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0. INTRODUCTION

The purpose of the present work is to provide examples of HI Banach spaces
with no reflexive subspace and study their structure. As is well known W.T.
Gowers [GI] has constructed a Banach space X4 with a boundedly complete
basis (e, )n, not containing ¢;, and such that all of its infinite dimensional
subspaces have non separable dual. We shall refer to this space as the Gowers
Tree space. The predual (X4 )+, namely the space generated by the biorthogo-
nal of the basis, also has the property that it does not contain ¢y or a reflexive
subspace. It remains unknown whether Xy; is HI and moreover the structure
of £(X4) is unclear. Notice that Gowers dichotomy [G2] yields that X4 and
(X4t)« contain HI subspaces. The structure of X7, also remains unclear. The
main obstacle for understanding the structure of Xy or £(X4) is the use of
a probabilistic argument for establishing the existence of vectors with certain
properties.
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Our approach in constructing HI spaces with no reflexive subspace, is dif-
ferent from Gowers’ one. In particular we avoid the use of any probabilistic
argument and thus we are able to control the structure of the spaces as well as
the structure of the spaces of bounded linear operators acting on them. More-
over we are able to provide examples of spaces X exhibiting a vast difference
between the structures of X and X*.

The following are the highlight of our results:

e There exists a HI Banach space X with a shrinking basis and with no
reflexive subspace. Moreover every T : X — X is of the form A\ + W
with W weakly compact (and hence strictly singular).

The absence of reflexive subspaces in X in conjunction with the property that
every strictly singular operator is weakly compact is evidence supporting the
existence of Banach spaces such that every non Fredholm operator is compact.
e The dual X* of the previous X is HI and reflexively saturated and

the dual of every subspace Y of X is also HI.

This shows a strong divergence between the structure of X and X*. We recall
that in [AT2] a reflexive HI space X is constructed whose dual X* is uncondi-
tionally saturated. The analogue of this in the present setting is the following
one:

e There exists a HI Banach space Y with a shrinking basis and with
no reflexive subspace, such that the dual space Y* is reflexive and
unconditionally saturated.

The definition of the space Y requires an adaptation of the methods of [AT2]
within the present framework of building spaces with no reflexive subspace.

e There exists a partition of the basis (e,)y of the previous X into two
sets (en)neL,s (én)neL, such that setting X, = span{e, : n € L1},
X, =spanfe, : n € Ly}, both X7 , X7 are HI with no reflexive
subspace.
The pairs Xp,,, X7 for i = 1,2 share similar properties with the pair (X, ).
and %gt.
e The space X** is non separable and every w*-closed subspace of X**,
is either isomorphic to ¢ or is non-separable and contains £5. There-
fore every quotient of X* has a further quotient isomorphic to /s.
Moreover X**/X is isomorphic to ¢5(T).

It seems also possible that X7, satisfies a similar to the above property al-
though this is not easily shown. Further X* is the first example of a HI space
with the following property: X*/Y is HI whenever Y is w*-closed (this is
equivalent to say that for every subspace Z of X, Z* is HI) and also every
quotient of X* has a further quotient which is isomorphic to ¢s.
e There exists a non separable HI Banach space Z not containing a
reflexive subspace and such that every bounded linear operator T :
Z — Z is of the form T = A\I + W with W a weakly compact (hence
strictly singular) operator with separable range.
This is an extreme construction resulting from a variation of the methods used
in the construction of the space X involved in the previous results. The fact of
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the matter is that these methods are not stable. Thus some minor changes in
the initial data could produce spaces with entirely different structure. Notice
that the space Z is of the form Y** with Y and Y* sharing similar properties
with the pair X, X* appearing in the previous statements.

We shall proceed to a more detailed presentation of the results of the paper
and also of the methods used for constructing the spaces, which are interesting
on their own. We have divided the rest of the introduction in three subsec-
tions. The first concerns the structure of Banach spaces not containing ¢4, cg
or reflexive subspace. The second is devoted to saturated extensions and in
the third we explain the method of attractors which permits the construction
of dual pairs X, X* with strongly divergent structure.

0.1. Hereditarily James Tree spaces. Separable spaces like Gowers Tree
space undoubtedly have peculiar structure. Roughly speaking, in every sub-
space one can find a structure similar to the James tree basis. Next we shall
attempt to be more precise. Thus we shall define the Hereditarily James Tree
spaces, making more transparent their structure. We begin by recalling some
of the fundamental characteristics of James’ paradigm.

In the sequel we shall denote by (D, <) the dyadic tree and by [D], the set
of all branches (or the body) of D. As usual we would consider that the nodes
of D consist of finite sequences of 0’s and 1’s and a < b iff @ is an initial part
of b. The lexicographic order of D, denoted by <., defines a well ordering
which is consistent with the tree order (i.e. a < b yields that a <je; b).

The space JT.

The James Tree space JT ([J]) is defined as the completion of (coo(D), || -
|lsr) where for x € coo(D), ||z|| 7 is defined as follows:

||| sr = sup{(z ( Z x(n))2)1/2 : (s;)~, pairwise disjoint segments }.

=1 mneEs;

The main properties of the space JT, is that does not contain ¢; and has
nonseparable dual.
Next, we list some properties of JT related to our consideration.

e The Hamel basis (eq)aep 0Of coo(D) ordered with the lexicographic
order defines a (conditional) boundedly complete basis of JT.

e For every branch b in [D], b = (a1 < ag < -+ < ay, - -+ ) the sequence
(€a, )n is non trivial weak Cauchy and moreover b* = w* — > e
defines a norm one functional in JT™.

e The biorthogonal functionals of the basis (e),ep generate the predual
JT, of JT and they satisfy the following property.

For every segment s of D setting s* =} e we have that ||s*|| =
1.

It is worth pointing out an alternative definition of the norm of JT'. Thus
we consider the following subset of coo(D),

n n
Gyr =1 Z Aist i (si)i, are disjoint finite segments and Z A7 <1}
i=1 1=1
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Here s} are defined as before. It is an easy exercise to see that the norm
induced by the set G 1 on coo(D) coincides with the norm of JT.

The James Tree properties.

Let X be a space with a Schauder basis (e, ),. A block subspace Y of X
has the boundedly complete (shrinking) James tree property if there exists
a seminormalized block (in the lexicographical order <, of D) sequence
(Ya)aep in Y and a ¢ > 0 such that the following holds.

(1) (boundedly complete) There exists a bounded family (b*)yc|p
in X*, such that for each b € [D], b = (a1,a2,...,an,...) the se-
quence (Yq,, )n is non trivial weakly Cauchy with lim b*(y,, ) > ¢ and
lim b (y,,, ) = 0 for all by # b.

(2) (shrinking) For all finite segments s of D, || > ya|| < c.

acs

Let’s observe that (e,)aep in JT satisfies the boundedly complete James
Tree property while (ef),ep in JT, satisfies the shrinking one. Also, if the
initial space X has a boundedly complete basis only the boundedly complete
James Tree property could occur. A similar result holds if X has a shrinking
basis. Finally if Y has the boundedly complete James Tree property, then
Y™ is non separable and if X has a shrinking basis and Y has the (shrinking)
James Tree property, then Y** is non separable.

For simplicity, in the sequel we shall consider that the initial space X has
either a boundedly complete or a shrinking basis. Thus if a block subspace
has the James Tree property, then it will be determined as either boundedly
complete or shrinking according to the corresponding property of the initial
basis.

Definition 0.1. Let X be a Banach space with a Schauder basis.

(a) A family £ of block subspaces of X has the James Tree property,
provided every Y in L has that property.

(b) The space X is said to be Hereditarily James Tree (HJT) if it does
not contain cg, #1 and every block subspace Y of X, has the James
Tree property.

It follows from Gowers’ construction that the Gowers Tree space X4, and
its predual (X4). are HJT spaces.

One of the results of the present work is that HJT property is not preserved
under duality. Namely, there exists a HJT space X with a shrinking basis,
such that X* is reflexively (even unconditionally) saturated. However, in the
same example there exists a subspace Y of X with Y* also an HJT space.

One of the basic ingredients in our approach to building HJT spaces is the
following space:

Proposition 0.2. There exists a space J1T'z, with a boundedly complete basis
(en)n such that the following hold:

(i) The space JT'z, is {2 saturated.
(ii) The basis (ey)n is normalized weakly null and for every M € [N] the
subspace X, =span{e, : n € M} has the James tree property.
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It is clear that none subsequence (e, )nens is unconditional. Thus the basis
of JT'r, shares similar properties with the classical Maurey Rosenthal example
[MR]. We shall return to this space in the sequel explaining more about its
structure and its difference from Gowers’ space.

Codings and tree structures. Asis well known, every attempt to impose
tight (or conditional) structure in some Banach space, requires the definition
of the conditional elements which in turn results from the existence of special
sequences defined with the use of a coding. What is less well known is that the
codings induce a tree structure in the special sequences. As we shall explain
shortly, the James tree structure in the subspaces of HJT spaces, like X4,
(X4¢)« or the spaces presented in this paper, are directly related to codings.

Let’s start with a general definition of a coding, and the obtained spe-
cial sequences. Consider a collection (F}); with each F; a countable family
of elements of cyo(N). To make more transparent the meaning of our defi-
nitions, let’s assume that each Fj; = {=z >, .per : F C N, #F < n;}
where (m;), (n;) are appropriate fast inc;easing sequences of natural num-
bers. Notice that the elements of the family 7 = U; F; and the combinations
of them will play the role of functionals belonging to a norming set. This
explains the use of e}, instead of e;. For simplicity, we also assume that the
families (F}); are pairwise disjoint. This happens in the aforementioned ex-
ample although it is not always true. Under this additional assumption to
each ¢ € U;F; corresponds a unique index by the rule ind(¢) = j iff ¢ € Fj.
Further for a finite block sequence s = (¢1,...,¢q) with each ¢; € U, F;, we
define ind(s) = {ind(¢1),...,ind(¢pq)}.

The o-coding: Let Q1,{s be a partition of N into two infinite disjoint
subsets. We denote by S the family of all block sequences s = (¢1 < ¢ <
e < ¢d) such that ¢; € Uij, 1nd(¢1) € Oy, {1nd(¢2) < e <K 1nd(¢d)} C Q.
Clearly S is countable, hence there exists an injection

c:8— 9

satisfying o(s) > ind(s) for every s € S.

The o-special sequences: A sequence s = (¢ < ¢ < -+ < ¢,) in S is
said to be a o-special sequence iff for every 1 <14 < n setting s; = (¢ < -+ <
¢;) we have that

dit1 € Fo(s,)-

The following tree-like interference holds for o-special sequences.

Let s,t be two o-special sequences with s = (¢1,...,¢n), t = (Y1, .., ¥m).
We set

is, = max{i : ind(¢) = ind(¢;)}
if the later set is non empty. Otherwise we set i, = 0. Then the following
are easily checked.
(a) For every i < is; we have that ¢; = 1.
(b) {md(@) 1> is,t} n {Hld(’t/J]) 1y > is,t} = (.
These two properties immediately yield that the set 7 U; F; endowed with

the partial order ¢ <, ® iff there exists a o-special sequence (¢1, ..., ¢,) and
1<i<j<nwith ¢ = ¢; and ¢ = ¢; is a tree.
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Now for the given tree structure (7, <,) we will define norms similar to
the classical James tree norm mentioned above.

The space JTr,: For the first application the family (F}); is the one
defined above.

For a o-special sequence s = (¢1,...,¢,) and an interval E of N we set
s* = > p_, ¢ and let Es* be the restriction of s* on E (or the pointwise
product s*xg). A o-special functional z* is any element Fs* as before.

Also, for a o-special functional z* = Es*, s = (¢1,...,¢,), welet ind(x*) =
{ind(¢%) : supp ¢, N E # }. We consider the following set

d d
Fo ={%e} : ne N}uU {Z a;x; : a; € Q, Za? <1, (z})L, are
i=1 i=1

o-special functionals with (ind(z}))%, pairwise disjoint, d € N}
The space JT'7, is the completion of (cgo, ||.||,) where for = € cgo,

|z]| 7, = sup{o(z) : ¢ € Fa}.

Comparing the norming set Fy with the norming set Gy of JT one ob-
serves that o-special functionals in F» play the role of the functionals s*
defined by the segments of the dyadic tree D. As we have mentioned in Propo-
sition 0.2, the space JTz, , like JT', is £2 saturated, but for every M € [N],
the subspace Xysspan{e, : n € M} has non separable dual. The later is a
consequence of the fact that the tree structure (7, <) is richer than that of
the dyadic tree basis in JT. Indeed, it is easy to check that for every M € [N]
we can construct a block sequence (¢q)qep such that

(i) ¢a = Elf: > ker, € Where #F, = n; and F, C M, while F}, < Fj if

a <lex 6
(ii) For abranchb= (a1 <az < -+ < ap < ---) of D and for every n € N
we have that (¢a,, ..., ¢, ) is a o-special sequence.
2
Defining now x, = 7:;; ZkeFa ek, the family (z,)qep provides the James

tree structure of Xj;.

The Gowers Tree space. The definition of X4 uses similar ingredients
with the corresponding of JTz, although structurally the two spaces are en-
tirely different. The norming set G4+ of Gowers space is saturated under the
operations (A, mi]) j- We recall that a subset G of ¢ is closed (or saturated)
for the operation (A, %) if for every ¢1 < ¢o < -+ < ¢, k < n with ¢; € G,
i=1,...,k, the functional ¢ = ﬁ Ele ¢; belongs to G.

The norming set G4 is the minimal subset of cyg satisfying the following
conditions:

(i) {xej : k € N} C Gg4t, G4t is symmetric and closed under the operation
of restricting elements to the intervals.
(ii) Gy is closed in the (A, mij)] operations. We also set

1
K; ={¢ € Gy : ¢ is the result of a (A,,, —) operation}
m;
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(ili) Gg4¢ contains the set

d d
{Zaixf Da; €Q, Z a? <1, (x)%,, o-special functionals
i=1 i=1
with (ind(z})){, pairwise disjoint, d € N}
(iv) Gy is rationally convex.

We explain briefly condition (iii). For a coding o, the o-special sequences
(¢1,...,¢n) are defined as in the case of F,. Here the set K; plays the role
of the corresponding F} in F». The o-special functionals z*, are defined as in
the case of Fs.

Let’s observe that Gy is almost identical with 3, although the spaces
defined by them are entirely different. The essential difference between Fo
and Gy is that in the case of F» each F}, j € N does not norm any sub-
space of JT'z,, while in Xy each K; defines an equivalent norm on X.
The later means that in every subspace Y of X4, the families K;, j €

d n
N as well as {z* : 2z* is a o-special functional} and {> Naf @ Y A2 <
i=1 i=1
1, (ind(z}))%, are pairwise disjoint} define equivalent norms making it diffi-
cult to distinguish the action of them on the elements of Y. Thus, while the
spaces of the form JT'z, can be studied in terms of the classical theory, the
space X4t requires advanced tools, like Gowers probabilistic argument, which
do not permit a complete understanding of its structure.

0.2. Saturated extensions. The method of HI extensions appeared in the
Memoirs monograph [ATI] and was used to derive the following two results:

e Every separable Banach space Z not containing ¢; is a quotient of
a separable HI space X, with the additional property that Q*Z* is
a complemented subspace of X*. (Here @) denotes the quotient map
from X to Z.)

e There exists a nonseparable HI Banach space.

Roughly speaking, the method of HI extensions provides a tool to connect
a given norm, usually defined through a norming set G with a HI norm. The
resulting new norm will preserve some of the ingredients of the initial norm
and will also be HI. To some extent, HI extensions, have similar goals with
HI interpolations ([AF]) and some of the results could be obtained with both
methods. However it seems that the method of extensions is very efficient
when we want to construct dual pairs X, X* with divergent structure. This
actually requires the combination of extensions with the method of attractors,
which appeared in [AT2| where a reflexive HI space X is constructed with X*
unconditionally saturated.

In the sequel we shall provide a general definition of saturated extensions
which include several forms of extensions which appeared elsewhere (c.f. [ATI]
AT [ArTol)

Let M be a compact family of finite subsets of N. For the purposes of the
present paper, M will be either some A, = {F C N: #F < n}, or some S,,
the nt" Schreier family. For 0 < § < 1, the (M, #)-operation on cqo is a map
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which assigns to each M-admissible block sequence (¢1 < ¢ < -+ < @p,),
the functional 92?:1 oi. (We recall that ¢1,¢9,..., ¢, is M-admissible if
{minsupp¢; : i = 1,...,n} belongs to M.) A subset G of ¢y is said to
be closed in the (M, 6)-operation, if for every M-admissible block sequence
$1,. .., ¢n, with each ¢; € G, the functional 0. | ¢; belongs to G. When
we refer to saturated norms we shall mean that there exists a norming set G
which is closed under certain (M, 6;); operations.

Let G be a subset of cgg. The set G is said to be a ground set if it is
symmetric, {e : n € N} is contained in G, ||¢]|lc < 1, ¢p(n) € Q for all
¢ € G and G is closed under the restriction of its elements to intervals of N.
A ground norm, || - ||¢ is any norm induced on ¢gp by a ground set G. It turns
out that for every space (X, || - ||x) with a normalized Schauder basis (x)n
there exists a ground set Gx such that the natural map e, — x,, defines an
isomorphism between (X, | - ||x) and (coo, || - lax)-

Saturated extensions of a ground set G. Let G be a ground set,
(m;); an appropriate sequence of natural numbers and (M;); a sequence of
compact families such that (M;); is either (Ap;); or (Sy;);.

Denote by E¢ the minimal subset of ¢gg such that

(i) The ground set G is a subset of Eg.
(ii) The set Eg is closed in the (M, -1-) operation.
J
(iii) The set E¢ is rationally convex.
Definition 0.3. A subset Dg of Eg is said to be a saturated extension of
the ground set G if the following hold:

(i) The set D¢ is a subset of E¢g, the ground set G is contained in D¢
and D¢ is closed under restrictions of its elements to intervals.
(ii) The set D¢ is closed under even operations (Mas;, msz)]
(iii) The set D¢ is rationally convex.
(iv) Every ¢ € D¢ admits a tree analysis (f;)ier with each fi € Dg.

