definition 1] implies that
|[fa(zi)] < % for every k € J. From this and from our inductive hypotheses we
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get that
d
Qo wl < Y 1fal AP
keJ keJo i=1 keJ;
C d
Z (f) Zek)—i—a #J)
keJo e 1:1 keJ;
< C(ga(ZekHe-#J).
=¥

This completes the proof of the general inductive step and finishes the proof of the
first part of the proposition.

Next, we proceed with the proof of the second part of the proposition, where
the additional assumption is made. Then in addition to conditions (i), (ii), (iii) we
require the following.

(iv) If g/ is of type I with w(g)) < m3 then #{i : gz # 0} + #Jo < m3 Qj,
(where the notation comes from condltlon (1)).

The procedure remains the same for the first inductive step and for Case 1,
Subcase 2a and Subcase 2b in the general inductive step. The difference concerns
Subcase 2¢ (i.e. when w(f,) < mj, for all k € J) where we distinguish two
subsubcases.

Subsubcase 2cA. f, € K- D and #J > m} Q.

We set g/ = 0 and our additional assumption yields condition (ii).

Subsubcase 2¢B. f, € K7 - D or #J < m?OQjO.

We proceed exactly as in the proof of Subcase 2c in the ﬁrst part of the proposition.

We have to examine condition (iv). Observe that, if g/ is of type I with w(gl) <

m3, there are two cases. Either f, ¢ K7° - D and w(fa) = w(g)) <m3 , in which
case (see the proof of Subcase 2¢) the sum in the left side of (iv) does not exceed
2d which is at most mfo Qj,, or #J < mfo Qj,, in which case the same upper bound
is derived from the fact that supp g’/ C J.

This completes the proof of the general inductive step and the proof of the second
part of the proposition. (I

Corollary 4.9. Let (z3),.%, be a (C,e) RIS with ¢ <
I we have that

. Then for f € D of type

]

Mjg w(;’)c;njo 1f w(f) < ij
F= S a0l < o
Mo k=1 C(w—j) + m2 ) if w(f) Z mj,-

Lz

0
In particular ||% > x| < 7721]00

Proof. From the basic inequality (Proposition [£8) there exists g € W with either

U n;

w(g) = w(f) or g = e} or g = 0, such that |f(% i x| < C(g(% ZO ex) +¢).
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nj

From Lemma [0 we get that if w(f) < my, then |f(% Stag)] < C(W
0 k=1 Toe
Mg
mlﬁo) < oy while if w(f) > mj, then |f(5- k; ) < Clgty + ml ). O

Definition 4.10. A vector x € Xp is said to be a C' — (¥ average if = takes the

k
form x = % > ay, with ||a;|| < C for each i, 21 < --- < x and ||z|| > 1.
i=1

Lemma 4.11. Let Y be a block subspace of Xp and k € N . Then there exists a
vector x € Y which is a 2 — £} average.

For a proof we refer to [7] Lemma I1.22.
Lemma 4.12. If x is a C — (¥ average, d < k and E; < --- < Ej is any sequence
d
of intervals, then Y. [|Ejz| < C(1+ 22).
i=1

For a proof we refer to [7] Lemma I1.23.

Remark 4.13. (i) If z is a C — £}7 average and f is of type I with w(f) < mj,
then from Lemma .12l and Corollary B9 we get that |f(z)| < %

(ii) Suppose that (zx)ken is a block sequence in X p, such that each zj is a C — E?j’“
average for an increasing sequence (ji)ren and |ak|l¢ < e for all k. From (i),

if f € D with w(f) < mj, then |f(zx)] < wQ(—Cf) Thus, we may easily select a

subsequence of (zx)ren which is a (2C, ¢) RIS.

Proposition 4.14. The space Xp is a strictly singular extension of Y (i.e. the
identity operator I : ¥p — Yg, where Y is the completion of (coo(N), | - |a), is
strictly singular).

Proof. Assume the contrary. Then we can find a block subspace Z of Xp and e > 0
such that ||z||q > ]|#|| for every z € Z. Pick (zp)nen, (2;;)nen two normalized block
sequences in Z, X7, respectively, such that ran z, = ran z}; and z;(z,) = 1. Passing
to subsequences we may assume that the sequence (2, )nen is weakly Cauchy in Yg,
hence the sequence of its successive differences, i.e. the sequence (x,)nen defined
by the rule x,, = 29,1 — 22, is weakly null in Y5. Thus li7rln xn(2r) = 0. Passing to

o0 k
further subsequences we may assume that Y. |xn(z,)| < 3. Then || Y zifl¢ < 3
n=1 i=1
for every k € N (see the proof of Lemma [6.3]).
naj

naj
Let now j € N. We set © = % > x; and z* = % > 25 4. Then |lz*|| <1
7 =1 7 =1

(see Remark B.5]), hence

19 1
——>zllg>ce |z >e-2¥(x) = —.
g2 lloze el ze @) e
Since this happens for every j, for large j we derive a contradiction. O