Denoting by || - ||ps the norm on c¢po induced by D¢ and letting Xp,,
be the space (coo, | - ||ps ), we call Xp, a saturated extension of the space
Xa = (coo, | lla)-

Let’s point out that the basis (e,), of cgp is a bimonotone boundedly
complete Schauder basis of Xp, and that the identity I : Xp, — X¢g is a
norm one operator. Observe also that we make no assumption concerning the
odd operations. As we will see later making several assumptions for the odd
operations, we will derive saturated extensions with different properties.

A last comment on the definition of D¢, is related to the condition (iv).
The tree analysis (fi)ter of a functional f in F¢ describes an inductive pro-
cedure for obtaining f starting from elements of the ground set G and either
applying operations (M, mi]) or taking rational convex combinations. This
tree structure is completely irrelevant to the tree structures discussed in the
previous subsection. Its role is to help estimate upper bounds of the norm of
vectors in Xp,,.

Properties and variants of Saturated extensions.
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As we have mentioned, for = € cq, ||z|l¢ < ||#|ps- This is an immediate
consequence of the fact that G C D¢g. On the other hand, there are cases of
ground sets G such that Dg does not add more information beyond G itself.
Such a case is when G defines a norm || - ||¢ equivalent to the ¢; norm. The
measure of the fact that || - || p, is strictly greater than || - ||¢ on a subspace
Y of Xp, is that the identity operator I : Xp, — X¢g restricted to Y is
a strictly singular one. If I : Xp, — X¢ is strictly singular, then we refer
to strictly singular extensions. The first result we want to mention is that
strictly singular extensions are reflexive ones. More precisely the following
holds:

Proposition 0.4. Let Y be a closed subspace of Xp, such that Iy : Y —
X¢ is strictly singular. Then Y is reflexively saturated. In particular Xp,, is
reflexively saturated whenever it is a strictly singular extension.

Next we proceed to specify the odd operations and to derive additional
information on the structure of Xp, whenever Xp, is a strictly singular
extension.

(a) Unconditionally saturated extensions.

This is the case where Dg = Eg = D¢. In this case the following holds:

Proposition 0.5. Let Y be a closed subspace of Xpy such that Iy : Y —
X is strictly singular. Then Y is unconditionally (and reflexively) saturated.

(b) Hereditarily Indecomposable extensions.

HI extensions, are the most important ones. In this case the norming set
D is defined as follows. DZJ is the minimal subset of cop satisfying the
following conditions

(i) {er : n € N} C DI DI is symmetric and closed under restriction
of its elements to intervals.
(ii) D is closed under (Ma;, mL%)J operations.
(iii) For each j, D is closed under (Ma;_1, ﬁ) operation on 2j — 1
special sequences.
(iv) DA is rationally convex.
The 2j — 1 special sequences are defined through a coding ¢ and satisfy
the following conditions.
(a) (f1,...,fa) is Ma;_1 admissible

(b) For i < ¢ < d there exists some j € N such that f; € Ky =
k
{ LS g0 ¢1 < - < ¢ is Mo, admissible, ¢, € Dgf} and if

iy
i > 1 then 27 = U(fla-'-afi—l)-
Notice that in the definition of D% we do not refer to the tree analysis. The
reason is that the existence of a tree analysis follows from the minimality of
Dgf and the conditions involved in its definition.
The analogue of the previous results also holds for HI extensions.

Proposition 0.6. Let Y be a closed subspace of XDgi such that Ily : Y —
X is strictly singular. Then Y is a HI space. In particular strictly singular
and HI extensions yield HI spaces.
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The above three propositions indicate that if we wish to have additional
structure on Xp, Xpy, Xpni we need to consider strictly singular extensions.
As is shown in [ATI], this is always possible. Indeed, for every ground set
G such that the corresponding space X does not contain ¢; there exists a
family (M;, mij) j such that the saturated extension of G' by this family is a

strictly singular one. Thus the following is proven ([ATI]).

Theorem 0.7. Let X be a Banach space with a normalized Schauder basis
(zn)n such that X contains no isomorphic copy of ¢1. Then there exists a
HI space Z with a normalized basis (2, ), such that the map z, — x, has a
linear extension to a bounded operator T : Z — X.

This theorem in conjunction with the following one yields that every sep-
arable Banach space X not containing ¢; is the quotient of a HI space.

Theorem 0.8 ([AT1]). Let X be a separable Banach space not containing
£1. Then there exists a space Y not containing ¢;, with a normalized Schauder
basis (yn)n and a bounded linear operator 7' : Y — X such that (T'y,), is a
dense subset of the unit sphere of X.

The predual (Xppni).. As we have mentioned before the basis (en)nen
of Xpps is boundedly complete, hence the space (Xpps)s, which is the sub-
space of X% ,, norm generated by the biorthogonal functionals (e}),en, is a

by
predual of Xpni. In many cases it is shown that (XDgi)* is also a HI space.
This requires some additional information concerning the weakly null block
sequences in X, which is stronger than the assumption that the identity

map I : X phi = X¢ is strictly singular. For example in [ATT], for extensions
1

using the operations (S, m—J) j, had been assumed that the ground set G is

S bounded. In the present paper for the operations (A,,, mi) 4 we introduce
J

the concept of strongly strictly singular extension which yields that (X ng)*
is HI. Tt is also worth pointing out that (X Dgi)* is not necessarily reflexively
saturated as happens for the strictly singular extensions Xp, X Dhi- This
actually will be a key point in our approach for constructing HI spaces with
no reflexive subspace.

0.3. The attractors method. Let’s return to our initial goal, namely con-
structing HI spaces with no reflexive subspace. It is clear from our preceding
discussion that HI extensions of ground sets G such that X does not con-
tain ¢, yield reflexively saturated HI spaces. Therefore there is no hope to
obtain HI spaces with no reflexive subspace as a result of a HI extension of
a ground set G. As mentioned in [ArTo] saturation and HI methods share
common metamathematical ideas with the forcing method in set theory. In
particular the fact that HI extensions are reflexively saturated is similar to
the well known collapse phenomena in the extensions of models of set theory
via the forcing method. An illustrating example of such phenomena in HI
extensions is that X4 is a quotient of a HI and reflexively saturated space. In
spite of all these discouraging observations we claim that HI extensions could
help to yield HI spaces with no reflexive subspace, and this is closely related
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to the structure of (X Dgi)*. Evidently from the initial stages of HI theory,
(IGM1],[GM2],[AD]) and for many years, a norming set D was defined, using
saturation methods and codings, in such a way as to impose certain properties
in the space (X, | - ||p). In [AT2] the norming set D was designed to impose
divergent properties in (X, || - ||p) and (X, || - ||[p)*. The method used for this
is the attractors method, not so named in [AT2], which will also be used in
the present work.

The general principle of the attractors method is the following:

We are interested in designing a ground set G and a HI extension D2 such
that the following two divergent properties hold:

(a) X pri 1s a strictly singular extension of X¢g. In other words every
subspace Y of X Dl contains a further subspace Z on which the G-
norm becomes negligible.

(b) The set G is asymptotic in (Xpps).. This means that there exists
¢ > 0 such that for every subspace Y of (X Dgi)* and every € > 0
there exists ¢ € G with ||¢)H(XD%1. . > cand dist(¢,Y) <e.

In other words, we want G to be small, as a norming set for the space X DL
and large as a subset of (Xpni).. Notice that such a relation between G and

D}le requires the two sets to be built with similar materials, and moreover to
impose certain special functionals in D}le (we call these attractor function-
als) which will allow us to attract in every subspace of (X Dgi)* part of the
structure of the set G.

Let us be more precise explaining how we define the corresponding sets G
and DX to obtain a HI extension XDgi, such that (XD?;)* is also HI and does
not contain reflexive subspaces.

The ground set 7, and the norming set Dr,. We start by defining the
following family (Fj);. We shall use the sequence of positive integers (m;);,
(n;); recursively defined as follows:

e m; =2and mj; = m?.
e ny =4, and nj1 = (5n;)% where s; = logym?, ;.

We set Fy = {£e) : n €N} and for j =1,2,... we set

B = (Y er s #(1) < M0} U o),

M1j-3 el

Using the family (F}); and a coding oz, we define the ground set F» in
the same manner as in the first subsection.

Next we define the set Dz, which is a HI extension of F» with attractors
as follows:

The set D g, is a minimal subset of ¢ satisfying the following properties:

(i) F2 C Dg,, Dy, is symmetric (i.e. if f € Dg, then —f € Dg,) and
Dy, is closed under the restriction of its elements to intervals of N
(i.e. if f € Dz, and F is an interval of N then Ef € Dx,).
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(ii) Dpg, is closed under (A,,,, ——) operations, i.e. if fi < fo <+ < fn,,

maj
belong to D, then the functional f = mL%(fH—fz—F -+ fn,;) belongs
also to Dg,.

(iii) D, is closed under (A,,;_,, ﬁ) operations on special sequences
i.e. for every ng;_1 special sequence (f1, f2,..., fn,,_,) the functional
f= m41. N (fi+ fa+---+ fn,,_,) belongs to Dr,. In this case we say

P

that f is a special functional.
(iv) Dz, is closed under (A, ., ﬁ)
i.e. for every 4j — 3 attractor sequence (fi, f2,..., fn,;_;) the func-
tional f = m41j73 (fi + fa+ -+ fay_,) belongs to Dx,. In this case
we say that f is an attractor.
(v) The set Dy, is rationally convex.

operations on attractor sequences

In the above definition, the special functionals and the attractors, defined
in (iii) and (iv) respectively, require some more explanation. First, the n4;_1
special sequences (f1,..., fn,;_,) are defined through a coding o as in the case
of the aforementioned HI extensions. Thus each f;, 1 <4 < ny;_1 belongs to
some

naj

1
K2j:{m—2-z¢l: ¢1 <+ < Ony;s G € D}
J =1

where 2j is equal to o(f1,..., fi—1) whenever 1 < i.

The special functionals will determine the HI property of the extension
Dy,.

Each 4j — 3 attractor sequence f; < --- < f,,,_; is of the following form.
All the odd members of the sequence are elements of U;K»; while the even
members are fo; = e’lfm and furthermore the sequence fi,..., fn,;_, is deter-
mined by the coding ¢ in a similar manner to the n4;_; special sequence. Let
us observe that for every j € N there exist many P C N with the following

properties. First #P n‘“;s, hence ﬁ > vep € € Fj and also there exists

an attractor sequence (fi,..., faj—3) with {e; : £ € P} coinciding with the
even terms of the sequence. The purpose of the attractors is to make the
family U, F; asymptotic in the space (X sz)*. In particular using attractors,
the following is proved.

For every subspace Y of (Xp,, ). and every j € N there exist ¢; € Y and

— 1
’l/)J = m Zéepe} S Fj, such that

(a) ll¢; + il > 157
(b) [l — ]| < =

maj—3"

This shows that indeed U; F} is asymptotic and furthermore we can copy a
complete dyadic block subtree of (7 = U, F}, <) into the subspace Y which
yields that Y is not reflexive.

The following summarizes the main steps in our approach to constructing
HI spaces with no reflexive subspace.
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(1) For two appropriately chosen sequences (m;);, (n;); we set F; =
{—— Y erep: #F < ™22} and for the family (F;); we construct

2
myj—3

the norming set F» and the James Tree space J1'z,.

(2) The space JTx, does not contain ¢; and for every weakly null sequence
(Tn)n in JTr, with ||z,] < C, lim ||z,||cc = 0 and every m € N there
exists L € [N] such that for every y* € F»

(1) el |y ()] > %} < 66m°C?.

3) We consider the HI extension with attractors D of F» defined by the
Fa y

operations (A , and we denote by Xz, the space (cqo, || - HD};).

ngo m_)
J
(4) Inequality () yields that Xz, is a strongly strictly singular extension
of JT'z,. Therefore:
(i) The space Xz, is HI and reflexively saturated.
(ii) The predual (Xz,). is HL
(5) Using the attractor functionals, we copy into every subspace of (X £, ).
a complete dyadic subtree of (7, <z) which shows that (Xz£,). is a
Hereditarily James Tree space (HJT) and hence it does not contain a
reflexive subspace.

Notice that (Xz,). shares with the space X, in the statements presented
at the beginning of the introduction, most of the properties stated there.
However for some of the properties a variation is required. In fact there exists
a complete subtree (7',<,,) of (7,<,,.) such that for the corresponding
space Xz; we have that (Xz;)*/(Xz;). = £2(T") with #I' = 2¢. The space
(X7;)s coincides with X in the aforementioned statements.

The construction of a nonseparable HI space Z not containing reflexive
subspaces requires changing the framework with the operations (S, mLJ)J

instead of (A, mi])] In this framework the set F, and the space JTz, are
defined. More precisely Fs is defined in a similar manner as F3 based on the
families )
Fj={—— Z:I:e;-k N S
Maj=3 et
Using the coding o, we define the special functionals and their indices as in
the F5 case. Finally we set

d
Fs = A{zxe}: neN}U{fo: minsuppz; >d, i=1,...,n,
i=1

(ind(z}))%, are pairwise disjoint}

The HI extension with attractors is defined similarly to the X, case. Then
X £, is an asymptotic ¢; and reflexively saturated HI space and also (X, ).
is HI while not containing any reflexive subspace. Passing to a complete
subtree (T", <o) of (T, <s,) and to the corresponding F;, X/, we obtain
the additional property that X%, /(Xr;)« = co(I') with #I' = 2*. As is shown
in [AT1], this yields that X%, is HI and since it contains a subspace ((Xx:)+)
with no reflexive subspace, the space %*Fé has the same property.
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Let’s mention also that an HI asymptotic ¢; Banach space X not con-
taining a reflexive subspace, with nonseparable dual X* which is also HI not
containing any reflexive subspace, has been constructed in [AGT]. This space
is the analogue of X4 in the frame of the operations (S, mLJ)J

The last variant we present, concerns the HI space Y with a shrinking basis,
not containing a reflexive subspace, such that the dual Y* is unconditionally
and reflexively saturated.

For this, starting with the set F» we pass to an extension only with attrac-
tors and additionally we subtract a large portion of the conditional structure
of the attractors. This permits us to show that the extension space X% is
unconditionally saturated. The remaining part of the conditional structure
of the attractors, forces the predual (X% ). to be HI and not to contain any
reflexive subspace.

The paper is organized as follows. The first two sections are devoted to
the presentation of the strictly singular and strongly strictly singular (HI)
extensions with attractors of a ground space Y. We shall denote these as
Xqg. For the results presented in these two sections the attractors play no
role. Thus all statements remain valid whether we consider extensions with
attractors or not. The strictly singular extension, as they have defined before,
provide information about Xs and £(X¢g). In particular the following is
proven:

Theorem 0.9. If X¢ is a strictly singular extension (with or without attrac-
tors) then the natural basis of X is boundedly complete, the space X¢ is HI,
reflexively saturated and every T in L(X¢) is of the form T'= AI + S with S
a strictly singular operator.

Strongly strictly singular extensions concern the HI property of (X¢). and
the structures of £(X¢a), L((X¢)«). The following theorem includes the main
results of Section 2.

Theorem 0.10. If X is a strongly strictly singular extension (with or with-
out attractors) then in addition to the above we have the following
(i) The predual (X¢). is HI.
(ii) Every strictly singular S in £(X¢) is weakly compact.
(iii) Every T in L((X¢)«) is of the form T'= AI + .S with S being a strictly
singular and weakly compact operator.

The following result concerning the quotients of X is also proved in Section
2.

Theorem 0.11. If X is a strongly strictly singular extension (with or with-
out attractors) and Z is a w* closed subspace of X¢ then the quotient X¢/Z
is HI.

The dual form of the above theorem is the following. For every subspace W
of (X¢)« the dual space W* is HI. Notice also that the additional assumption
that Z is w* closed can not be dropped, as the results of Section 5 indicate.

In Section 3 we study the spaces J1'r,. We are mainly concerned with
proving the aforementioned (1) yielding that the extension Xz, is a strongly
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strictly singular one. In Section 4 using attractors we prove that (Xz,). is
a Hereditarily James Tree (HJT) space and hence it does not contain any
reflexive subspace. Section 5 is devoted to the study of (Xz,)*. It is shown
that for every subspace Y of (X £, ), the space {5 is isomorphic to a subspace of
the nonseparable space Y **. We also describe the definition of X z; which has
the additional property that (Xz;)*/(Xx;)« is isomorphic to £2(T"). Section 6
and Section 7 contain the variants Xx,, X% mentioned before. We have also
included two appendices. In Appendix A we present a proof of a form of the
basic inequality used for estimating upper bounds for the action of functionals
on certain vectors. In Appendix B we proceed to a systematic study of the
James Tree spaces JTr,, JTx, and JTF, . We actually show that JTz, is {2
saturated while JT'z, and JT'r,  are cy saturated. The study of James Tree
spaces in Section 3 and Appendix B is not related to HI techniques and uses
classical Banach space theory with Ramsey’ s theorem also playing a key role.

1. STRICTLY SINGULAR EXTENSIONS WITH ATTRACTORS

In this section we introduce the ground sets G and then we define the
extensions X¢ = T'[G, (Ay,, mij) j» 0] with low complexity saturation methods.
Attractors are also defined. We provide conditions yielding the HI property
of the extension X and we study the space of the operators £(Xq). The
results and the techniques are analogue to the corresponding of [ATT] where
extensions using higher complexity saturation methods are presented. We
refer the reader to [ArTo] for an exposition of low complexity extensions.
We also point out that the attractors in the present and next section will
be completely neutralized. Their role will be revealed in Section 4 where we
study the structure of (Xz,)..