Definition 4.15. Let C' > 1 and j € N. A pair (x,2*) is said to be a (C, 25) exact
pair, provided that

(i) * € K with w(z*) = may; (ie. 2* € K%).
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(i) ||zlle < m1§j7 and for every f € D of type I, if w(f) < mg; then |f(z)| <

%, while if w(f) > mg; then |f(z)| < C(ﬁ% + msz) (in particular
[lz]] < 2C).

(iii) z*(xz) = 1 and rana™ = ranz.

Lemma 4.16. For every block subspace Z of Xp and every j € N there exists a
(4,27) exact pair (z, z*) with z € Z.

Proof. We set ¢ = m3 . Using Proposition [£.14], we may select a block subspace

7" of Z such that the restr1ct1on of the identity operator I : Xp — Yg on Z’ has

norm less than 5. From Lemma LTIl we may select a block sequence (zx)ren in

7' with each zj being a 2 — f’lzj * average for an increasing sequence (jx)ken. Then
||zklle < e for all k. From Remark [£13] we may assume, passing to a subsequence,
that (zx),’, is a (4,¢) RIS. For each k we select z; € D with ran(z}) = ran(z)
such that z;(zx) > 1.

We set
naj 1 naj
E zp, and 2= —) 2z
n Mo
2J k=1 27 k=1

From Corollary we get that % < zf(x) < z|| < miz_, thus we may select
J J
% < 6§ < 1 such that z*(0mgjz) = 1. We set z = Omg;z. From the fact that

Izl < mg; - e = 12 , and using Corollary 9] we easily establish condition (ii) of
Definition 15 Hence (z,2%) is a (4,2j) exact pair. O

Remark 4.17. Exact pairs are one of the fundamental ingredients to show that the
space Xp is HI. This property will be proved in the next section. A rather direct
consequence of the previous lemma is that ¢1(N) is not embedded in the space Xp.

To see this, observe that Lemma .16l yields that for every j € N there exists a
W1F W2+ +Wny H < 4

normalized finite block sequence (wy),=’; in Z such that || ™ < o
- J 3

Proposition 4.18. The space X7, is the closed lineal span of the pointwise closure

of G, ie. X3 =5pan(G ) =span({e’ : n € N} U{xn}). Thus the space Xp is
quasireflexive, with its codimension in the second dual being equal to one.

*

Proof. Suppose that the space Z = spﬁ(@w ) is a proper subspace of ¥%,. Then
we may select an z* € X}, \ Z with ||z*|| = 1 and an 2** € X7} such that ||z**|| = 2,
x**(z*) =2 and Z C Ker x**. Since the space Xp contains no isomorphic copy of
¢1(N) (Remark [4.17), from a theorem of Odell and Rosenthal ([I7]), we can choose

(xk)keny with |lzg]| < 2 such that z 20, 2. We may assume that (zx)gen is
a block sequence (smce el € Z for all n) and that z*(z)) > 1 for each k (since
x*(xg) — ™ (z*) = 2).

From the fact that Ext(Byy) C G" C Z we get that the sequence (z3)ren is
weakly null in Y, thus we may select a block sequence (yx)ken of (2 )ren such that
lykllc — 0 and such that each y; is a convex combination of (zj)ren. Passing to

a subsequence of (yi)ren, we may assume that ||yx||q < € for all k where ¢ = m13

2
for some fixed j. Notice also that z*(yx) > 1 for all k. We may construct (zj)ren
a sequence of 2 — 671” * averages of increasing length with each zj being an average

of (yr)ren. Thus ||zx||¢ < € for all k and passing to a subsequence we may assume
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that (z1),2%, is a (4,2;) RIS. From Corollary L0 we get that ||z|| < % < 1, where
J

n2j
z = % > zk. On the other hand the action of the functional z* entails that
k=1

lz]] > 2*(2) > 1 (since z is a convex combination of (yx)ken), a contradiction. [

5. DEPENDENT SEQUENCES AND THE HI PROPERTY OF Xp

In this section we define the dependent sequences which will be used for the
proof that the spaces Xp, X% are HI. The main goal is to prove Lemma 5.4 and
then to use the basic inequality to obtain upper estimates of the norm for certain
averages of block sequences (Proposition [5.5). As a consequence, we obtain that
the space Xp is Hereditarily Indecomposable.

Definition 5.1. Let C > 1 and j > 2. A double sequence x = (zy, x}),>; ' is said
to be a (C,2j — 1) dependent sequence provided there exists a sequence (ji),=% "
such that
(i) The sequence (), is a 2j — 1 special sequence (Definition B.4) with
w(x}) = my;, for each k.
(ii) Each (zg,x}) is a (C, 2j) exact pair.
1 n2j—1

For x as above we shall denote by ¢, the functional ¢, = prr— >~ x}. Observe
7T k=1

that ¢, € K?~1 C D (Remark B3[iii)), hence ||¢, || < 1.

Remark 5.2. From Definitions B.4] and 5.1l and the growth condition con-
cerning the coding function o, it follows that when (zg,z}), > " is a (C,25 — 1)
dependent sequence, the sequence (zy),>; ! is a (3C, ——) RIS.

1
P
mai_1

Lemma 5.3. Let f € D and let x = (z4,25),, " be a (C,2j — 1) dependent

sequence. Then for any subinterval I of the interval {1,2,...,n9;_1}, we have that
4C
(- o) (D (D) | € —  #(1) 420 Qo
kel 2j-1

Proof. We fix a tree (f,)aca of the functional f (Definition B.IT]). For each a € A
we set w, = [[{w(fs): B €A, B<a, fzis of type I }. We consider the following
subsets of A.

Do = {aeA: f,isof type 0 and w, < mgj_1 }
D1 = {a cA: fa is of type I, w, < maj—1 and w(fa) > maj—1 }
Dy = {acA: f,isof type 0 or of type I, wg > ma;_1 and

for every 8 < a with fg of type I, wg < ma;—_1 and w(fg) < mo;_1}.

We set D =Dy UD; UDy and B= {8 € A: there exists § € D with 8 < d0}. The
following properties hold.

(i) The sets Dy, D1, Dy are pairwise disjoint.

(ii) The nodes of D are pairwise incomparable with respect to the order of A.
Moreover, the set D is a maximal subset of A with this property. In order
to see the later it is enough to show that every branch of the tree A contains
a member of D. Indeed, fix a branch of A and let ag < a; < - -+ < a be the
members of this branch for which the corresponding functionals are of type I
or of type 0. If the set {z €{0,1,...,k}: we, > moj_1 or w(fe,) > mgj,l}
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is nonempty and 4¢ is its minimum then a;, € D, while if this set is empty
then aj € D.

Thus B is a complete subtree of A, while a node § € B is maximal of B if
and only if 3 € D.

(ili) For every 6 € D theset {8 € B: 8 < ¢ and fg is of type I} has cardinality
at most logy(maej—1). Indeed, let {Byp < B1 < -+ < Bg—1} be the later set.
Then wg, , < maj_1 and since wg, , = w(fa,) ... w(fs, ,) > 2471, it
follows that d — 1 < logy(maj—1), therefore d < log,(maj—1).

(iv) For every 8 € B with 8 ¢ D, such that the functional fz is of type I, it
holds that w(fz) < mgoj—1. It follows from Corollary that the node
B € B has at most ng;_2 logy(mg;—1) immediate successors.

Using arguments similar to those in the proof of Lemma 4.5 we may prove the

d
following. The functional f takes the form f = > A;f; as a convex combination,
i=1

such that for each ¢ there exists a family of functionals ( fé) geBi, indexed by a finite
tree B and an order preserving map ®* : B* — B with the following properties.
(v) The tree B has a unique root 0 € B* and f} = f;.

(vi) For every maximal node 8 € B*, ®*(3) is a maximal node of B (and thus
®'(3) € D) and fj = fei(g). In particular, fj € D.

(vii) For every a € B which is non-maximal, the functionals f; and fg:(4) are
of type I with w(f%) = w(fei(a)) and #S5. = #S4i(4), where Si is the
set of immediate successors of a € B* and S, denotes the set of immediate
successors for ay € B. Thus f, = #fa)(fél—k o+ fp,) with f5 <o < fg,
and d < ngj_slogy(mej_1) (see property (iv) above). Moreover, defining
wp = H{w(f;) a € B, a < 3} foreach 8 € B, we have that wj = we:(g)-

(viii) Denoting by B}, the set of maximal nodes of the tree B*, the functionals

(f5)sep:,,, are successive and f = , %: wlﬁ fh-
B

We notice that for a € B? which is non-maximal, the functional fé may not belong to
the norming set D of the space X p, but certainly belongs to the unconditional frame
of the space, i.e. to the minimal subset of coo(N) which contains {£e} : n € N}, is

closed under the (A,,, mi]) operations and is rationally convex.

From properties (iii), (iv), (vii) and the fact that the map ® is order preserving
we get the following.