Definition 1.1. (ground sets) A set G C coo(N) is said to be ground if
the following conditions are satisfied
(i) e} € Gforn=1,2,..., G is symmetric (i.e. if g € G then —g € G),
and closed under restriction of its elements to intervals of N (i.e. if
g € G and E is an interval of N then Fg € G).
(ii) ||g]loc < 1 for every g € G and g(n) € Q for every g € G and n € N.
(iii) Denoting by || ||¢ the ground norm on ¢oo(N) defined by the rule
lz|l¢ = sup{g(z) : ¢ € G}, the ground space Y, which is the
completion of (cgo(N) , || ||¢) contains no isomorphic copy of ¢;.

It follows readily that the standard basis (e,), of Ys is a bimonotone
Schauder basis. The converse is also true. Namely if Y has a bimonotone
basis (yn)n and ¢; does not embed into Y then there exists a ground set G
such that Y is isometric to Y. Also, as is well known, every space (Y, || ||)
with a basis (e, )nen admits an equivalent norm ||| - ||| such that (en)nen is a
bimonotome basis for (Y, ||| |||)-

Definition 1.2. (HI extensions with attractors) We fix two strictly in-
creasing sequences of even positive integers (m;);jen and (n;)jen defined as
follows:

e m; =2and mj; = m?.
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e ny =4, and nj11 = (5n;)% where s; = logym?, ;.
We let D¢ be the minimal subset of ¢ (N) satisfying the following conditions:

(i) G C Dg, D¢ is symmetric (i.e. if f € Dg then —f € D¢) and D¢
is closed under the restriction of its elements to intervals of N (i.e. if
f € D¢ and FE is an interval of N then Ef € D¢).

(ii) Dg is closed under (A, , mL%) operations, i.e. if fi < fo <+ < fuy,;
belong to D¢ then the functional f = msz(fl + fa4 -+ fny,;) also
belongs to D¢g. In this case we say that the functional f is the result
of an (A,,,, %2]) operation.

(iii) D¢ is closed under (A
i.e. for every ny;_1 special sequence (f1, f2,..., fn,,_,), the functional
= m;fl (fi+ fo+ -+ fn,,_,) belongs to D¢. In this case we say
that f is a result of an (A
special functional.

(iv) Dg is closed under (A

1 . .
naj_1> m) operations on special sequences,

g1 ﬁ) operation and that f is a

1 .
naj_ss m) operations on attractor sequences,

i.e. for every 4j — 3 attractor sequence (f1, fa, ..., fn,;_;), the func-
tional f = m;fs (fi + fa+ -+ fny,_,) belongs to D¢. In this case

1
M4j—37 my;_3

we say that f is a result of an (A
is an attractor.
(v) The set Dg is rationally convex.

) operation and that f

The space Xg = T[G, (An,, mij)j,a], which is the completion of the space
(coo(N) || IIpe), is called a strictly singular extension with attractors
of the space Yg, provided that the identity operator I : Xg — Y is strictly
singular.

The norm satisfies the following implicit formula.
1 &

foll = max{lill, supfoup —— - | el
J m2j =

sup{¢(z) : ¢ special functional}, sup{¢(z) : ¢ attractor}}

where the inside supremum in the second term is taken over all choices (E;);2)

of successive intervals of N.

We next complete the definition of the norming set D¢ by giving the precise
definition of special functionals and attractors.

From the minimality of D¢ it follows that each f € D¢ has one of the
following forms.

(i) f € G. We then say that f is of type 0.

(i) f = £Eh where h is a result of an (A, ij) operation and E is an
interval. In this case we say that f is of type I. Moreover we say that
the integer m; is a weight of f and we write w(f) = m;. We notice
that an f € Dg may have many weights.

(iii) f is a rational convex combination of type 0 and type I functionals.
In this case we say that f is of type II.
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Definition 1.3. (¢ coding, special sequences and attractor sequences)
Let Q4 denote the set of all finite sequences (¢1, @a, ..., ¢q) such that ¢; €
coo(N) , ¢; # 0 with ¢;(n) € Q for all i,n and ¢1 < ¢ < -+ < ¢pg. We
fix a pair 7, of disjoint infinite subsets of N. From the fact that Q
is countable we are able to define a Gowers-Maurey type injective coding
function o : Qs — {27 : j € Qa} such that ma(g, ¢,,....60) > max{Wlﬁ)l :
l € suppdi, i = 1,...,d} - maxsupp ¢4. Also, let (A;);en be a sequence of
pairwise disjoint infinite subsets of N with min A; > m;.
(A) A finite sequence (f;);)"" is said to be a ny4;_1 special sequence
provided that
(1) (fisfas--os fray;oy) € Qs and f; € Dg for i =1,2,...,n45_1.
(il) w(f1) = maox with k € Qq, m;ﬁ > nygj—1 and for each 1 < <
naj—1, W(fi41) = Mo(sy,. 1)
(B) A finite sequence (f;);+4 " is said to be a n4;_3 attractor sequence
provided that
(1) (fl, fg, R 7fn4j73) S Qs and fz € Dg for i = 1,2,.. cy M43
(ll) w(fl) = mo, with k£ € Ql, méf > Ny4j-3 and w(f2i+1) =
Mo (fy,....f21) foreach 1 <i < n4j,3/2.

(ili) fo; = e, for some la; € Aoy, . poi 1), fori=1,... yMaj—3/2.

The definition of the special functionals and the attractors completes the
definition of the norming set D¢ of the space Xg.

n2;j
maj

the norming set D¢ is closed in the (A

Remarks 1.4. (i) Since the sequence (——-L); increases to infinity and

najs msz) operations we get
that the Schauder basis (e, )nen of X¢ is boundedly complete.

(ii) The special sequences, as in previous constructions (see for example
[GM1],[G2],[ADI,[AT1]), are responsible for the absence of uncondi-
tionality in every subspace of Xg.

(iii) The attractors do not effect the results of the present section. Their
role is to attract the structure of G, for certain G, in every subspace
of the predual (X¢). = span{e), : n € N} of the space X¢g. So,
if we discard condition (iv) in the definition of the norming set D¢
(Definition [[2]) then the corresponding space X, which we call a
strictly singular extension provided that the identity operator I :
X¢g — Yg is strictly singular, shares all the properties we shall prove
in this section with those X¢’s which are strictly singular extensions
with attractors.

Definition 1.5. (Rapidly increasing sequences) A block sequence (zy)
in X¢ is said to be a (C,¢) rapidly increasing sequence (R.1.S.), if ||zx] < C,
and there exists a strictly increasing sequence (ji) of positive integers such
that

(a) (maxsupp zy)—

Jk+1

(b) For every k = 1,2,... and every f € Dg with w(f) = m;, i < ji we

have that |f(zg)| < 7%

<E€.
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Remark 1.6. A subsequence of a (C, ¢) R.I.S. remains a (C, e) R.I.S. while a
sequence which is a (C,e) R.I.S. is also a (C’,&') RIS. if C' > C and &’ > ¢.

Proposition 1.7. Let (1), be a (C,e) R.LS. with & < —2- such that for
Jo

every g € G, #{k : |g(zr)| > e} <nj,—1. Then
1) For every f € D¢ with w(f) = m;,

1 & 3¢ if i < jo
- < mmml
f(— > xwl_{

s+ Ce, i 02 o

o
In particular ||% > oa < 7?21—]00

2) If (bg),”°, are scalars with |by| < 1 such that
(2) B )| < C'(max [by| +e ) b))
keE keE

for every interval E of positive integers and every h € Dg with w(h) = m;,,
then

YL AC
”n_ Zbk$k|| < et
J0 p—1 Jo

The proof of the above proposition is based on what we call the basic
inequality (see also [ATT], [ALT]). Its proof is presented in Appendix A.

Remark 1.8. The validity of Proposition [[.7] is independent of the assump-
tion that the operator I : Xg¢ — Y is strictly singular.

In the present section we shall prove several properties of the space X¢g
provided that the space X¢ is a strictly singular extension of Y.

Definition 1.9. (exact pairs) A pair (z, ¢) with z € X and ¢ € D¢ is said
to be a (C, j,0) exact pair (where C' > 1, j € N, 0 < 0 < 1) if the following
conditions are satisfied:
(i) 1 < |z|| < C, for every ¢ € D¢ with w(y)) = my, i # j we have that
[(x)| < 22 if i < j, while [1h(2)] < 5 if i > j and [[2]e < S
(i) ¢ is of type I with w(¢) = m;. ' '
(iii) ¢(z) =0 and ranz = ran ¢.

Definition 1.10. (¢} averages) Let k € N. A finitely supported vector
r € X is said to be a C — £¥ average if ||z|| > 1 and there exist 21 < ... < xy

k
with [|2]| < C such that z = + 3 ;.
i=1

Lemma 1.11. Let 7 € N and € > 0. Then every block subspace of Xg
contains a vector & which is a 2 — é;mj average. If Xq is a strictly singular
extension (with or without attractors) then we may select z to additionally
satisty ||z|la < e.

Proof. If the identity operator I : Xg — Y is strictly singular we may pass
to a further block subspace on which the restriction of I has norm less than
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5. For the remainder of the proof in this case, and the proof in the general

case, we refer to [GMI] (Lemma 3) or to [AM]. O
Lemma 1.12. Let x be a C — ¢} average. Then for every n < k and every

sequence of intervals Ey < ... < E,, we have that Y ||E;z|| < C(14 2%). In
i=1

particular if z is a C — £} average then for every } € D¢ with w(f) = my,
i < j then |f(z)] < %0(14— 2ny Tty < 30 L

= 2 my
We refer to [S] or to [GM1] (Lemma 4) for a proof.

Remark 1.13. Let (x)r be a block sequence in X¢ such that each zy is a
— (7% average and let ¢ > 0 be such that #(ran(xk))— < €. Then
k+1

Lemma [2] yields that condition (b) in the definition of R.I.S. (Definition
[CH) is also satisfied hence (xj) is a (C,e) R.I.S. In this case we shall call
(zr)r a (C,e) R.LS. of £; averages. From this observation and Lemma [[.TT] it
follows that if X¢ is a strictly singular extension of Y then for every € > 0,
every block subspace of X contains a (3, ¢) R.I.S. of ¢; averages (z1)ken With
zelle <e.

Proposition 1.14. Suppose that X is a strictly singular extension of Yg
(with or without attractors). Let Z be a block subspace of X¢g, let j € N
and let € > 0. Then there exists a (6,27, 1) exact pair (x,¢) with z € Z and
lzlle <e.

Proof. From the fact that the identity operator I : X — Yg is strictly
singular we may assume, passing to a block subspace of Z, that [|z|c < £l ||
for every z € Z. We choose a (3, n—;) R.LS. of ¢ averages in Z, (zx),2,.
For k = 1,2,...,n9; we choose ¢ € Dg with ran¢;, = ranzj such that

naj n2aj

or(zr) > 1. We set ¢ = mzj Z ¢r. We have that n = ¢( 22; Sak) > 1.
= k=1

naj

J
On the other hand Proposition [ yields that H:’;zj ST agl| £ 6. We set
k=1

x = 102 nff Tk
n 2
We have that 1 = ¢(z) < ||z|| < 6, hence also ||z||¢ < e, while ran¢ =
ranz. From Proposition [[7it follows that for every ¢ € D¢ With w(y) = my,

i7é2jwehavethat [(@)] < ooz if i < 25 while [¢)(x)] < Moy (0 +72) <

n2j -

—2— if i > mg;. Finally ||z]s < 7:” maxkaHOO < ?’:T;“ mlz_.
J
Therefore (z,¢) is a (6,24,1) exact pair with € Z and ||z||g < e. O

Definition 1.15. (dependent sequences and attracting sequences)
(A) A double sequence (zg,z}), 2" is said to be a (C,4j — 1,6) depen-
dent sequence (for C>1,j€N and 0 < 6 < 1) if there exists a
sequence (2j) 2 4] ' of even integers such that the following conditions
are fulfilled:
(1) (z3)p2 " is a 45 — 1 special sequence with w(z}) = ma;, for each
k.
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(ii) Each (zg,x}) is a (C, 2jk, 8) exact pair.

(B) A double sequence (zy, } )2, is said to be a (C, 4j — 3, 0) attracting
sequence (for C' > 1, 7 € N, and 0 < 0 < 1) if there exists a sequence
(2 jk)Zijf * of even integers such that the following conditions are ful-
filled:

(1) (z3)p2? is a 45 — 3 attractor sequence with w(z}, ;) = maj,, ,
and x5, = e where lay € Agj,, for all k < Naj—3/2.

(11) T2k = €Clgy, -
(i) Each (xok—1,25,_;) is a (C, 2jax—1, 0) exact pair.

Remark 1.16. If (zx,2}),2 " is a (C,4j — 1,6) dependent sequence (resp.

(z, ) 2% is a (C,4j — 1,0) attracting sequence) then the sequence (zy)y

is a (20, =—) R.LS. (resp. a (2C,—=—) R.LS.). Let examine this for
451 153

a (C,4j — 3,0) attracting sequence (the proof for a dependent sequence is

similar). First ||zx| = |le), || = 1 if k is even while [|zx|| < C if k is odd, as

follows from the fact that (zx,z}) is a (C, 24, ) exact pair.
Second, the growth condition of the coding function ¢ in Definition
and condition (ii) in the same definition yield that for each k& we have that

1 _ * 1
(max supp a:k)mzjk+1 = Maxsupp rj - ————
12 k
1

< min{|z}(e;)| : | €suppaf, i=1,...,k} <

1

1
2

TTLle n4,.73
Finally, if f € D¢ with w(f) = mi, i < 2jy then |f(zi)| = |f(er)| <

1fllee < mi if k is even, while |f(zy)| < fn—c if k is odd, since in this case
(@, 2) is a (C, 24k, 0) exact pair.

Proposition 1.17. (i) Let (zx,7}) 2" be a (C,4j — 1,0) dependent
sequence such that ||zg|a < mf for 1 <k < mngj—1. Then we have
11
that

1l 8C
[ Do DM < —

N4j—1 . 4j—-1

(ii) If (g, 25) 2, ® is a (C, 4j — 3, 0) attracting sequence with ||zog_1|lc <
EQ2_ for 1 < k < ngj_3/2 and for every g € G we have that #{k :
15-3

lg(zar)| > —2—1} < n4j—4 then

7”4211'73
N4j—3
1 8C
I (=) lan] <
. 2
N4;j-3 7 My 3

(i) If (zg, 2})p2 " is a (C,4j — 1,0) dependent sequence with ||z [l¢ <
2 for1<k< n4;—1 then we have that

451

Proof. The conclusion will follow from Proposition [[L7] 2) after showing that
the required conditions are fulfilled. We shall only show (i); the proof of (ii)
and (iii) is similar.



THE ATTRACTORS METHOD AND HEREDITARILY JAMES TREE SPACES 21

From the previous remark the sequence (z1),2 " is a (2C,

) R.LS.
hence it is a (2C, —=—) R.I.S. (see Remark [[@). It remains to show that for

2
mi;_,
f € Dg with w(f) = my4;—1 and for every interval E of positive integers we
have that

P
Naj—1

2

P2 (=DM )| < 20(1+ ——#(E)).
keE Mij—1
Such an f is of the form f = m41_71 (Faf_y+xi+-4azi+ fro1+- -+ fa) for
some 4j — 1 special sequence (x7,23,...,2;, fri1,. .., fn,,_,) Where 7, | #

fre1 with w(zl ) = w(fr41), d < ngj—1 and F is an interval of the form
[m, max supp z;_4].
We estimate the value f(xy) for each k.
o If k <t—1 we have that f(zx) =0.

o Ifk=1t—1weget |f(zie1)| = m;_il |Fz; (zi—1)| < m4§71 lee—1]] <
c
maj—1"
o If ke {t,...,r} we have that f(ay) = m41_71x2(x;€) = mf,l'

o If £k > r 4 1, then the injectivity of the coding function o and the
definition of special functionals yield that w(f;) # mq;, for all ¢ >
r+1. Using the fact that (z,x}) is a (C, 2ji, 0) exact pair and taking
into account that 7%21;'71 < mg;, < ,/Maj, we get that

1
|f(@e)] = ——|(fre1 + ..+ fa)(zp)]
mMyj—1
1
< ——( X W@+ Y @)
myj—1
w(fi)<maj, w(fi)>maj),
1 2C C
< — Z H—i—mj—l—mg )
-1 N i<, 2k
< C
- m421j71

e For k£ = r + 1, using a similar argument to the previous case we get
that |f(z,41)| < =S + —F£— < %€

maj—1 Myj;—1 maj—1

Let E be an interval. From the previous estimates we get that

HE ) < feol+] S

v (_1)/@-‘1—1 }
keE ke EN[t,r]

+f (@r 1) + > |f (x)]

keEN(r+1,m45-1]
C 1 C+1 C
+ +

2
My —1 mMyj—1 mMyj—1 Myj—1

#(E)

<2C(1+ m22 #(E)).

4j—1

The proof of the proposition is complete. O
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Theorem 1.18. If the space X¢ is a strictly singular extension, (with or
without attractors) then it is Hereditarily Indecomposable.

Proof. Let Y and Z be a pair of block subspaces of X¢ and let § > 0.
We choose j € N with myg;_; > 48. Using Proposition [L14 we inductively

construct a (6,45 — 1,1) dependent sequence (wg,z}), " with zo,_1 € Y,
zox € Z and ||lzp]l¢ < —=— for all k. From Proposition [LT7 (i) we get
4

Jj—1

n4j—

j—1
that |—— > (=1)Flzy| < mg‘il. On the other hand the functional

n4j—1

n4j—1
* 1

= kz_:l x}, belongs to Dg and the estimate of * on the vector

n4j—1 n4j—1

n4jl-,1 >~y gives that Hmil S @ > m4§71'

naj-1/2 naj-1/4
Setting y = >, xop—1and 2= >, ax9p_1 wegetthatyeY,ze€ Z
k=1 k=1
and ||y — z|| < 0|ly + z||. Therefore the space X¢ is Hereditarily Indecompos-
able. O

Proposition 1.19. If X is a strictly singular extension (with or without

attractors) then the dual X( of the space X¢ = T[G, (An,, =-);,0] is the
J

norm closed linear span of the w* closure of G.