(ix) The cardinality of the set B¢ ., of maximal nodes of B* does not exceed the

number (Q2;—1 = (n2j_2 10g2(m2j_1))10g2(m2j,1)'

d
Since the functional f equals to the convex combination Y A;f;, in order to

=1
prove the lemma, it is enough to show that for each ¢ € {1,...,d}, it holds that

() (- 6 (oD 00)] € o (D) +2C - Qi
kel J—

We fix i € {1,...,d} and we set Eg = ran(f}) for each 8 € B}, We partition the
interval I as follows

I ={ke€I: Egnran(zy) # 0 for at most one 3 € B, }
I, ={ke€TI: Egnran(zy) # 0 for at least two 8 € B, }.
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For each 8 € B!,
following.

we set I3 = {k € Iy : EgNran(xr) # 0}. We observe the

(x) Each Ig is an interval and the intervals (I5)gepi  are pairwise disjoint.

(xi) For each 8 € B .. we have that Eg Nran(zy) # 0 for at most two k € Io.
For p = 0,1,2 we set B2 = {a € Bmdx : ®%(a) € D,}. Observe that the sets
BLo Bfnlax, Bfnix form a partition of B ... The proof of ) (and the proof of the
whole lemma) will be complete after showing the following.

(5) (fi- o) (D (=D )| < C-Qyya
kels
1 i k+1 2C
(6) (O3 ZfB o) 0 el < S (D)
BEBA kel 7
(7 (X G 6T D) < o 4D
BEBL kel 21
®) (&> wigfg‘)-¢>x)<z<—1>k+lxk>| < CQut.
BEBLI kel

Let us first prove (B)). From properties (viii), (ix), (xi), the fact that ||lzy|| < 2C
and since fﬁ x} € D for each 8 € By, and each k, we get that

max

1 i
(Fi- (D (D)l < Y _il(fﬁ'¢x)(z(_1)k+lxk)|

kelz ﬁeB:W kel

< > DU )

M2j— Y seni kel
1

< i 9.

— Maj_1 #(Bmax) m]?XkaH

< G g,

maj—1

We pass to the proof of (@). From (vii) and from the definitions of B%2 , Day we
get that for k € B}, it holds that wf = wei(g) > ma;—1. From this and from the

fact that the sets (Ig) pesi . are pairwise disjoint subsets of I, we get that

(O e < Y =

peBiZ, P kel BGB;ix 5 ' ken

IN

ﬁxk ) ()]

< DD i
-7 {36312 kel
< U Ig) -
M1 ﬁeBtni
2C
< —— - #().
ma;—1

Next we show (7). From the fact that each (zx,z}) is a (C,2ji) exact pair, it

follows that for every 3 € Bj;l we have that |(f5-2;)(zr)| < C(%—i—ﬁ) <
B k Ik

de
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(szjﬁlzjk mijk) S mzil (we have used that w(f[ij) = w(fpi(z) > maj_1 as
follows from (vii) and from the definitions of B! | Dy). This implies that
(X o e el < 30 30 (i) e
ﬁeB;’]]{iX B kel ﬁeB:ﬁ}ix kefg 27—1
1 20
S ma;—1 Z Z Moi_1
T e kels
20
< ——#).
maj—1

Finally, we shall show (§). For each 3 € B.%  the functional fé is of the form

max
fé = £x, for some interval Jg. Taking into account that Iz is an interval and
that zj (z)) = 1 for each k, setting k1 = min I, k2 = max I and I = Ig\ {k1, k2},
we get that

) 1
|(f5 - ¢x)(z (—1)F+ig)| < —— ([lzk, | + ‘(Z xz)(z (—1)F )|
m
kEI@ 25—1 ke]é kelé
+lz.|l)
< L potivec =2t
M2j-1 Mmaj—1
Hence,
1 1 1-
(CX 2 -od(DED < 3 (g6 Y0 (-1 )
v w
QGB:{;ZX B kel ﬁGB;’,ZX 8 rels
4C'+1 )
< BB <O Quyn.
maj—1

From (@), (@), (@), @) we get {@) and this completes the proof of the lemma. O

With the next lemma we pass from the action of products of the form f - ¢, for

f € D on the vector Y (—1)**1z;, to the action of f - ¢ for f € D and arbitrary
kel
¢ € K with w(¢) = mg;_1 on the same vector.

Lemma 5.4. Let f € D, let ¢ € K*~1 (which means that ¢ is of type I with
w(@) = maj_1) and let x = (wg,z}), " be a (C,2j — 1) dependent sequence.

Then for every subinterval I of the interval {1,2,...,n9;-1}, we have that
5C
(- ) (1M )| < —g— #(1) +3C - Q.
kel 25-1

Proof. We may assume, without loss of generality, that the functional f is either
of type I or of type 0 (since every member of D is s convex combination of such
functionals). The functional ¢ takes the form

1 * * *
¢: (E‘Tt+xt+1+"'+xr—1+fr+fr+1+"'+fd)
maj5—1

where (27,23, ...,25_1, fr, fr41, -+, frno,_, ) is some 2j—1 special sequence, w(f,) =
w(xy), fr # ), d <ngj_1 and E is an interval of the form [m, maxsuppz;]. We



28 SPIROS A. ARGYROS, IRENE DELIYANNI, AND ANDREAS G. TOLIAS
set

1
Ex; +x; 1+ --+z;_;) and =
m2j71( t T T 1) P2 —

¢1 =

(fr+fr+1+"'+fd)-

We observe that d)lf = (m2 1 (I1+$2—|— +In21 1))'X[min E,max supp w:ﬁil]'f = ¢Xh
where b = X(min B,maxsupper_,] - f € D. From Lemma[5.3]it follows that

) (o0 (D )| € 3o (1) 420 Q.
kel 2j-1

We select p such that w(zy_;) < w(f) < w(x,) (the adaptations in the rest
of the proof are obvious if no such a p exists). From the injectivity of the coding
function ¢ and the definition of special functionals (Definition B.4]) we get that the
sets {w(fri1),...,w(fa)} and {w(z}): k=1,...,n95_1} are disjoint and both are
subsets of the set {mg; : i € N}.

Let k € I, k < p— 1. Then for every i € {r,...,d} we have that w(f - f;) >

w(f) > w(x}_;) > mj; , hence, using that (xk,xZ) is a (C, 2jx) exact pair, we get
that (/- /i) (@n)| < Ol + ) < 25 Thus

(f-fi)
1 & 2C C
. < -t < i < .
I(f - ¢2)(zn)| < o l_E:TI(f fi)(ze)| < LT R -

Let now k € I, k > p, k # r. We observe that for ¢ such that w(f;) < magj,
we also have that w(f - fi) = w(f) - w(fi) < maj, - maj, 1 < maj,. Thus setting
JE={i: r <i<d, w(fi) < mayl, J+—{i: r <i<d, w(f;) > ma, } and

taking into account that (xy,z}) is a (C, 2jx) exact pair, we get that
1
(f - g2)(zi)| < (A @)+ D01 - fi) ()l
2 71 ieJk ieJk
1 mg 1
< + C( Tk + )
Maj—1 (g}:k (f) (f:) ;k w(fi) — majy )
C 3 1
< + ma; + ngj—1 -
maj—1 (z§ w(fi) o i; (fz) . m2jk)
< c
N m%j—ll

Thus, setting I =IN{p—1,p,r} and [ =T\ {p — 1,p,r} we get that

(10) (/62D )| € 3 sl + 30— <60+ —— - #(0).

msa .
kel kel kels J 1 25-1

From (@), (I0) we conclude that

1 0 (S~ ag) | < —ac - (1) +3C - Qaj 1.

kel Mzj-1
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2j—1

Proposition 5.5. If (zy, z}),> " is a (C,2j — 1) dependent sequence, then

n2j—1

1 24C
— 3 ()Ml < ——.
n2j-1 — maj—1

Proof. From Remark[5.2lwe get that the block sequence (z);> " is a (3C, —2—)

RIS, hence the same holds for the sequence ((—1)¥*1z)) > ", From Lemma BEl
we have that for every h € K%~! . D and every subinterval I of the interval
{1,2,...,n9;_1} it holds that
5C
(Y (—1)F )| < —— - #(1) + 3C - Qaj1.

kel Mzj-1

Hence for h and I as above, with #(I) > mgjlegj_l, we have that

(D (—1)F )| < 8C- m; (D).

kel 2j—-1

Thus the basic inequality (Proposition 48] with the additional assumption is ap-

plicable to the sequence ((—1)’“"’%@::;1

Let f € D. Then there exists g € W, satisfying

1 n2j—1 1 nzj—1 1
£ (=) tay)| < 8C(g( er) +
n2j-1 ; ( n2j-1 ; mé’j,l)

and such that the functional g admits a tree (gq)ac.a that for every a € A with
ga of type T and w(g,) < mgjfl, the node a has at most m%jleZj—l immediate
successors. From Lemma [£7] it follows that

1 & 2
lg( er)| <
M2j-1 1; M1
therefore
1 & 24C
If( (1)) < :
n2j-1 ; M1
Since this happens for every f € D the conclussion follows. (]

Theorem 5.6. The space Xp is Hereditarily Indecomposable.