*

X} =span(G" ).

Proof. Assume the contrary. Then setting Z = m(@w ) there exist z* €
X&EN\ Z with ||z*]| =1 and ** € X such that Z C kerz**, ||z**|| = 2 and
x**(z*) = 2. The space X¢ contains no isomorphic copy of 1, since X¢ is a HI
space, thus from the Odell-Rosenthal theorem there exist a sequence (xy)ren

in X¢ with ||zg]| < 2 such that z %, 4. Since each e’ belongs to Z we get
that liin el (z) = 0 for all n, thus, using a sliding hump argument, we may

assume that (xy)ren is a block sequence. Since also z* (z) — z**(2*) = 2 we
may also assume that 1 < z*(zy) for all k. Let’s observe that every convex
combination of (zx)ken has norm greater than 1.

*

Considering each xj as a continuous function xy : G" — R we have that
the sequence (zy)ren is uniformly bounded and tends pointwise to 0, hence
it is a weakly null sequence in C(G" ). Since Yg is isometric to a subspace of

C (61”*) we get that 2, — 0 in Y thus there exists a convex block sequence
(Yr)ken of (xx)ken With [|yxllc — 0. We may thus assume that ||yx|l¢ < § for
all k, where ¢ = n%; We may construct a block sequence (zx)ken of (yk)ren
such that (zx)ren is a (3,e) R.LS. of ¢; averages while each zj is an average

of (yx)ken with ||zx]l¢ < € (see Remark [[T3]). Proposition [[7 yields that the
ng

vector z = % >z satisfies ||z]| < 7271—? < 1. On the other hand, the vector z,
k=1

being a convex combination of (zy)ken, satisfies ||z|| > 1. This contradiction

completes the proof of the proposition. (I
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Remark 1.20. The content of the above proposition is that the strictly
singular extension (with or without attractors) Xg = T[G, (A, —);, 0] of

nj’ m]
the space Yg is actually a reflexive extension. Namely if G" is a subset of

¢coo(N) then a consequence of Proposition[[.T9is that the space X¢ is reflexive.
Furthermore, if X is nonreflexive then the quotient space X /(X¢)« is norm

generated by the classes of the elements of the set G" . Related to this is also
the next.

Proposition 1.21. The strictly singular extension (with or without attrac-
tors) X¢ is reflexively saturated (or somewhat reflexive).

Proof. Let Z be a block subspace of X. From the fact that the identity
operator I : Xg — Yq is strictly singular we may choose a normalized block

sequence (zy)nen in Z, with Y- |[zn]l¢ < 3. We claim that the space Z' =

Span{z, : n € N} is a reflexive subspace of Z.

It is enough to show that the Schauder basis (2, )nen of Z’ is boundedly
complete and shrinking. The first follows from the fact that (z,)nen is a
block sequence of the boundedly complete basis (e, )nen of Xa. To see that
(2n)nen is shrinking it is enough to show that || flspan(z:: izn} [ — 0 for every

f € X¢&. From Proposition [LLI9] it is enough to prove it only for f € G .
o0

Since Y ||znlle < 3 the conclusion follows. O
n=1

Proposition 1.22. Let Y be an infinite dimensional closed subspace of X¢.
Every bounded linear operator T': Y — X takes the form T = Ay + .S with
A € R and S a strictly singular operator (Iy denotes the inclusion map from
Y to Xg).

The proof of Proposition [[.22is similar to the corresponding result for the
space of Gowers and Maurey (Lemmas 22 and 23 of [GMI]) and is based on
the following lemma.

Lemma 1.23. Let Y be a subspace of X and let T': Y — X be a bounded
linear operator. Let (y;)1en be a block sequence of 2— /7" averages with increas-
ing lengths in Y such that (T'y;)ien is also a block sequence and h}n lville = 0.

Then li%n dist(Ty;, Ry;) = 0.

Proof of Proposition Assume that T is not strictly singular. We
shall determine a A # 0 such that T'— Aly is strictly singular.

Let Y’ be an infinite dimensional closed subspace of Y such that T : Y/’ —
T(Y’) is an isomorphism. By standard perturbation arguments and using the
fact that X¢ is a strictly singular extension of Y, we may assume, passing to
a subspace, that Y is a block subspace of X spanned by a normalized block

(&)
sequence (y,, )nen such that (T'y),)nen is also a block sequence and > ||y, |la <
=1

n
1. From Lemma [[T1] we may choose a block sequence (yn)nen of 2 — £7°
averages of increasing lengths in span{y,, : n € N} with ||y,||¢ — 0. Lemma
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23 yields that lim dist(Ty,, Ry,) = 0. Thus there exists a A # 0 such that
n

Since the restriction of T' — Ay to any finite codimensional subspace of

span{y, : n € N} is clearly not an isomorphism and since also Y is a HI

space, it follows from Proposition 1.2 of [AT1] that the operator T — Ay is
strictly singular. O

2. STRONGLY STRICTLY SINGULAR EXTENSIONS

It is not known whether the predual (Xg). = span{e’ : n € N} of the
strictly singular extension X is in general a Hereditarily Indecomposable
space. In this section we introduce the concept of strongly strictly singular
extensions which permit us to ensure the HI property for the space (X¢). and
to obtain additional information for this space as well as for the spaces £(Xq),
L((Xa)«). We also study the quotients of X with w* closed subspaces Z and
we show that these quotients are HI.

Definition 2.1. Let G be a ground set and X be an extension of the space
Y. The space X¢ is said to be a strongly strictly singular extension provided
the following property holds:

For every C' > 0 there exists j(C) € N such that for every j > j(C) and
every C-bounded block sequence (2, )nen in X¢g with ||, ||cc — 0 and (2 )nen
a weakly null sequence in Y, there exists L € [N] such that for every g € G

2
#{neL: |g(zn)] > —5} < ngj_1.
ms;
Remark 2.2. Let’s observe, for later use, that if (z,),en is a R.LS. of 44
averages (Remark [[LT3)), then ||z,|lcc — 0. Therefore if X¢ is a strongly
singular extension of Y, there exists a subsequence (;, )nen such that the
sequence Y, = Ti,, , — Zi,, is weakly null and satisfies the above stated
property.
Proposition 2.3. If X is a strongly strictly singular extension (with or

without attractors) of Y¢, then the identity map I : X¢ — Y is a strictly
singular operator.

Proof. In any block subspace of Xg we may consider a block sequence
(Zn)neny With 1 < ||znllxe < 2, [|Zn]loc — 0 and (z,,)nen being weakly null.
Passing to a subsequence (z;, Jnen for j > j(2) we obtain that

naj

1 1
— Tyl xg =2 —
I ; o2
and on the other hand
1 & 2 on 3

2j—1
|— lei”YG <S5+ —— < —
24 P m2j n2j m2j

which yields that I is not an isomorphism in any block subspace of X¢. 0O
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Definition 2lis the analogue of the definition of Sy bounded or S¢ bounded
sets (see [AT1] where the norming sets are defined with the use of saturation

methods of the form (S,,-=-);) in the context of saturation methods of low
N J

complexity, i.e. of the form (A, ij) j- As we have noticed earlier the as-
sumption of a strongly strictly singular extension (with or without attractors)
is required in order to prove that the predual space (X¢). is Hereditarily In-
decomposable.

The HI property of the dual space X essentially depends on the internal
structure of the set G. Thus we shall see examples of strongly strictly singular
extensions (with or without attractors) such that X¢ is either HI or contains

o(N).
Definition 2.4. (cf vectors) Let k € N. A finitely supported vector z* €

(Xg)s is said to be a C — ¢k vector if there exist 27 < --- < 2} such that
|zl > C™1, o* =2} + - + 2} and ||z*|| < 1.
Remark 2.5. The fact that the norming set D¢ is rationally convex yields

that D¢ is pointwise dense in the unit ball of the space Bx,,. Since also the

norming set D¢ is closed in (Ay,,, %) operations we get that for every j, if
J

naj
J1, f2, ..., [y, is a block sequence in X with || f;|| < 1 then ||m12j <1,
i=1

Lemma 2.6. Let (x})¢en be a block sequence in (X¢).. Then for every k
there exists a 2* € span{z} : ¢ € N} which is a 2 — ¢f vector.

The proof is based on Remark [Z5 and can be found in [AT2] (Lemma 5.4).

Lemma 2.7. For every 2 — ck vector 2* and every € > 0 there exists a 2 — c&
vector f with f € D¢, ran f = ranz* and ||z* — f]| <e.

Proof. This follows from the fact that the norming set D¢ is pointwise dense
in BXE; . O

Lemma 2.8. If 2* is a C — ¢ vector then there exists a C' — ¢} average x
with ran(x) = ran(z*) and x*(z) > 1.

k
Proof. Let 2* = Y a7 where 2} < --- < af, ||| > C~1 and ||z*] < 1.
i=1
For i = 1,...,k we choose x; € X¢g with [jz;]| < 1, 2f(z;) > C~! and
k

ran(z;) = ran(z}). We set z = + > (Cx;). Then ||Ca;|| < C fori=1,...,k,

i=1

while ||z|| > *(x) > 1. Also, since ran(x) = ran(z*), z is the desired C' — ¢}
average. ([

Proposition 2.9. Let Z be a block subspace of (X¢). and let k € N, & > 0.
Then there exists a 2 — % vector y and y* € D¢ such that y*(y) > 1,
ran(y*) = ran(y) and dist(y*, Z) < e.

k

Proof. From Lemma we can choose a 2 — ¢§ vector z* = > a} in Z.
i=1

Lemma[Z8 yields the existence of a 2—¢% average y with ran(y) = ran(z*) and
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2*(y) > 1. Applying Lemma 27 we can find y* € D¢ with ran(y*) = ran(z*)
and ||y* — 2*|| < min{e, = (y) W=y Tt is clear that y and y* satisfy the desired

conditions. O

Lemma 2.10. Suppose that X is a strongly strictly singular extension (with
or without attractors) and let Z be a block subspace of (X¢).. Then for every
j>1lande > O there exists a (18,27, 1) exact pair (z, z*) with dist(z*,Z) < e
and ||z||¢ <

= m2]

Proof. Using Proposition we may select a block sequence (y;)1eny in Xg
and a sequence (y;)ien such that

. . Uz . . . .
(i) Each y; is a 2 — ¢, average where (i;);en is an increasing sequence
of integers.

(ii) yf € Dg for all I and )" dist(y;, Z) < e.
=1

(ili) y;(y) > 1 and rany; = rany;.
From Remark [[LT3] we may assume (passing, if necessary, to a subsequence)
that (y)ien is a (3,e) R.LS. Since Y contains no isomorphic copy of ¢1 we
may assume, passing again to a subsequence, that (y;)en is a weakly Cauchy
sequence in Yg. Setting x; = %(ygl,l — yor) it is clear that ||z;||cc — 0 while
(21)1en is a weakly null sequence in Y. From the fact that X¢ is a strongly
strictly singular extension (with or without attractors) it follows that there
exists M € [N] such that for every g € G the set {l € M : |g(x)] > } has

at most mgj_1 elements (notice that 66m§j < ngj—1). We may assume that
M =N. Also (z1)ien is a (3,¢) R.I.S. We set

n2]71
Ya—1— Y
mQJ Z S1-1— Y31)
naj n2j
From Proposition [[.7 we get that ||nl2 Syl < W while 2*(722 3 @) > 1
=1 7 =1
n2aj
hence there exists n with 3 <n <1 such that z*(n=22 3~ ;) = 1. We set
=1
Mo e
25
z=n—=) uy.
n2j ;

It follows easily from Proposition [ that (z, z*) is a (18,27, 1) exact pair.
From condition (ii) we get that dist(z*, Z) < e. Finally we have that ||z|l¢ <

mizj Indeed, let g € G. Since #{l : |g(:1:l) ()| <
lz;]] < 2 for all I we have that
Mo e m 2 3
2j 25
z) < —= )| £ —(—5n2j +2n2;_1) < —.
lg(2)] o ;lg( Dl . (mgj 2j + 2n2j-1) o
Therefore ||z]¢ < =2-. O
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Lemma 2.11. Let Xg be a strongly strictly singular extension (with or
without attractors) and let Y, Z be a pair of block subspaces of (X¢).. Then
for every ¢ > 0 and j > 1 there exists a (18,45 — 1,1) dependent sequence
(z, 258" with Y- dist(xh,_,,Y) < &, Yodist(z3,, 2) < € and ||zglle <
n22 for all k.

4j—1

Proof. This is an immediate consequence of Lemma [Z.10 (I

Theorem 2.12. If X is a strongly strictly singular extension (with or with-
out attractors), then the predual space (X )« is Hereditarily Indecomposable.
Proof. Let Y, Z be a pair of block subspaces of (X¢)«. For every j > 1 using
Lemma 217 we may select a (18,45 — 1,1) dependent sequence (z,z} ),
with > dist(z3, ;,Y) < 1and Y dist(z3,, Z) < 1 and ||zx||¢ < —2— for all

mij—l
k.
. * 1 st * :
The functional z* = - kZ::1 x}, belongs to the norming set D¢ hence

n4j—1
|lz*|| < 1. From Proposition [LT7 we get that |—— > (=1)F x| <

ngj—
45 —1 =1

1 naj—1/2 1 naj—1/2
hy = x5, and hy = .
p— ; St p— ; S
ngj—1
Estimating hy — hz on the vector n; - > (=1)F 1y yields that [|hy —
T k=1
hz| > %47+ while we obviously have that ||hy + hz|| = [|z*| < 1.

From the fact that dist(hy,Y) < 1 and dist(hz,Z) < 1 we may select
fy €Y and fz € Z with ||hy — fy|| <1 and ||hz — fz|| < 1. From the above

estimates we conclude that || fy — fz|| > (%55 — )| fy + fz||. Since we can
find such fy and fz for arbitrary large j it follows that (X¢). is Hereditarily
Indecomposable. (]

The next two theorems concern the structure of L(X¢g), L((Xg)+). We
start with the following lemmas. The first is the analogue of Lemma [[.23] for
strongly strictly singular extensions.

Lemma 2.13. Assume that X is a strongly strictly singular extension. Let
Y be a subspace of Xg and let T : Y — X be a bounded linear operator.
Let (y¢)een be a block sequence in Y of C’—é{’“ averages with lim j, = oo.
Furthermore assume that (T'y)sen is also a block sequence. Then

lim dist(T'ye, Ry,) = 0.

Proof. Assume that the conclusion fails. We may assume, passing to a sub-
sequence that there exists § > 0 such that for every ¢ € N, dist(T'ye, Rys) > ¢
and moreover that (y)¢ is a R.I.S. Next for each ¢ € N, we choose ¢, such
that supp ¢¢ C ran(y, U Ty,), ¢ € Dg, ¢e(Tye) > 3 and ¢¢(ye) = 0. From
Remark and since X¢g is a strictly singular extension of Yg, for every



28 SPIROS A. ARGYROS, ALEXANDER D. ARVANITAKIS, AND ANDREAS G. TOLIAS

j €N, j> j(C) we can find a subsequence (y¢, )ren such that the sequence
Wk = (Yegr_, — Yt )/2 is weakly null and for every g € G,

2
#{k eN: |g(wk)| > —2} < n25—1-
ms;
This yields that for every j > j(C) there exists wy, < wi, < -+ < W, and
naj n2j

Ory < P, < -+ < ¢kn2j such that setting w2 S wy, and ¢— i, we
7 =1 1

na maj
1=

have that

N

3
lwlf <6C, ¢ € Dg, ¢(Tw)>5 ¢w)=0, and [wle < _—
25
3
m2
2

In particular (w, ¢) is (6C, 24,0) exact pair with ||w||¢ < —%. The remaining

part of the proof follows the arguments of Lemmas 22 and 2]3 of [GMI] using
Proposition [LT7, (iii). O

The next lemma is easy and its proof is included in the proof of Theorem
9.4 of [ATT].

Lemma 2.14. Let X be a Banach space with a boundedly complete basis
(én)nen not containing ¢;. Assume that T : X — X is a bounded linear
non weakly compact operator. Then there exist two block sequences (x,,)nen
(yn)nen and y in X such that the following hold:

(i) (@n)nen is normalized, z,, Wt e X \ X.

(i) (yn)nen is bounded, y, 5 y** € X\ X.
(it)) [Tz — (y + )l — 0.

Theorem 2.15. If X is a strongly strictly singular extension (with or with-
out attractors), then every bounded linear operator T : X — X takes the
form T'= Al 4+ S with S a strictly singular and weakly compact operator.

Proof. We already know from Proposition that every bounded linear
operator T : Xg — Xg is of the form T'= Al + S with S a strictly singular
operator so it remains to show that every strictly singular operator S : Xg —
Xq is weakly compact.

Assume now that there exists a strictly singular T' € £(X¢) which is not
weakly compact. Then from Lemma 214 there exist (z,)nen, (Yn)nen, ¥y in
X satisfying the conclusions of Lemma 214l Tt follows that there exists a
subsequence (z,)ner such that setting Z = span{z, : n € L} there exists
a compact perturbation of T'|Z denoted by T such that for n € L, we have
that T(x,) = y + 2,. For simplicity of notation assume that L = N. Since

T, 5 o € Xg\ X and y,, & y** € X5\ X¢ we may assume that every
convex combination of (z,)nen has norm greater than § > 0.

Choose (zk)ken, 2k = ﬁ > %xi with #F, = nj, and Fi, < Fjy1. Then
i€ Fy,

setting wy = ”Zz’“ﬂ Lemma T3 (actually its proof) yields that

22k —1— 22k’

lim dist(Twy,, Rwg) = 0.
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From this we conclude that for some subsequence (w)rer, T[span{wy : k €
L} is an isomorphism contradicting our assumption that T is strictly singular.
O

Theorem 2.16. Let X be a strongly singular extension (with or without
attractors) of Y. Then every bounded linear operator T : (X))« — (Xg)« is
of the form T = A\I + S with S strictly singular.