Proof. Let Y, Z be a pair of block subspaces of Xp, and let § > 0. We choose
j € N with maj—1 > %

Using Lemma .16 we may inductively select a (4,25 — 1) dependent sequence
(xk,xk);;”l ! (Definition 5] such that zo,_1 € Y and @ € Z for 1 < k < "ZJT’I
We set

1 naj_1/2 1 naj—1/2
Yy = Z Topr_1 €Y and z= Z Top € Z.
ngj-1 1 ngj-1

n2;—1

E x; satisfies ||¢XH < 1 we get that Hy—i—zH >

Since the functional ¢, = ng T

¢x(y+2) = ;= On the other hand Prop051t10n Bl
Therefore Hy - z|| < - ||y + z|| and this finishes the proof of the theorem. D
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6. THE BANACH ALGEBRAS X}, Ldiag(¥p) ARE HI

In this section, we initially prove that the space (Xp). = span{e}, : n € N} is HI.
This, in conjunction to the fact that dim(X%/(Xp)«) = 1, entails that X%, is also
HI. From Proposition we know that the Banach algebras Lqiag(Xp) and X7,
are isometric, hence Laiag(Xp) is also HI. We also notice (as follows from Remark
[2.0) that the algebra Kaiag(Xp), i.e. the algebra of compact diagonal operators on
the space Xp, is isometric to the space (Xp)s.

Definition 6.1. Let C > 1 and k € N. A finitely supported vector z* € (Xp). is
said to be a C — ¢k vector if ||[2*|| < 1 and z* takes the form z* = o} + a5+ -+ 2}
with z§ < 23 < - <z} and ||2}]| > C~.

Lemma 6.2. Let Z be a block subspace of (Xp). and let N € N. Then there
exists a block sequence (z)nen in Z with |lz%|| > 1 such that for every I € NIV

and every choice of signs (¢;)ic; € {—1,1}! we have that || Y ez, < 2.
nel

(For an infinite set L we denote by LIV the set of all subsets of L having N elements
and by [L] the set of all infinite subsets of L.)

Proof. Assume that the lemma fails. We select s, j with 2° > mg; and N® < ngj.
We shall denote by Ny the set {0,1,2,...}. We choose an arbitrary normalized
block sequence (f?);en, in the block subspace Z.

We set
N-1
Ar={LeNo], L={li: i € No}: V(e)is' e {-1,1}", | > eifll <2}
i=0
B = [NoJ\A

N—1
{LeNo), L={li: ieNo}: 3(ea)iy € (=1, 13, | Y eiflll =2}
i=0
From Ramsey’ s theorem, there exists a homogenous set L either in A; or in Bj.
Our assumption on the failure of the lemma rejects the first alternative, hence the

homogenous set is in B;. We may assume that L = Ny. In particular we get that
(n+1)N-1

there exist € € {—1,1}, i € Ny, such that setting f = > &2f2 ne Ny, we
i=nN
have that | fl|| > 2 for all n.
We set
N-1
Ay ={Le€[No], L={l;: i € No}: V()5 e {1, 1}N, | D aifill <2%}
i=0
By = [No|\ A
N-1
= {LeNo), L={li: ieNo}: Ie)p" € {—1,1}N, || Y efl] >2°)
i=0

Again, the homogenous set L resulting from Ramsey’ s theorem can not be in As,
since then the sequence (1 f})ner would satisfy the conclusion of the lemma and
this contradicts to our assumption that the lemma fails. As before, we may assume
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that L = Np; we choose e} € {—1,1}, i € Ny, such that the functionals f2 =
(n+1)N—-1 (n+1)N?—1
S elft n € Ny satisfy || f2|| > 22. Notice that f2 = sgsfl]fio.
i=nN i=nN? N
After s consecutive applications of the same argument we obtain a block se-
(n+1)N°*—1
quence (f)nen, with || f]| > 2% such that f5 = > &£ for some sequence
i=nN¢s
of signs (0;)ien,. Taking into account that N°® < ngj, Remark implies that
(n+1)N°—1
I Y 60 < Lie [l < may. We thus get that 2° < [|£3] < my,
i=nNs
which contradicts to our choice of s, 7. The proof of the lemma is complete. O

Lemma 6.3. Let Z be a block subspace of (Xp)«, € > 0 and k € N. Then there
exist z* a 2 —cf vector with z* € Z and z a 2 — ¥ average such that ran z* = ran 2,
z*(z) > 1 and ||z|la < e.

Proof. We choose d with § -1 < and we set N = k- (2d). Applying Lemma [6.2]
we select a block sequence (z};)nen in Z, with [|z7;|| > %, such that for every subset
I of N with N elements and every choice of signs (¢,,)ner € {—1,1}! we have that

I > enxi|l < 1. For each n, we select z, € Xp with ranz, = ranx}, ||z,| <1
nel
and a7, (z,) > . We notice that for every subset I of N with N elements and every

choice of scalars (A, )ner we have that || ZI Annl > 3 ZI [An|, due to the action
ne ne
of the functional Y e,z*, where e, = sgn(\,).
nel
We may assume, passing to a subsequence, that the sequence (2, )nen is weakly
Cauchy in Y, hence the sequence of its successive differences, i.e. the sequence
(yn)nen defined as y, = wop—1 — Xap, is weakly null in Y. We notice that the

extreme points of the unit ball of the dual space By are contained in the set

G' = {£xE : FEis an interval of N}. Thus in order to check the behavior of a

block sequence in the weak topology in Y, it is enough to check the action of +yy.
o0

Passing to a further subsequence we may assume that Y |xn(yn)| < 3.

n=1

m

We claim that || Y eiyw, [|¢ < 5 for every m € N, ky < -+ < ky, in N and every
i=1

choice of signs €1, . ..,&, € {—1,1}. Indeed, let E be any finite interval. We denote

by r (resp. s) the minimum (resp. maximum) integer ¢ such that F Nranyy, # 0.
Then for r < i < s we have that xg(yk,) = xn(yk,) hence

m s—1
xe(O_ i)l < Byelle+ (Y i)l + I1Bysla
1=1 1=r+1
s—1
< azeaalle + lezelle + Y av(ue)] + lz2s-1lle + 725l e
1=r+1
< el 4 ozl + > ena)l + @251 ]| + [l
n=1
1 9
< l+ltgtltl=g

(with the obvious adaptations in the previous proof if r = s —1 or r = s).
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Fori=1,...,k we set
id 1 id 1 id
= > (ay_,-xy) and z= p o ou= y > (wao1—aw).
I=(i—1)d+1 I=(i—1)d+1 I=(i—1)d+1
For each i we have that ||z7]| > || — 23,/ > 3 (due to the bimonotonicity of the

id
norm), [z €3 35 (learrll + lloal) < 2, while

1=(i—1)d+1
id
1 19
lzle< gl > @aa—wle< g5 <e
I=(i—1)d+1
We also have that
1 id 1 id 1 1
7 (zi) = d Z (2311 (x21-1) + @by (z21)) > - Z (z+2)=1
I=(i-1)d+1 I=(i—1)d+1

and ran z = ranz;.
Finally, we set

Zzi.

i=1

S

k
z*zg z; and z=
i=1

The fact that the functional z* is the sum of k- (2d) = N functionals +z and
our initial choice of the sequence sequence (2 )nen, imply that [|2*|| < 1 while,

since ||2]|| > 3 for each i, we get that z* is a 2 — cf vector belonging to the block
k
subspace Z. We also have that z*(z) = 1+ 3 27(z;) > 1 and ranz* = ranz. Since

=1
L]

|zl > 2*(2) > 1 and ||z;]| <2 for i = 1,...,k the vector z is a 2 — £¥ average, with

k
Izlle < % Zl Izille <e. U
=

Corollary 6.4. Let Z be a block subspace of (Xp)s«, k € N and €,0 > 0. Then
there exist z a 2 — (¥ average with ||z||¢ < € and f € D with dist(f, Z) < 4, such
that ran f = ranz and f(z) > 1.

Proof. Let z and z* be the 2 — /¥ average and the 2 — clg vector respectively
resulting from Lemma Since the norming set D is pointwise dense in the
unit ball of the dual space, we may choose f € D with ran f = ranz* such that
If —2z*|| < min{d, %} It is easy to check that z and f satisfy the conclusion
of the corollary. O

Lemma 6.5. Let Z be a block subspace of (Xp)«, j € N and 6 > 0. Then there
exists a (4,27) exact pair (z, z*), with dist(z*, Z) < 4.

Proof. Using Corollary[6.4] we may choose a sequence (zy, 2})ken such that:

(i) The sequence (zx)ren is a block sequence in Xp with ||z[¢ < -4 and
2

each z; isa 2 — 671”" for an increasing sequence (j ).
(i) 2 € D with dist(z}, Z) < 2.
J
(iii) ranz; =ranz; and z;(zx) > 1.
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From Remark [.13] we may assume, passing to a subsequence, that (zj),>, is a
(4, =5 RIS. We set
2