The proof of this result follows the lines of Proposition 7.1 in [AT2]. We
first state two auxiliary lemmas.

Lemma 2.17. Let X be a HI space with a Schauder basis (e, )nen. Assume
that T : X — X is a bounded linear operator which is not of the form
T = A + S with S strictly singular. Then there exists ng and § > 0 such that
for every z € X,,, = 8pan{e, : n > ng}, dist(Tz,Rz) > d]|z]|.

Proof. If not, then there exists a normalized block sequence (z,)nen such
that dist(Tz,, Rz,) < % Choose A € R such that [|Tz, — Azp|lner. — 0 for a
subsequence (2 )ner- Then for a further subsequence (2, )nen we have that
T — M |span{z,: nemy is a compact operator. The HI property of X easily yields
that T'— AI is a strictly singular operator, contradicting our assumption. [J

Lemma 2.18. Let T : (X¢g)« — (Xg)« be a bounded linear operator with
IT|| = 1. Assume that for some § > 0, and no € N, dist(T'f,Rf) > 4§ ]|
for all f € (Xg)« with ng < supp f. Then for every k € N and every block
subspace Z of (X¢). there exist a 2* € Z with [|2*|| < 1 and a 2-¢} average
z such that z*(z) =0, Tz*(z) > 1 and ranz C ranz* UranT'z*.

k
Proof. By Lemma [Z6] there exists a 2-cf vector z* = 3 27 in Z with ng <
i=1
minsupp z*. Since dist(T'z},Rz}) > §||2f| > $ we may choose for each i =
1,....k a vector z; € X¢ with ||z]| < 2 and suppz; C ranz} UranTz]

k

satisfying Tz} (z;) > 1 and z(z;) = 0. We set z = £ > z;. It is easy to check
i=1

that z is the desired vector. O

Proof of Theorem [2.76l On the contrary assume that there exists T €
L((Xa)«) which is not of the desired form. Assume further that ||T]] = 1
and Te} is finitely supported with lim minsupp Te}, = co. (We may assume
the later conditions from the fact that the basis (eX)nen of (X))« is weakly
null.) In particular for every block sequence (z)nen in (X¢)« there exists a
subsequence (z7)ner such that (ranz} UranTz}),, is a sequence of successive
subsets of N.

Let § > 0 and ng € N be as in Lemma[ZI8 and let j(3) be the correspond-
ing index such that for all j > j(2) the conclusion of Definition Z1] holds for
%—bounded block sequences of X¢. Using arguments similar to those of Lemma
I for j > j(2) we can find an (12,24, 0) exact pair (z,2*), with Tz*(z) > 1
and ||z]|l¢ < mi?] Then for every j € N there exists a (3,45 — 1,0) dependent

sequence (zg, zj) ", such that z}(z;) = 0, T2 (2x) > 1, |l2]la < 542;—1,
I
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(ranz; Uran TZZ)Z:{ ! are successive subsets of N and ran z; C I where I,
is the minimal interval of N containing ran z;; UranT'z}.

Proposition [[L.T7 yields that

1 144
I 2| <
Naj— ; 110
Ngj—1
Finally Hm; - >, Tz;|| <1 (since [|T]| < 1) and also

T k=1

1 mi; 0 1 & myj_10

1> Tz > —L— Tz (z) > J .

||m4j,1 ; k” 144m4j,1 451 l; k( ) 144
This yields a contradiction for sufficiently large j € N. ]

The following lemma is similar to a corresponding result used by V. Ferenczi
[Fe] in order to show that every quotient of the space constructed by W.T
Gowers and B. Maurey remains Hereditarily Indecomposable.

Lemma 2.19. Suppose that X is a strictly singular extension of Y (with
or without attractors). Let Z be w* closed subspace of X and let Y be
a closed subspace of Xg with Z C Y such that the quotient space Y/Z
is infinite dimensional. Then for every m, N € N and € > 0 there exists
x € span{e; : i > m} which is a 2 — ¢} average with dist(z,Y’) < ¢ and there
exists f € B(x), with dist(f,Z1) < e such that f(z) > 1.

Proof. We recall that from the fact that Z is w* closed the quotient space
X¢/Z may be identified with the dual of the annihilator Z, = {f € (Xg)« :
f(z)=0 Vze Z},ie. Xg/Z = (Z.)*. Pick a normalized sequence (§,,)nen

in Y/Z with ¢, "% 0. From W.B. Johnson’s and H.P. Rosenthal’s work on
w*— basic sequences ([JR]) and their w* analogue of the classical Bessaga -
Pelczynski theorem, we may assume, passing to a subsequence, that (¢, )nen
is a w* basic sequence. Hence there exists a bounded sequence (2),en in Z 1
n
such that (2%, 9} )nen are biorthogonal (25 (¢.,) = 0nm) and > §(22)9; — §
i=1

for every ¢ in the weak® closure of the linear span of the sequence (¢,,)nen-

Since (X @)« contains no isomorphic copy of ¢; (as it a space with separa-
ble dual) we may assume, passing to a subsequence, that (z),cn is weakly
Cauchy, hence (23,1 — 23, )nen is weakly null. Using a sliding hump argu-
ment and passing to a subsequence we may assume that with an error up to e
this sequence is a block sequence with respect to the standard basis of (X¢)x.

We set v = 23,1 — 25, and §, = ¢5,,_; forn=1,2,.... Then (¥, ¥n)nen
are biorthogonal, (¥ )nen is a weakly null block sequence in (X¢g). with y; €
Z,, while (y) is a normalized w*— basic sequence in Y/Z.

We choose k, j € N such that 2 > ma; and (2N)* < ny;. We set

12N
Ar={LelN, L={l, ieN}: |55 (=1)"* g,
i=1

and B = [N]\ A

1
>§}
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From Ramsey’s theorem we may find a homogenous set L either in 4; or in

Bi. We may assume that L = N.
2N

Suppose first that the homogenous set is in Ay, i.e. |5k 3 (=1)" g, || > 4

i=
for every I < ls < ... < lon in N. For each n we may choose y, € Y C X¢g
with ||yn]] = 1 and Q(yn) = §n. Passing to a subsequence we may assume
(again with an error up to ¢) that the sequence x,, = ya,—1 — yan is a weakly

N
null block sequence in X¢g with minsuppz; > m. We set © = % Sz Ttis
i=1
clear that = is a 2-¢) average while since Qz € Y/Z C X¢/Z = (Z,)* and
[|Qxz|| > 1 there exists f € Z, with || f]| < 1 such that f(z) > 1.
On the other hand if the homogenous set is in B; then we may assume,

passing again to a subsequence that there exists a3 > 2 such that setting
n(2N) )
Jo,n = a1° 5% 3 (—1)" g, fori =1,2,..., (§2,n)nen is a normalized
i=(n—1)(2N)+1

sequence in Y/Z. We may again apply Ramsey’s theorem defining As, Bs as
before, using the sequence (2.5, )nen instead of (g )nen. If the homogenous
set is in A9 the proof finishes as before while if it is in By we continue defining
(93,n)nen As, Bs and so on.

If in none of the first k& steps we arrived at a homogenous set in some A4;

then there exist aj,az,...,ar > 2 and [; <lz < -+ <@gy in N such that
the vector
1 (2N)*
= i1y
§=mor.. gy ; (=),
satisfies |||l = 1.
(2N)* ,
But then the functional y* = m12, > (=1)"'y; belongs to Z, and satis-

1=
fies [ly*|| <1 (as (y; )i is a block sequence with [y} || <1 and (2N)* < ngy;).
Therefore, taking into account the biorthogonality, we ge that

L= 1 < 5 () = —— o (2V)F =
=y maoj (QN)k maoj
which contradicts our choice of k£ and j. ([l

Lemma 2.20. Suppose that X is a strongly strictly singular extension of
Yo (with or without attractors) and let Y and Z be as in Lemma 2T9 Then
for every j > 1 and every € > 0 there exists a (18,24, 1) exact pair (y, f) with
dist(y,Y) <e, |lylla < ?’j and dist(f,Z1) < e.

m2

o0
Proof. Let (g;)ien be a sequence of positive reals with > e; < . Using

i=1
Lemma [2.T9 we may inductively construct a block sequence (x;);en in Xg, a
sequence (¢;)ien in B(x,), and a sequence of integers t; <t < --- such that

the following are satisfied:
(1) diSt(:Z?i,Y) < &;, diSt((bi,ZL) < g; and gf)l(ftz) > 1.
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(ii) The sequence (x;);en is a sequence of 2 — ¢; averages of increasing
length and min supp z; > t;.

(iii) The restriction of the functional ¢; to the space span{e, : n > t;11}

has norm at most ¢;.

Passing to a subsequence we may assume that the sequences (¢;);en and
(2;)ien are weakly Cauchy. Thus the sequence (—g2,—1 + don )nen is weakly
null; so we may assume, passing again to a subsequence, that it is a block
sequence and that, since (22, )nen is a weakly Cauchy sequence, the sequence
Yn = Tap—2 — T4y is a weakly null block sequence in X and thus also in
Y, therefore, from the fact that X is a strongly strictly singular extension
of Yo we may assume, passing to a subsequence, that for every g € G the
set {n € N: |g(yn)| > -5} contains at most ny;_; elements and also that
(Yn)nen is a (3,¢) R.LS. of ¢, averages.

We set f, = 2( Gan—3 + Pan—2) for n =1,2,..., and we may assume that
max(supp fr, U suppy,) < min(supp fn+1 U supp yn+1) for all n. Finally we

set
’Ilzj ’Ilzj

y = mQJZyZ andf——Zfz

As in the proof of Lemma [2.10] we obtain that (y7 f), where y is a suitable
scalar multiple of 4, is the desired exact pair. (I

Using Lemma [2.20] we prove the following:

Theorem 2.21. If X is a strongly strictly singular extension of Y (with
or without attractors) and Z is a w* closed subspace of X¢ of infinite codi-
mension then the quotient space X /Z is Hereditarily Indecomposable.

Proof. Let Y7 and Y5 be subspaces of Xg with Z — Y; NY5 such that Z is
of infinite codimension in each Y;, 7 = 1,2. Then for every ¢ > 0 and j € N we
may select an (18, 4j —1,1) dependent sequence x = (z,z}),~; " such that
() llzrlle < sz k=1,...,ngj1.
(i) dlst(:v%_l,Yl) < g, dlst(xgk,Yg) <e.
(iii) dist(z},Z,) < e.
Let Q : Xg — X¢/Z be the quotient map. If € > 0 is sufficiently small
Proposition [[.T7] easily yields that
C

Myj—1

diSt(SQ(yl), SQ(Yg)) <
where C' is a constant independent of j. The proof is complete. O

3. THE JAMES TREE SPACE JTz,.

In this section we define a class of James Tree-like spaces. These spaces
share some of the main properties of the classical JT space. Namely they
do not contain an isomorphic copy of the space ¢;. Furthermore they have
a bimonotone basis. In particular their norming set is a ground set and a
specific example of this form will be the ground set for our final constructions.
The principal goal is to prove the inequality in Proposition [3.14 yielding that
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that the ground set F» defined in the next section admits a strongly strictly
singular extension. In Appendix B we present a systematic study of JT1z,
spaces and of some variants of them.

Definition 3.1. (JTG families) A family F = (F})52, of subsets of coo(N)
is said to be a James Tree Generating family (JTG family) provided it
satisfies the following conditions:

(A) Fy = {+xe}, : n € N} and each Fj is nonempty, countable, symmetric,
compact in the topology of pointwise convergence and closed under
restrictions to intervals of N.

(B) Setting 7; = sup{||fll : [ € Fj}, the sequence (7;),en is strictly
decreasing and > 7; < 1.

j=1
Definition 3.2. (The o7 coding) Let (F})52, be a JTG family. We fix a
pair Z1,Zs of disjoint infinite subsets of N. Let W = {(f1,...,fq4) : fi €
U2 Fy, i < - < fa, d € N}. The set W is countable so we may select an
1-1 coding function oz : W — Z5 such that for every (f1,..., fa) € W,

or(fi,..., fa) >max{k: Jie{l,...,d} with fi € Fp}.

A finite or infinite block sequence (f;); in |J Fj \ {0} is said to be a ox
j=1

special sequence provided f1 € U Fy and fij1 € F,p (4.5, for alli. A
leEE,
o special functional z* is any functional of the form z* = EY, f; with (f;):

3
a or special sequence (when the sum > f; is infinite it is considered in the

K3
pointwise topology) and E an interval of N. If the interval F is finite then

*

z* is said to be a finite o special functional. We denote by 8 the set of all

finite o special functionals. Let’s observe that S is the set of all o F special
functionals.

Definition 3.3. (A) Let s = (fi); be a o special sequence. Then for for
each ¢ we define the inds(f;) as follows. inds(f1) = min{j : f1 € F;}
while for i = 2, 3, RPN mds(fz) = O']:(fl, ey fifl).

(B) Let s = (f;); be a o special sequence and let E be an interval. The
set of indices of the o special functional z* = EY_ f; is the set

indg(2*) = {inds(f;) : Ef; # 0}.

(C) A (finite or infinite) family of oz special functionals (x})x is said to
be disjoint if for each k there exists a o special sequence s = (fF);
and interval By, such that 2} = Ej, Y fF and (ind,, (z}))x are pairwise

disjoint.

Remark 3.4. (a) Our definition of ind;(f;) and inds(z*), which is rather
technical, is required by the fact that we did not assume (F; \ {0}); to
be pairwise disjoint, hence the same f could occur in several different
oF special sequences.
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(b) Let’s observe that for every family (z7)%_; of disjoint o special func-
o0

d
tionals, || > #}|lco <1 (recall that > 7; <1).

i=1 j=1
(c) Let s1 = (fi)i, s2 = (h;); be two distinct o special sequences. Then
inds, (f;) # inds, (h;) for i # j while there exists i such that f; = h;
for all ¢ < ip and inds, (f;) # inds, (h;) for i > 4.
(d) For every family (s;)%_; of infinite o special sequences there exists
no such that (Es}){_; are disjoint, where E = [ng, 00) and s} denotes
the or special functional defined by the oz special sequence s;.

Definition 3.5. (The norming set 7). Let (F})2, be a JTG family. We
set

d d
Fy = FOU{Zak:EZ: akGQ,Zaigl, and
k=1 k=1

(z3)%_, is a family of disjoint finite o special functionals }

The space JT'z, is defined as the completion of the space (¢coo(N) , || || 7,)
where ||z|| 7, = sup{f(z) : f € Fa} for z € cpo(N) .

Remark 3.6. Let’s observe that the standard basis (e,)nen of coo(N) is a
normalized bimonotone Schauder basis of the space JT'z,.

Theorem 3.7. (i) The space JT'x, does not contain ¢;.
(ii) JT%, = span({e;, : n € N}U{b*: b € B}) where B is the set of all
infinite o# special sequences.

The proof of the above theorem is almost identical with the proofs of Propo-
sitions 10.4 and 10.11 of [AT1]. We proceed to a short description of the basic
steps.

Let’s start by observing the following.

o0 o0
. = FOU{Zaka: akGQ,Zaigl, and
k=1 k=1
(z7)32, is a family of disjoint o special functionals}

Also for a disjoint family (z})$2, of special functionals and (a;)$°; in R, we
have that

s . X gy 1/2 , , .
1> azf] Ty, < (> a?)'". The above observations yield the following:

i=1 i=1
Lemma 3.8. F, C span({e;: n e NYU{b*: be B}) where B is the set of
all infinite o# special sequences.

Observe also that F5 ' is w* compact and 1-norming hence contains the set
Ext(B JT:, ). Rainwater’s theorem and the above results yield that a bounded

sequence (xp)ren is weakly Cauchy if and only if liin el (zy) and liin b*(xg)

exist for all n and infinite special sequences b. This is established by the
following.
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Lemma 3.9. Let (z1)keny be a bounded sequence in JTz, and let € > 0.
Then there exists a finite family 7, ..., z} of disjoint special functionals and

an L € [N] such that

limsup |2* (x)| < €
kel
for every special functional z* such that the family =*,z7,.. .,z is disjoint.

For a proof we refer the reader to the proof of Lemma 10.5 [ATI].

Lemma 3.10. Let (zf)ren be a bounded sequence in JT'z,. There exists an
M € [N] such that for every special functional z* the sequence (x*(x))rem
converges.

Also for the proof of this we refer the reader to the proof of Lemma 10.6
of [AT1]

Proof of Theorem 3.7l (i) Let (zj)ren be a bounded sequence in JTx,.

By an easy diagonal argument we may assume that for every n € N, lim e’ (x)
n

exists. Lemma [B.10 also yields that there exists a subsequence (z;, )ren such

that for every special sequence b, li;?l b*(zy,, ) also exists. As we have mentioned

above Lemma B8 yields that (x;, )ren is weakly Cauchy.

(ii) Since Ext(B JT;:Q) C 7" and ¢ does not embed into JTz, Haydon’s

theorem [Hal yields that Ew* norm generates JTz,. Lemma [3.8 yields the
desired result. ]

The remaining part of this section concerns the proof of Proposition 3.14]
stated below. This will be used in the next section to show that a specific
ground set Fa admits a strongly strictly singular extension.

Definition 3.11. Let (x,,), be a bounded block sequence in JT'z, and € > 0.
We say that (), is e-separated if for every ¢ € UjenF}
#{n:plen)] = e} < 1.
In addition, we say that (x,,), is separated if for every L € [N] and € > 0
there exists an M € [L] such that (z,)nenm is e-separated.

Lemma 3.12. Let (2,), be a bounded separated sequence in JTx, such that
for every infinite oz special functional b* we have that lim b*(z,) = 0. Then

for every € > 0, there exists an L € [N] such that for all y* € gw*,
#{nelL: [y*(z,)| >e} <2

Proof. Assume the contrary and fix an € > 0 such that the statement of the
lemma is false. Define

A={(n <nz<nz) €[NP : 3y" € 8", [y (@n)|, [y (@ns)], ly" (20| > €}

and B = [N]3\ A. Then Ramsey’s Theorem yields that there exists an L € [N]
such that either [L]> C A or [L]®> C B. Our assumption rejects the second

*

case, so we conclude that for all ny <ng <ng € L, thereis a y;,, ,, . € s”
such that |y;, .. . (Tn,)] > 6,1 =1,2,3.
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Since (x,)ner is separated, we may assume by passing to a subsequence
that for ¢’ = £, (n)ner is €'-separated. For reasons of simplicity in the
notation we may moreover and do assume that (2, )nen has both properties.

For all triples (1 < n < k), let y;; ; denote an element in gw* such that
|y:;k(:tz)| > ¢,i = 1,n, k. Moreover, let y; ; = Ep x pya (b;,k where (¢fz,k)i6N
is a oF special sequence and E,, ;, C N is an interval. For 1 < n < k we define
the number [n, k| as follows:

[n, k] = min{i € N : maxsupp (biw > minsupp x }-

Also, let A = {(n < k) € [N\ {1}]2: [ ()| < &'} and B = [N\ {1}]\ 4.

Again, using Ramsey’s theorem and passing to a subsequence, we may and
do assume that [N\ {1}]? C A or [N\{1}]? C B. Notice in the second case, that
since (xn,), is €'-separated, we have that for all 1 < n < k, |¢£Z}€k] (xp)] < €.
We set

o= LWLk o, N1 € A
@ an) EN{PC B
Claim. There is an M > 0 such that for all k£ € N,
#{snr:2<n<k-1} <M.

Let (xy)n be bounded by some ¢ > 0. Next fix any k£ € N and consider the
following two cases:

The first case is [N\ {1}]> C B. In this case (bE:}f] € Snk and if sy, #

Sn,,k then ¢£Z ! ’kk] is incomparable to ¢£ln22 ’kk] in the sense,that every two special

functionals, extending sy, 1 and sy, x respectively, have disjoint sets of indices.

So let Snjky 1 < j < N all be different from each other and consider
the o7 special functionals 27 = En ky, o 1 < j < N where Ey ) =
(max supp gbgz_jy}f] ,00). According to the previous observation these functionals
have pairwise disjoint indices. Moreover

* * ’n,]‘,k
(3) 25, (@)l =y, (an) — 60 (an)| > & — ¢/

since [N\ {1})2 C B and (z,,), is &’-separated.
Inequality (@) yields that

N 1/2
(S, @) " = e - N
=1
Therefore there are (a;)}L; with 2", a5 <1 such that

N
Zajz;;j (z) > (e —)N/2.
j=1

On the other hand, by the definition of the norm on JTz,, Zjvzl ajzy, (zr) <

lzk|| < c. It follows that N < (=£7)? and this is the required upper estimate
for N.
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The second case is [N\{1}]? C A. Asin the first case, if 1 < n; < na < k and
Snyk 7 Sk then gbglll”:] and (;551227’:] are incomparable and since Sy, k 7 Sn, .k
they also have different indices. As in the first case let Sn;ky, 1 < j <N all
be different from each other and set z;j Enjyky;;j) w0 1 <7 < N where in this

case E,, ; = [minsupp ¢£ln.] % ],
g

these o special functionals have pairwise disjoint indices. Notice also that
|25, (k)] = lyy,, x(zx)| > e. Therefore exactly as in the first case we obtain
an upper estimate for N independent of k£ and this finishes the proof of the
claim.

In the case where [N\ {1}]2 C B, 55 k(@) = [y p(T0)] > €.

In the case where [N\{1}]> C A, |s% j.(zn)| = |55 4 (@0) =6 (20)] > e—¢'.

In any case we have that |s, , (v,)| > ¢ —¢' > 0.
Combining this with the previous claim, we get that for any k > 3 there

00). By our previous observation it follows that

are 2y ..., 25 € $" such that for any 1 < n < k there is i € [1, M] so
that |2/ (zn)] > € —¢€".

Since 8" is weak-* compact we can pass to an L € [N] such that (271 )keL

*

is weak-* convergent to some z; € $Y  Itis easy to see that in this case, for
any n € N there is an ¢ € [1, M] so that |zf(zy)| > € — ¢’. Therefore there
exists an infinite subset P of N and 1 < iy < M such that |2} (z,)| > & — €'
for every n € P. It also follows that z is an infinite o7 special functional.
These contradict our assumption that lign b*(zy,) = 0 for every infinite or

special functional b*. (I

We now prove the following lemma about J1z, :

Lemma 3.13. Let © € JTx, with finite support and € > 0. There exists
n € N such that if y* 22:1 aryy € Fo with max{lag| : 1 <k <d} < %, then
ly* ()] <e.

Proof. Let § = gx~—rr7 and 7; = sup{|| flloo : f € Fj}. Since 772, 75 <
1, by the definition ofzi JTG family, there is a jo € N such that 322, | 75 <
g
d. Let n be such that - < Folel
Assume that y* = ZZ:l aryy € Fo with max{jax|: 1 <k <d} < % For
every k € [1,d] let yj = Y1tV With ind(y,il) c{1,...,jo} and ind(y;)2) C
. . . d * d
{jo + Ljo +2,...}. So we may write y* = 37 axyiq + Doy WY o-
Notice now that for any n € N, |ZZ:1 aryr o (n)| < EZ:I Y5 2llo and
since (ind(y,*;z))gzl are pairwise disjoint and all greater than j, we get that

2221 1% 2llco < & Therefore || 22:1 ary 2llo < 0 and it follows that

d
@) > i) < 37 dlatn)| = .
k=1

neN
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On the other hand since (92,1)Z:1 have pairwise disjoint indices, at most
Jjo of them are non-zero and |y; ,(z)| < [|z[|. Therefore |ZZ:1 aryi ()] <
jo=||z| < 5. Combining this with (@) we get that |[y*(z)| < ¢ as required. [

We combine now Lemmas [3.12] and [3.13] to prove the following:

Proposition 3.14. Let (x,), be a weakly null separated sequence in JTx,
with ||z,]| 7, < C for all n. Then for all m € N, there is L € [N] such that for
every y* € Fa,

1
#{neL: |y (z,) > E} < 66m2C2.

Proof. We may and do assume that {z, : n € N} is normalized. We set
01 = ﬁ and we find L; € [N] such that Lemma B2 is valid for ¢ = §;. Then
we set n1 = min Ly and using Lemma [3.13 we find n = r; € N such that the
conclusion of Lemma BI3]is valid for € = 61 and © = x,,,. Then, after setting
dy = min{ﬁ, 91} we find Ly € [N\ {n1}] such that Lemma B12 is valid for
€ = 02. We set ng = min Ly and we find n = ro € N with ro > r; such that
the conclusion of Lemma [B13 is valid for € = 3 and x € {xn,, Tn, }-

Recursively, having defined 6; > 62 > -+ > 0,1, L1 D Loy D L3 D
oD Lp,mp <mg < - <npjandrm <71 < -e- < Tpoq, We set §p =
min{m, dp—1}and we find L, € [L,—1\{np—1}] such that Lemmal[3.12]
is valid for & = 01. We set n, = min L, and we find n = r, > r,_1 that the
conclusion of Lemma [B.T3] is satisfied for € = 6, and = € {zn,, Tpn,, ..., 20, }.
At the end we consider the set L ={n; <ng <--- <np <---}.

The crucial properties of this construction are the following:

(1) If Ei:l aryy € Fo and |ag| < %, for k =1,...,¢ then we have that
|Z£:1 apyy(zn,)| < op foralli=1,...,p.
(2) For every z* € 8§ we have that #{i > p: |z*(xn,)| > §p} < 2.

We will make use of these two properties to prove the proposition.

Let d = 66m?2. It suffices to prove that if ng, < ng, < -+ < ng, and
Y= Zi:l aryy € Fa2, then there is an 1 <14 < d such that |y*(z,,, )| < L

We set

1
Av={ke 1,0 || > —1},

l1
1
Ap={ke[1,{: — <|ax| < }, forl<p<d
TZP p—1
1
Ag={ke[1,0: — > |ax]}.
T[d

Observe that for p < d, we have that #4, < rfp. By property (1) we have
that for any p € [1,d),

" 1
(5) ‘ Z a:kyk(xnep) < 52;: S 51@
k€Uj>ij
Next, for 1 < j < p < d we set
Biy={k€ Ay yi(wn, ) = 8,41}
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and then for p € (1,d] we define
B, = U Bj .
Jj<p
Since for p > j we have that ¢, > ¢; + 1, property (2) yields that for every
k € A; there exist at most two B; ;,’s containing k. Hence every k € {1,..., ¢}
belongs to at most two B)’s.

Next we shall estimate the term 37, o, 4.\ 5, lakyi(2n,, )|- Let p € (1,d].
We have that

p—1
Yoo ekl =d Y lanyi(en,,)l

keUj<pAj\Bp J=1k€A;\Bj,p

1 1
< Z# 100,41 < era 4m2éar2 <

(6)

We now argue that for at least 4 41 many of {Znyy s+ Tn,, b, we have that
|Ek6A aryp(@n,, )| < g5 I thls is not the case, then for at least ¢ many,
|EkeAP aryYj(Tn,, )| 2 4m and therefore EkeAP ai > W' Thus

‘ d
d 1 d
2 a L __a
> i, 23 Tom? ~ 32m?
k=1  p=lkeA,

which is a contradiction since d = 66m?2 and Y r_, a2 < 1.
Now we shall prove that for at least % + 1 many of {xnll,...,xn[d},

|EkeBP aryi(@n,, )| < 1 Again if this is not the case, then for at least

4 many | > oken, WkYi(Tn,, )| = + and therefore > keB, ai > ez Since

every k appears in at most two B,’s, we have that
¢ d
d 1 d
2 - = —
= kz::l “h Z:: ZE; =2 16m2 ~ 32m2

which is a contradiction.
These last two observations show that there exists at least one p € [1,d]
such that both |>7,c 4 aryy(zn,, )| < + and | > oken, WY (Tn,, )| < —
Combining this with (&) and (@), we get that for this particular p,

¢
> aiten,) | D aien,)|+ | Y awiten,)|
k=1

EEU;j>pA; k€A,

+| Y awia,)| | Y awite,)
ke By k€U;j<pA;\Bp

1

<_

m

as required. (I
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4. THE SPACE (X£,)« AND THE SPACE OF THE OPERATORS L((X£,)«)

In this section we proceed to construct a HI space not containing a reflexive
subspace. This space is (X£,). where Xz, is the strongly strictly singular HI
extension (Sections 1 and 2) of the set Fy. The set Fy is defined from a
family F' = (Fj); as in Section 3. The proof that (Xx£,). does not contain
a reflexive subspace, uses the method of attractors and the key ingredient is
the attractor functional and the attracting sequences introduced in Section 1.
The structure of the quotients of Xx, is also investigated.

The family F = (F});en

We shall use the sequence of positive integers (m;);, (n;); introduced in
Definition of strictly singular extensions which for convenience we recall:

e my =2and mj = m?.
e ny =4, and nj11 = (5n;)% where s; = logym?, ;.

We set Fy = {£e} : n €N} and for j =1,2,... we set
1 « 453

45-3 Ger
In the sequel we shall denote by Xz, the HI extension of JT'z, with ground
set Fo defined by the aforementioned family (F});en as in Definition

Proposition 4.1. The space X, is a strongly strictly singular extension of
JT'F, (: Yr, )

Proof. Let C > 0. We select j(C) such that %m‘éjC’Q < mngj—1 for every
j > j(C) and we shall show that the integer j(C) satisfies the conclusion of
Definition 211

Let (zn)nen be a block sequence in Xz, such that |z,| < C for all n,
|Znllocc — 0 and (zp)nen is a weakly null sequence in JTgz,. It suffices to
show that the sequence (zy)nen is separated (Definition BI1]). Indeed, then
Proposition B14] and our choice of j(C) yield that for every j > j(C) there

exists L € [N] such that for every y* € F» we have that #{n € L : |y*(x,)| >
m2.
migj} < 66(%)202 < noj—1.
In order to show that the sequence (z,)nen is separated we start with the
following easy observations:
(i) I mi,;, 3 > g#supp(az) and ||z|| < C then for every ¢ € y F; we
JZJjo
have that |¢(z)| < e.
(ii) If [|z]|oo < ijfg and ¢ € jyj Fj then |¢(z)| <e.
>Jo
Let L € [N] and ¢ > 0. Using (i) and (ii) we may inductively select
l=jo<j1<je<---inNandk; <ky <---in L such that for each ¢ and
o€ U F; wehave that |¢(zk, )| < e. Setting M = {k1, ko, ...} we have

J€[Gi—1,71)
that the sequence (x,, )nenr is e-separated. Therefore the sequence (x,, )nen is
separated. (Il

A consequence of the above proposition and the results of Sections 1 and
2 is the following:
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Theorem 4.2. (a) The space Xz, is HI and reflexively saturated.
(b) The predual (Xz,). is HI
(c) Every bounded linear operator T : Xz, — Xz, is of the form T =
A + S, with S strictly singular and weakly compact.
(d) Every bounded linear operator T': (X£,)« — (X£,)« is of the form
T = A + S, with S strictly singular.

Proof. All the above properties are consequences of the fact that Xz, is
a strongly strictly singular extension of JT'z,. In particular (a) follows from
Proposition[T2T] and Theorem [T (b) follows from Theorem 212 (c) follows
from Theorem 215 while (d) follows from Theorem O

Proposition 4.3. Let (x5, 2}),2,° be a (18,45 — 3,1) attracting sequence in
X7, such that [|zop_1]|7, < —*— for k=1,...,n4;_3/2. Then
1j-3

1ee 144
[ > (=DM < =

Maj—3 15 Myj—3

Proof. The conclusion follows by an application of Proposition .17 (ii) after
checking that for every g € F, we have that |g(zox)| > —*— for at most
153

Ngj—a4 k’s. From the fact that each oy is of the form e; it suffices to show
that for every g € Fa, the cardinality of the set {l : [g(e;)| > —*—1} is at
4j—3

most n4;_4.

d d

Let g € F2, g = Y. aig; where Y a? < 1 and (g;)%, are oF special
i=1 i=1

functionals with disjoint indices. For each i we divide the functional g; into two

parts, g; = yf + zf, with ind(y}) C {1,...,5— 1} and ind(z; ) C {] Jj+1,...}

For | ¢ U supp(y;) we have that |g(e;)| < E |22 (er) 2

> .
my;—3

Since #( U supp(y})) < &b 4 %8 4 ... M4=T < ny;_5 the conclusion follows.

The proof of the proposition is complete. O

Definition 4.4. Let x = (zy,2}), 2 ® be a (18,45 — 3, 1) attracting sequence,
2 forl<k< naj—3/2. We set
—3

with ||I2k,1 ||_7:2 <

n4]‘73/2

Ix = 21 Z Tk

1 n4j,3/2
_ *
By =—-— E Log—1
Mij-3 k=1
2 n4j—3
m
45—3
d, = J (—1)k$k
n4j—3 k=1

45—3

Lemma 4.5. If y is a (18,45 — 3,1) attracting sequence, x = (zx, 2} ), °,
with [|zor—1l7, < —2— for 1 <k < ngj_3/2 then
153
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(1) llgx = Full < 7

maj—3"

(2) £ = gy(dy) < lldy | < 144, and hence [lg,]| = 2.

n4j—3

Proof. (1) We have g, — F\, = ——(=—— > }). Since (z}), 2" is a

M4j—3 \Maj_3 =

n4j—3
>~ aj belongs to D¢
k=1

special sequence of length n4;_3, the functional

my4;—3
and hence to Byx: T he conclusion follows.
2

(2) It is straightforward from Definitions [LT5 and B4l that g, (dy) = 3.
Since ||wok—17, < —*— for k =1,...,n45_3/2, Proposition 3 yields that

> 2
453

X dX l
ldy || < 144. Thus [|gy || > 245 > 2, = L O

Lemma 4.6. Let Z be a block subspace of (Xz,).. Also, let € > 0 and
j > 1. There exists a (18,45 — 3,1) attracting sequence x = (z,z}), 2 °
n4]‘73/2

with Y |lw2k_1ll7 < #3 and dist(Fy, Z) < e.
k=1 7=

1
Proof. We select an integer ji such that m3; > n4;—3. From Lemma 2.10]
we may select a (18,2j1,1) exact pair (x1,z7) with dist(z},Z) < —=— and

N4j—3
mgh . Let 245 = o(27). We select Iy € Agj, and we set xo = ¢;, and

[E3Y/ P
x5 = ej,.
We then set 2j3 = o(x7, x3) and we select, using Lemma 210] a (18, 2j3,1)

exact pair (zg, z}) with z3 < x3, dist(z%, Z) < Mf_ - and [zs]|F, < mzj .
— .

It is clear that we may inductively construct a (18,45 — 3,1) attracting se-
naj—3/2 naj—3/2

quence ¥ = (g, x})p ® such that > |lza—illm < X 2

M2jgg—1

A and dist(ag,_y,Z) < === for 1 < k < ny_3/2. It follows that

Nyj—3 j—3

n4]‘73/2
dist(Fy, Z) < —— Y dist(z},_,,2) <e. O
493 k=1

Theorem 4.7. The space (Xz,). is a Hereditarily James Tree (HJT) space.
In particular it does not contain any reflexive subspace and every infinite
dimensional subspace Z of (Xx,). has nonseparable second dual Z**.