2t =—(z z zr
mo; ! 2 n2j

Then the functional z* € D is of type I, with w(z*) = my; and dist(z*,Z) <

m2 Z dist(z}, Z) < 4.
From Corollary 49 for f € D of type I, we have that

] ™ w(j??)'fmj if w(f) < ma;
|f(T Z )| < . .
23 k=1 4(T + m21) if w(f) Z maj.
naj
In particular ||% >~ 2kl £ =——. On the other hand
k=1
1 naj naj
25— Zk . zp(zK) > —
(”2j Z ) m2J ”ZJ E g ma;

naj

J
Thus there exists 6, with § < < 1, such that z (ﬁm;; > ) = 1. We set
k=1

T
z= Hi(zl + 2o+ 2y, )-
naj

Then z*(z) = 1, ||z ¢ < 22 Z lzklle < 2 , while for f € D of type I we have

n2j

that
% if w(f) < Maj
Auih +me)  Hw(f) = may.

Therefore (z, 2*) is a (4, 25) exact pair (Definition .15 with dist(z*, Z) <. O

[f(2)] <

Theorem 6.6. The Banach space (Xp). is Hereditarily Indecomposable.

Proof. Let Y, Z be a pair of block subspaces of (Xp). an let j € N. Using Lemma
we may find a (4,25 — 1) dependent sequence (xx,z}),>"; " (see Definition [5.1))
which satisfies > dist(z5,_,,Y) < 1 and > dist(z},, Z) < 1.

k k

We set
n2] 1/2 1 n2j,1/2

E x3_; and 2" = E Tap-

moqi—
27—1 h—1

m2g 1

The functional ¢, =

E xy satisfies ||oy| < 1 ie. |y* 4+ 2% < 1.

777,2] 1

n2-,

i1
Z (_1)k+1$]€|| S EQ_ while
251

Proposition

naj—1
W =2 X (1) an) = 5, therefore [ly* — 2*|| > "5
T k=1
Selecting fy € Y with ||fy —y*|| < 1 and fz € Z with ||fz — 2*] < 1, we
get that ||fy + fz|| < 3 and ||fy — fz| > T35+ — 2. Since this procedure may
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be done for arbitrary large j, we conclude that the space (Xp). is Hereditarily
Indecomposable. O

Theorem 6.7. The Banach algebras X7, and Ediag(% p) are Hereditarily Indecom-
posable.

Proof. From Proposition I8 the quotient space X%,/(¥Xp). has dimension equal
to one. Thus the fact that (Xp). is Hereditarily Indecomposable (Theorem [6.0])
implies that (Xp)* is also Hereditarily Indecomposable (see also Theorem 1.4 of [§]).
As Lyiag(Xp) is isometric to X}, we conclude that the Banach algebra Laqiag(Xp)
is also Hereditarily Indecomposable. ([l

Remark 6.8. Let Xp, be the Banach space defined similarly to the space Xp,
with the only difference concerning the first inductive step of the definition of its
norming set, replacing the set G = {£x; : I is a finite interval of N} with the set
Go = {*e; : k € N}. Then the space Xp,, is reflexive and HI while X7, . is an
example of a reflexive HI Banach algebra. The reason we have included the set G
in the norming set D of the space Xp, is in order to apply Theorem [2.4] and to
obtain a HI Banach algebra of diagonal operators.

Theorem 6.9. Every diagonal operator T': Xp — Xp is of the form T'= A\ + K
with the operator K being compact.

Proof. From Remark 26 the isometry ® : X}, — Lagiag(Xp) of Theorem 24]
carries the predual space (Xp). onto the space Kaiag(Xp) of compact diagonal
operators of the space Xp. But since (Xp)* = (Xp). @ span{xy} and ®(xn) = I
we get that Laiag(Xp) = Kaiag(Xp) @ span{I} hence every diagonal operator 7' :
Xp — Xp takes the form T'= A\ + K with K being a compact operator. (I

Remark 6.10. Since Xp is the dual of the space (Xp). = span{e : n € N},
observing that every T' € Ldiag(¥XD, (én)nen), being w* — w* continuous, is a dual
operator, we get the following. The correspondence

Laiag((Xp)x) > R — R" € Laiag(XD)

is an onto isometry, while, restricting this correspondence to the subalgebras of
compact diagonal operators, we obtain that Kaiag ((Xp)+) is isometric to Kaiag(Xp),
which in turn is isometric to (Xp). (Remark 2.6). Thus we have established the
existence of a Banach space Y with a Schauder basis (namely ¥ = (Xp). with the
basis (€} )nen) which is naturally isometric to the space Kaiag(Y) of its compact
diagonal operators, with the last being of codimension 1 in Lgiag(Y). As we have
noticed in the introduction, since the basis of Y is shrinking, the space Lgiag(Y") is
naturally identified with the second dual of Kaiag(Y) ([18]).
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