Proof. Since each subspace of (X£,). has a further subspace isomorphic to
a block subspace it is enough to consider a block subspace Z of (X£,). and
to show that Z has the James Tree property.
We select a jy € =1 with jy > 2. We shall inductively construct a family
(Xa)aep of attracting sequences and a family (j,)qep of integers such that
(i) If a <iex B then dy, < dy,.
.. (B Bye\TMig—3 . . .
(ii) For every 8 € D, x5 = (., (2},)*) -1 isa (18,455 —3,1) attracting
sequence with dist(Fy,,Z) < m4;73 and ||$gk71||f2 < joﬁ—is for
k= 1, . .,n4j573/2.
(iii) If B € D with 8 # () then jg = 07 ((gy. )a<p)-
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The induction runs on the lexicographical ordering of D. In the first
step, i.e. for B = 0, we select a (18,255 — 1,1) attracting sequence with
dist(Fy,,Z) < —1— and ||z%, ||z < —2— for k = 1,...,n4j,-3/2. In

4,

Majp—3 jp—3
the general inductive step, we assume that (ja§a<lemﬁ and (Xa)a<,.,8 have been
constructed for some 8 € D. Since {a € D: a< f} C{a€D: a <y B},
the attracting sequences (xq)q<p have already been constructed so we may set
Jjg = 07 ((gy. )a<p)- Denoting by 5~ the immediate predecessor of § in the lex-
icographical ordering, we select, using Lemma[L.6] a (18,253 —1,1) attracting
sequence xg = (xf, (902)*);14:{"73 with dy, < dy, such that dist(Fy,,Z) <

1
My4j5—3

and ngk_lH]-'z < mﬁf - for 1 < k < ngj,-3/2. The inductive con-
5

struction is complete.
For each branch b of the dyadic tree the sequence (gy, )acs is a oF special
sequence. Thus the series ) gy, converges in the w* topology to a o7 special
. _aeb
functional g, € G C D_Gw = Bx;2-
For each 3 € D we select a z; € Z such that [z — Fy, || <

—. Then
LemmalLF (1) yields that ||z — gy, || < 125 = Fyu | + [[Fxs = 9xs | < 5

Majg—3 :
2
M4jg —3

Majg—3

Now let b be a branch of the dyadic tree. Since Y ||z — gy, |l < X
ach acb

3 < 1

e < Tisz it follows that the series > z¥ is also w* convergent and its
Jp—

a€D

w* limit z; € Z** satisfies ||z} — gs|| < 153- This actually yields that the

block sequence (z})q,ep defines a James Tree structure in the subspace Z.
The family {z; : b a branch of D} is a family in Z** with the cardinality

of the continuum. We complete the proof of the theorem by showing that for

b# b’ we have that |27 — 25| > =55. Let b # b’ be two branches of the dyadic

tree. We select a € D with a € b\ b’ (i.e. a is an initial part of b but not of

b"). Then our construction and Lemma (2) yield that

lzo — 2ol = llgo — 9w ll = llzg — goll = llzpr — gl
o> e—g)dy) 1 1
Iy I 1152 1152
gXa(an) _ 1 _ % 1 1

= T 1m 576 144 576 576
0

Proposition 4.8. For every block subspace Y = span{y,, : n € N} of X,
there exist a further block subspace Y’ = span{y,, : n € N} and a block
subspace Z = span{zy : k € N} of X£, such that the following are satisfied.
The space Z is reflexive, the spaces Y’ and Z are disjointly supported (i.e.
supp zxNsupp y,, = ( for all n, k) and the space X =span({z; : k € N}U{y), :
n € N}) has nonseparable dual.

Proof. The proof is similar to that of Theorem[7l Let Y be a block subspace
of Xx,. Using Proposition [[LT4 we may inductively construct (the induction
runs on the lexicographic order of the dyadic tree D) a family (xq)aep of
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attracting sequences and a family (j,)sep of integers such that the following
conditions are satisfied:
(i) If a <iex B then dy, < dy,.
(ii) For every 8 € D, xg = ($£,($£)*)Z42]573 is a (18,253 — 1,1) at-
tracting sequence with x§k71 €Y and ngkflﬂﬁ < —*—for k =
1j5-3

1, v ,n4j573/2.
(i) jg € = with jyp > 2, while if 8 € D with 8 # 0, then jg =

77 ((9xo)a<s)-

ome. . Mia=3/2 )
For each a € D we set z, = ﬁ kzl x4, and we consider the space
Z =span{z, : a € D}. -
N45q—3

We first observe that for each a € D the functional f, = m4j1a73 kzz:l (24)*

belongs to Dg C Bx,, hence ||z4]| > fa(2a) = 1. On the other hand we have

d d
. Indeed, let g = > a;g; € F2 (ie. > a? < 1 while
i=1 i=1
(9:)L, and or special functionals with pairwise disjoint indices). For each
i=1,....d let g = yf + zF with ind(y) C {1,...,5, — 1} and ind(z}) C
{jasja +1,...}. Then

that ||ZaH_7:2 <

Majq—3

d d
9(za)l < D Iy (za)l+ D 125 (2a)]
i=1 i=1
2m n n 2m . n 1
4j,—3 ;N1 45, —T 45,—3 45,—3
< TSRt +
N4j,—3 2 2 ) N4j,—3 r:zj 2 m?lr_g
2
< .
mMyj,—-3

It follows that Izl < Y —2— < 3 which yields that the space
aeD a

llzall 7y a3
Z =3span{z, : a € D} is reflexive (see Proposition [[221]).
For every branch b of the dyadic tree, the functional g, which is defined to be
the w* sum of the series > gy, belongs to Ew* C Bx,. The family {gs|x :

a€D
b a branch of D} is a family of X* with the cardinality of the continuum. For
2 MN4j,—3
b # UV, selecting a € b\ b the vector dy, = % k¥1 (=1)*z¢ belongs
to Y + Z while from Lemma we have that ||d,, || < 144. Thus ||gs|x —
dyg)— gy (d 1-0

g |x[lx- > 2lhaprtlhal > 22 = oo,

Therefore X* is nonseparable. (Il

Lemma 4.9. If S: (Xz,). — (X£,)« is a strictly singular operator then its
conjugate operator S* : Xz, — Xz, is also strictly singular.
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Proof. From Theorem [ZT5| the operator S* takes the form S* = Ay, +W
with A € R and W : Xz, — Xz, a strictly singular and weakly compact
operator. We have to show that A = 0.

The operator W* : X% — X7, is also weakly compact, while W* = §** —
Ay~ which yields that W*((X£,)+) C (X£,)s. These facts, in conjunction
to the fact that (Xz,). contains no reflexive subspace (Theorem A7), imply
that the restriction W*[(Xz,). is strictly singular. Thus, since M(x,,), =
S — W*|(X£,)« with both S, W*|(X£,). being strictly singular, we get that
A=0. O

Corollary 4.10. Every bounded linear operator T : (Xz,). — (X£,). takes
the form T'= A + W with A € R and W a weakly compact operator.

Proof. We know from Theorem [2.16] that T = AI + W with W a strictly
singular operator. Lemma yields that W* is also strictly singular. From

Theorem [2.15]we get that W* is weakly compact, hence W is weakly compact.
O

Theorem 4.11. Let Z be a w* closed subspace of X £, of infinite codimension

such that for every ¢ = 1,2,... we have that
(7) hl?elzlx?f dist(ex, Z) =0

((As)ien are the sets appearing in Definition [[3)). Then every infinite dimen-
sional subspace of Xz, /Z has nonseparable dual.

Proof. We denote by ) the quotient operator Q : Xz, — Xz,/Z and we
recall that since Z is w* closed, Z; l-norms Xr,/Z. Let Y be a closed
subspace of Xz, with Z C Y such that Y/Z is infinite dimensional; we shall
show that (Y/Z)* is nonseparable.

For a given j € N using Lemma 220 and our assumption (7)) are able
to construct a (18,45 — 3,1) attracting sequence x = (wx,z}) =" such
that each one of the sums Y dist(xor—1,Y), > dist(x3,_1,Z1), Y |[x2k—1 7,

2 Maj—3/2
> dist(xay, Z) is as small as we wish. Setting di = %’; S Xop—1 we
T k=1
get that Qd, is almost equal to Qdi which almost belongs to Y/Z. Also F)
almost belongs to Z, while F\(d,) = 1 and [|Fy, — g, || < m4§'—3'

Using these estimates we are able to construct a dyadic tree (xq)aep Of

attracting sequences and a family (j,)aep of integers satisfying

(i) If @ <iee B then dy, < dy,.
(i) Forevery 5 € D, x5 = (2, (¢f)*) et " is a (18,455 — 3, 1) attracting
sequence with dist(Fy,,Z.) < — dist(Qdy,,Y/Z) < —*

Majg—3’

m4j573
and ||z5, |7, < m% for k=1,...,n45,-3/2.

(iii) If B € D with 8 # 0 then jg = 07 ((gy,)a<p), while jy € E1 with
o = 3.
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1
M4jz—3
every branch b of D we denote by hy, the w* limit of the series > Hg.

Bgeb

Using the above estimates, and arguing similarly to the proof of Theorem

A7 we obtain that {hy|Y : b is a branch of D} is a discrete family in (Y/Z)*

and therefore (Y/Z)* is nonseparable. O

For every 8 € D we select Hg € Z, with ||Hg — F\,|| < and then for

Remark 4.12. Actually it can be shown that the space Xx,/Z is HJT.

Corollary 4.13. There exists a partition of the basis (e} )nen of (X£,)s into
two sets (eX)ner,, (€)ner, such that setting Xy, = span{e; : n € L1},
X, =span{e;, : n € Ly} both X7 , X7 are HI with no reflexive subspace.

Proof. We choose L; € [N] such that the sets A; N Ly and A; \ L; are infinite
for each i and we set Ly = N\ L;. The spaces X, = Span{e), : n € L;},
i = 1,2 satisfy the desired properties. Indeed, since X7 is isometric to
Xr,/span{e, : n € L}, Theorem [AI]] yields that X7 has no reflexive
subspace while from Theorem [Z.2]] we get that it is an HI space. For X I, the
proof is completely analogous. O

5. THE STRUCTURE OF 36}2 AND A VARIANT OF Xz,

In the present section the structure of X%, is studied. This space is not HI
since for every subspace Y of (X£,). the space ¢5 embeds into Y**. We also
present a variant of Xz,, denoted Xz, such that %*fé/ (X5;)« is isomorphic
to £2(T") which yields some peculiar results on the structure of Xz, and X% /-
Another variant of Xz, yielding a HI dual not containing reflexive subspace
is also discussed. It is well known that, in JT (James tree space) the quo-
tient space JT*/JT, is isometric to £2(T). It seems unlikely to have the same
property for Xr,. The main difficulty concerns the absence of biorthogonal-
ity between disjoint o special functionals. However the next Proposition
indicates that in some cases phenomena analogous to those in JT' also occur.

Proposition 5.1. Let (b}), be a disjoint family of oz special functionals
each one defined by an infinite special sequence b, = (fT,..., f},...). As-

sume furthermore that for each (n,k) there exists a (18,45, — 3,1) at-
(n,k) (n,k)

M43 (k) =3

tracting sequence x(nx) = (7, ", (7, 7))y , (Definition [[TH) with
ok ”_
i )l < s and f£ = gy, (Definition 7).

J(n,k) 3
Then (b%), is equivalent to the standard f2-basis.

Let’s provide a short description of the proof. We start with the following
lemma:
Lemma 5.2. Let x = (z5,2}),2,° be a (18,45 — 3,1) attracting sequence
such that [|zox—_1]l7, < —=— for all k. Then for every ¢ € F, of the form
1453

d
p= ;ami with j & UL, ind(¢;) we have that |¢(d,)| < —2—. (Recall that

maj—3 "
2 N4j—3
My L
dy = ﬁ 3 (=1)kzy, see Definition [E.4).

k=1
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naj—3/2 2 Maj—3/2

m2’_ m5 .
Proof. We set d; = =2 N xogp—1 and di = =2 N zog. From

n4aj— Nn4gj—
4j—3 =1 4j—3 1

our assumption that ||zop—1|lz, <

(dy)] <
mé21j—3 n4j—3 1
N4 -3 2 ny;_s :

2
If f € F; for some i < j we have that | f(d2)| < — Tapms s while for

1i_s n4j-3
2
f € F; with i > j we have that [f(d2)] < ——T4=2 143

- m4 _3 N4j5-3 2
Therefore

(d)] < lo(dy, |+|Zaz¢z d3)| < 6(dy) |+Z|¢l (d2)]

i=1
< ey + Y sup{|f(d3): fe E-}+Zsup{|f &)|: feF}
i<j i>j
mi;_s  mi_s Ni_3 | Mij_3 1
R vl D wec st sl Y o
2ng;_ 3 Maj-3 i<y 2my;_s 2 iy Ti-3
1
< .
myj—3

O

The content of the above lemma is that each b*, defined by an infinite or
special sequence b as in the previous proposition, is almost biorthogonal to
any other (b')* which is disjoint from b.

Next we describe the main steps in the proof of Proposition 5.1l

Proof of Proposition [5.1F The proof follows the main lines of the proof of
Lemma 11. 3 of [ATI]. Given (az)f | with a; € Q such that Y37 | a2 = 1, we

have that Z a;bf € F hence || Z a;bf|| < 1.

In order to complete the proof we shall show that

1
— < b7

which yields the desired result.

logo (moy.)
To establish (&), we choose k € N with W < 4 and then we
choose {li : 1 < i <d, 1<t < ng} such that setting T(pi) = dx(“%) the

following conditions are satisfied. First, the sequence (w(t,i))lgigd, 1<t<nap
ordered lexicographically (i.e. (t,7) <jep (t,7') iff t <t ort =+¢ and i < i)
is a (144,¢) R.IS. with associated sequence 4j£t iy =3 = 4y — 3 while

2dn2k

o LS aqy for i = 1,...,d. In order to prove () it is
enough to show that

d d
() (3 arb)(3 aizi) > § —<.
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d
(i) || X @izl < 288.
=1

(i) is an easy consequence of Lemma Indeed

d
Zar Zalzl ZaQb* zr) + Zzarb:(zi)

i=1 r#i
11 & S
e SO SRy e
=1 r#i
1 1 & 2k 1
> - |a
2 2 T )
11 2d
- — — - —¢
= 3

For each (t,i) we set k() = minsuppz(;) we set and s; = {kq ;) @ t =
1,2,...,n2;}. We consider the set

Hy={e*: neN} U {ZZAUU./\UEQ ZZA < 1, where

=1 3 =1 3
(si,j); are disjoint subintervals of s; }

and the norming set D’ of space T[Ha, (Asn, , =) jen)-
J
nak
~ _ 1 * .
We also set z; = o t:§ ) Cht,i) fori=1,...,d.

Claim. For every f € Dz, (where Dg, is the norming set of the space X£,)

d
there exist an h € D’ with nonnegative coordinates such that |f(3 a;2;)] <

i=1
d
288h(>" |ai|z) + e.
i=1
The proof of the above claim is obtained using similar methods to the proof
of the basic inequality (Proposition [AH).
Arguing in a similar manner to the corresponding part of Lemma 11.3

d
of [AT1] we shall show that h(> |a;|Z;) < 1+ e. We may assume that
=1

i=
the functional h admits a tree Ty, = (hq)aca (see Definition [A]) such that
each h, is either of type O (then h, € Ha2) or of type I, and moreover that
the coordinates of each h, are nonnegative. Let (gq.):2; be the functionals
corresponding to the maximal elements of the tree A. We denote by =< the
ordering of the tree A. Let

A_{$€{1,2,...,50}: H ﬁhv)gmi%}

y=<as
B=1{12...s}\A

and set hy = h| U suppga.» "B = P J suppga. -
sEB
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1
We have that hu(Z;) < — for each ¢ thus
m;

d
(9) Zlazlzz < miz S —

l\DI(“)

d
It remains to estimate the value hp (> |a;|Z;). We observe that

N2k

Zlazla = Z Zm% )

We set

Ey

{t €{1,2,...,max} : theset {k1),ku2),---,kwa} is contained

in rang,, for some s € B or does not intersect any rang,,, s € B}

E2 = {1,2,...,n2k}\E1.

For each s = 1,2,...,s0 set 05 = L#{t R P PR 1 W e rangas} and

nak
observe that > 6, < 1.
seB

We first estimate the quantity ga,( >0 - (E |ailek,, ;) for s € B. Each
tEEl
Ja. being in Hy takes the form g,, EZ)\” sij- For 1 <" < d we

d
get that (Z)\z 35 )Y (X laalene ) )@l (2 A jsh (2 mrer.n)
teE i=1 j teE,

1

<|ay |(max Air j)0s. Thus
j

d
Yas Z Z |a1|ek(t z) < osz |dz|maXAZJ
tem i=1 J
d d
1 ~ 1
< 0,(D_maxA? )T |ail*)? <6,
=1 7 im1
Therefore

(10)

d
ha(Y Z|az|ek<, DIED SN0 DF-s SN D SUES?

teF seB te by i=1 seB

From the definition of the set Es, the set {kq 1y, k,2), - -, k,q) ), for each
t € E», intersects at least one but is not contained in any rang,,, s € B. Also
as in the proof of Lemma A4 we get that #(B) < (5ngp_1)'°820m2+). These
yield that #(FEs) < 2(5n2k,1)1°g2(m2k). Therefore from our choice of & we
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derive that

(11)
Z Z |az|ek(t o)) = Z Z |ail) 2(5mar ) e ) < %

: na2k
cEs teF>
From (IQI),(EIIII) and (II), we conclude that
d d ;&
hO lailer, ) < ha(dlailz) +he (Y — O lailex, )
i=1 i=1 tem, 2k o
+ha( t;; Zlallek(m )<< +1+§—1+a
2

O
As a consequence we obtain the following;:

Theorem 5.3. For every infinite dimensional subspace Y of (X £, )., the space
{5 is isomorphic to a subspace of Y **.

A variant of Xr,

Next we shall indicate how we can obtain a space Xz, similar to Xz,
satisfying the additional property that X7, /(X#;)+ is isomorphic to £*(T).
Notice that such a space has the following peculiar property:

Proposition 5.4. Granting that %*é/(%}-é)* is isomorphic to ¢2(T), every
infinite dimensional w*-closed subspace Z of %*}-é is either nonseparable or
isomorphic to fs.

Proof. Let @ : %*é — %}_é/(%}-é)* be the quotient map. There are two cases.
If there exists a subspace Z' — Z of finite codimension such that Q|2 is an

isomorphism, then Z is isomorphic to . If not then there exists a normalized

block sequence (vy)nen in (X7;). such that Z dist(vy, Z) < z755. Setting

V = span{v, : n € N} we observe that dlst(SV, 7Z) <
w*-closed,

3456 hence, since Z is

12 di —wr, L) < ——.
(12) ist(Spur, 7) < o

As in the proof of Theorem 7] we consider a James Tree structure (wg )qep
in V such that the corresponding family {w;, : b € [D]} satisfies the following
properties:

(i) [Jws|| < 2 for every b € [D].

(ii) For b# ' in [D] we have that [lw, — wy || > 5.
The above (i) and (I2)) yield that for every b € [D] there exists z;, € Z such
that

1 — < -
(13) o — will < T

From (3] and the above (ii) we conclude that for b # b’ in [D] we have
that ||zp — 2 || > 1555 Which yields that Z is nonseparable. O
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The following summarizes some of the properties of the space Xz;.

Corollary 5.5. There exists a separable Banach space X, such that

(i) The space Xz; is HI and reflexively saturated.
(ii) Every quotient of X, has a further quotient isomorphic to £s.
(iii) Every quotient of X 7, either has nonseparable dual or it is isomorphic
to fg.
(iv) There exists a quotient of X #; not containing reflexive subspaces.

Before presenting the definition of the norming set Dz, let’s explain our
motivation. First we observe that Proposition [5.1] yields that for a sequence
(b)) satisfying the assumptions, the sequence ([b%]), in the quotient space
W = X%, /(X F,)« is equivalent to the £3 basis. This in particular yields that
W contains copies of ¢2(T") with #I" equal to the continuum. Our intention is
to define Fj C Fy and D 7, C Dz, such that every infinite o z-special sequence
b= (f1,f2,--s fn,...) satisfies the requirements of Proposition 1] with re-
spect to the norm induced by the set Dy;. Clearly if this is accomplished,
then granting Proposition 5.1 the quotient X% ; /(X7;)« will be equivalent to
Lo(T).

The norm in the space Xz, is induced by a set Dz, which in turn, is
recursively defined as U2, D,,. The key ingredient is that the ground set F3,
which is a subset of Fa, is also defined inductively following the definition of
D,,. Thus in each step we define the set S,, of the o£-special sequences related
to F2 and from this set, the set F3'.

For n =0, we set So = 0, Dy = {xe : n € N}.

For n =1 we set 51 = U2, Fy, F} is defined from S; and D; results from
Do U F} after applying the operations of Definition and taking rational
convex combinations.

Assume that S,,, F3, D, have been defined such that every o special
sequence (f1,..., fq4) in S, satisfies d < n. The ox special sequence f1,..., f4
in S, is called n + l-extendable if for each 1 < i < d there exists a
(18,45; — 3,1, D,,, F3') attracting sequence x; = (xk,xZ)iijl _3, with f; = gy,
(Definition @A) Here a (18,4j; — 3,1, Dy, F4') attracting sequence is defined
as in Definition where the norm of the underlying space is induced by
the set D,, and moreover |[zox—1||p, < 18 and [|xax—1|7p <

"421]‘1-73

Then we set Sy 41 = SpU{(f1,-.-,fa) : (f1,-.-, fa—1) is an+1-extendable
or special sequence}.

Next we define ]—'g“ from 5,41 in the usual manner and then D, from
D, U F5*! as before.

This completes the inductive definition. We set 75 = U,F3' and Dy =
UnDh. .

It is easy to see that for every b = (fy)n such that b* € Féw the sequence
(fn)n satisfies the properties of Proposition [5.1] and this yields that indeed

;_-é/(:{]:é)* is isomorphic to ¢2(T).
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6. A NONSEPARABLE HI SPACE WITH NO REFLEXIVE SUBSPACE

In this section we proceed to the construction of a nonseparable HI space
containing no reflexive subspace. The general scheme we shall follow is sim-
ilar to the one used for the definition of Xz,. However there are two major
differences. The first concerns saturation methods. In the present construc-
tion we shall use the operations (S, mi])j for appropriate sequences (m;);,
(n;);. The James Tree space which will play the role of the ground space
is also different from JTxz,. Indeed the ground set F. is built on a family
(Fj); which is related to the Schreier families (S,,;_,);. Furthermore in 7
we connect the o special functionals with the use of the Schreier operation
instead of taking fo sums as in F. Finally, F. is defined recursively as we
did in the previous variant Xz; of Xx,. The spaces (Xz;)., X/ share the
same properties with (X fé)*, Xr;. The difference occurs between X7, and
(X77)*. Indeed, as we have seen (Xz;)*/(X5;)« is isomorphic to £o(I"), while
as it will be shown (Xz/)*/(X#). is isomorphic to co(I") with #I" equal to
the continuum. The later actually yields all the desired properties for (X )*.
Namely it is HI and it does not contain any reflexive subspace. \

We recall the definition of (S,),, the first infinite sequence of the Schreier
families. The first Schreier family S is the following

S ={FCN: #F <min F'} U {0}.

For n > 1 the definition goes as follows

d
Sn+1 = {F_ UFZ : F, eS8, F; < Fiyq, for all ¢ and dgminFl}.
i=1
Each S, is, as can be easily verified by induction, compact, hereditary and
spreading.

A finite sequence (E1, Es, ..., E) of successive subsets of N is said to be
S, admissible, n € N, if {minFE; : i = 1,...,k} € S,. A finite sequence
(f1, f2,---, fr) of vectors in cgg is said to be S,, admissible if the sequence
(supp f1,supp fa,...,supp fx) is S, admissible.

We fix two sequences of integers (m;),en and (n;);en defined as follows:
m;

e m; =2and m; =m;

® N1 = 1, and Njy1 = 22mi+1nj.
Definition 6.1. (basic special convex combinations) Let ¢ > 0 and

j €N, j>1. A convex combination Y ajey of the basis (e)ren is said to
keF

be an (g, j) basic special convex combination ((e,j) B.S.C.C.) if
(1) Fesy,
(2) For every P € Saiog,(m;)(n,_,+1) We have that > ax <e.

kepP
(3) The sequence (a)rer is a non increasing sequence of positive reals.

Remark 6.2. The basic special convex combinations have been used im-
plicitly in [AD], their exact definition was given in [AMT] while they have
systematically studied in [ATT].
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Definition 6.3. (special convex combinations) Let ¢ > 0, j € N with
j > 1 and let (x)ren be a block sequence of the standard basis. A con-

vex combination > apzj of the sequence (xj)ren is said to be an (g, )
kEF
special convex combination ((g,7) S.C.C.) of (zp)ken if Y. ager, (where
keF

tr = minsupp xy, for each k) is an (e, j) basic special convex combination.

Moreover, if > apxy is a S.C.C. in a Banach space (X, || ||) such that
kEF

1
lzx]] < 1 for all k and || > agzk|| > = we say that Y apzy is a seminor-
kEF 2 kEF
malized (e, j) special convex combination of (z)ken-

Definition 6.4. We set Fy = {*e : n € N} while for j = 1,2,... we set
Fi={—F—Y%e;: I€S,,, ,}U{0}. Wealsoset F = |J F}.
=0

2
my.
44-3 ;o7 j

Let’s observe that the sequence F = (F})32 is a JTG family. The o7 spe-
cial sequences corresponding to this family are defined exactly as in Definition
0.2l

Definition 6.5. (o coding, special sequences and attractor sequences)
Let Qs denote the set of all finite sequences (¢1, d2, ..., ¢q) such that ¢; €
coo(N) , ¢; # 0 with ¢;(n) € Q for all i,n and ¢ < ¢ < -+ < ¢pg. We
fix a pair 2y, of disjoint infinite subsets of N. From the fact that Q,
is countable we are able to define a Gowers-Maurey type injective coding
l € suppo;, i = 1,...,d} - maxsupp ¢q. Also, let (A;);eny be a sequence of
pairwise disjoint infinite subsets of N with min A; > m;.
(A) A finite sequence (f;)L, is said to be a S,
provided that
(i) (fi,f2s.--, fa) € Qs and (f1, fo,..., fa) is a Sy,,_, admissible
sequence, f; € Dg for i =1,2,...,n45_1.
(il) w(f1) = moy with k € Qq, m;]/f > ngj—1 and for each 1 <14 < d,
w(fix1) = Mo(p,. 1)
(B) A finite sequence (f;)%, is said to be a S,,,
provided that

(1) (f1, fo,..., fa) € Qs and (f1, f2,..., fa) is a Sp,;_, admissible
sequence.

(11) w(fl) = meo, with k£ € Ql, m;ﬁ > Ny4j-3 and w(f2i+1) =
Mg (fy,....f2;) Tor each 1 <i < %.

11 Special sequence

, attractor sequence

(iil) fai = ej,, for some la; € Ags,,. for ), fori=1,..., %.

Definition 6.6. (The space Xz/) In order to define the norming set D of
the space Xz we shall inductively define four sequences of subsets of coo(N),
denoted as (Kn)n€N7 (Tn)nENu (Gn)nENu (Dn)nEN-

We set Ko = F (K§ = F, K} = 0,j =1,2,...), Go = F, 15 = 0
and Do = convg(F'). Suppose that K,,_1, Tn—1, Gn—1 and D,,_; have been
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defined. The inductive properties of (Kp)nen, (Tn)nen, (Gn)nen, (Dn)nen are
included in the inductive definition. We set

K% = K% | U {—Z fir fi <+ < fais Sn,, admissible, f; € Dy_1}

K493 = g2 (fis--., fa) is a Sn,,_, attractor

sequence, f; € K,,_1 and E is an interval of N}

K&t = gV" U {+B(—

n—1

Zfl : (f1,..., fa) is a Sp,,_, special
=1

myj—1

sequence, f; € K, 1 and F is an interval of N}

K'=F

n

We set K, = |J K.
In order to define 7,, we need the following definition.

Definition 6.7. ((D,,—1,j) exact functionals) A functional f € F is said

to be (Dp—1,7) exact if f € F; and there exists z € coo(N) with ||z||p, , <

1000, ran(x) C ran(f), f(z) = 1 such that for every ¢ # j, we have that

2], < 220 if i < j while |
4i—3

2
Myj_3

—=2if i > j.
mi;_s J

We set
Tn = {:EE(Z ¢;) : d <n,E is an interval, (¢;)%_, is o special
and each ¢; is (D,—_1,ind(¢;)) exact}.

d
We recall that for ® = +E(>" ¢;) € 7, ind(®) = {ind(¢;) : ENrang; # 0}.
i=1

We set

d

G, = {Z gi®;: O, €1y, g, € {—1,1}, minsupp ®; > d,
i=1
(ind(®;))L, are pairwise disjoint}

We set D,, = convg(K, U Gn,UD,_1).
We finally set D = U D,,. We also set 7 = U Tny, Fo =

s
n=0 n=0

U Gn, K =
n=0

U Kn. Weset K/ = |J K/ for j =1,2,.... For f € K7 we write w(f) =
n=0 n=1
m;. We notice that w(f) is not necessarily uniquely determined.

We also need the following definition.
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Definition 6.8. ((D, j) exact functionals) A functional f € F is said to be
(D, j) exact if f € F; and there exists « € coo(N) with (||z]|p =)||z|| < 1000,
ran(z) C ran(f), f(z) = 1 such that for every ¢ # j, we have that |z||F, <

2
2900 if j < j while ||z[|r, < 1000732 if i > j.
Myi—3 Myi—3

Remarks 6.9. (i) If the functional ¢ is (D,,j) exact then it is also
(Dy, j) exact for all k <n.
(ii) Let (¢;)ien be a oF special sequence such that each ¢; is (D, ind(¢;))
d

exact. Then each ¢; is (Dy,,ind(¢;)) exact forallnand > ¢, € 7, C 7
i=1
for all n > d. It follows that 3. ¢ € 7" < 71" ¢ D" = Bx;,.
=1

(ili) Let (¢;)ien be a o7 special sequence such that Z ¢; € 7 for all d.

1=
In this case we call the or special sequence ((bz)zEN survivor and the

functional ¢ = E ¢; a survivor or special functional. Then each ¢;
=1

is (D, Ji) exact (where j; = ind(¢;)) for all n, thus for each n there

exists x; , with ||z;,»|p, < 1000, ran(z;,) C ran(¢i), ¢i(zin) =1

and such that for every k # j;, we have that ||z;n|r < —200 if

Myp—3

2
k < j while ||z nllF, < 1000:%‘2:2 it k > j. Taking a subsequence

of (z;n)nen norm converging to some z; it is easily checked that
[l || < 1000, ¢;(x;) =1 while ||z;||F, < "12000 for k < j and ||z;||m, <
4k—3

m2 . . -
1000, —-"=> for k > j.
4k—3
A sequence (z;);en satisfying the above property is called a se-
quence witnessing that the oz special sequence (¢;);en (or the special
o0
functional ® = Y ¢;) is survivor.
i=1
Lemma 6.10. The norming set D of the space Xz is the minimal subset of
coo(N) satisfying the following conditions:
(i) F. c D.
(ii) D is closed in the (S,,., — ) operations.

N2 my
. . 1
(iii) D is closed in the (8,14%1, T
quences.
. . : 1
(iv) D is closed in the (Sy,, s, s
quences.
(v) D is symmetric, closed in the restrictions of its elements on intervals
of N and rationally convex.

) operations on S, special se-

451

) operations on S,,; , special se-

It is easily proved that the Schauder basis (e,)nen of the space Xz is
boundedly complete and that Xz is an asymptotic ¢1 space. Since the space
JTF: is co saturated (see Remark [B.16 where we use the notation JT'r, , for
such a space) we get the following.

Proposition 6.11. The identity operator I : Xz — JT%, is strictly singular.



56 SPIROS A. ARGYROS, ALEXANDER D. ARVANITAKIS, AND ANDREAS G. TOLIAS

Remark 6.12. Applying the methods of [AT1] and taking into account that
the identity operator I : Xz — JT'7, is strictly singular we may prove the
following. For every ¢ > 0 and j > 1 every block subspace of Xz, contains a
vector x which is a seminormalized (e, j) S.C.C. with [|z[| 7 <e.

Definition 6.13. (exact pairs in X#/) A pair (z, f) with 2 € coo and f € K
is said to be a (12,7, 6) exact pair, where j € N, if the following conditions
are satisfied:

(i) 1 < ||z|| €12, f(z) = 6 and ran(f) = ran(x).
(ii) For every g € K with w(g) = m; and i < j, we have that |g(z)| <
(iii) For every sequence (¢;); in K with m; < w(¢1) < w(pz) < -+ we
have that > |¢i(x)] < 12/m;.

Proposition 6.14. For every j € N, ¢ > 0 and every block subspace Z of
X, there exists a (12,27,1) exact pair (2, f) with z € Z and ||z|| <e.

Proof. Since the identity operator I : Xz — JTf, is strictly singular we
may assume, passing to a block subspace of Z, that ||z||z < 35| 2| for every
z€ 7.

Let (zx)ren be a block sequence in Z such that (zy)ken is a (2, ——) R.LS.
1

and each zj is a seminormalized (——,jx) S.C.C. Passing to a subsequence
Ik

we may assume that (b*(zx))reny converges for every oz branch b. We set
2k = Tag—1 — Tok. Then (zp)ken is a (4, ) R.LS. such that b*(z) — 0 for

1
maj

1
every branch b. N
We recall that each g € F. has the form g = de e;®F with ¢; € {—1,1},
i=1
(@)%, € 7 with minsuppa} > d and (ind(x}))%, pairwise disjoint. We
may assume, replacing (zx)ken by an appropriate subsequence, that for every
g € G we have that the set {minsupp zx : |g(zx)| > %} belongs to Sz, the
second Schreier family. ’
It follows now from Proposition 6.2 of [ATI] that if z = ), parzy is
a (1/m3;,2j) special convex combination of (zx)ren and f is of the form
[ =1/ma; > cp fr where fi € K with fi(z) = 1 and ran(fy) = ran(z)
then (z, f) is the desired (12,24,1) exact pair. O

Definition 6.15. (dependent sequences and attracting sequences in
XFr)

(A) A double sequence (zy,x}){_, is said to be a (C,4j — 1,60) depen-
dent sequence (for C > 1, j € N, and 0 < 6 < 1) if there exists a
sequence (2j,)%_, of even integers such that the following conditions
are fulfilled:

(i) (z})¢_; is a S,,,_, special sequence with w(z}) = myj, for each

k.
ii) Each (x,z}) is a (C, 2%, 0) exact pair.
(i) Bach (z, ) s a (C, 2ji, 6) exact pai
(iii) Setting ¢ty = minsupp zx, we have that t1 > mgo; and {t1,...,tq}

is a maximal element of S,,, ;. (Observe, for later use, that
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Remark 3.18 of [ATT] yields that there exist (aj)¢_, such that
d
> akey, is a (—+—,4j — 1) basic special convex combination).
k=1 -1
(B) A double sequence (zx,z})¢_, is said to be a (C,4j — 3,0) attract-
ing sequence (for C > 1, j € N, and 0 < 6 < 1) if there exists a
sequence (ij)zzl of even integers such that the following conditions
are fulfilled:
(i) (2}){_; is a Sp,,_, attractor sequence with w(x},_;) = maj,, ,
and x3;, = ej, where Iy, € Agj,, for all k < d/2.
(11) T2k = €lgy, -
(iii) Setting t; = minsupp xy, we have that t1 > mg; and {t1,...,tq}
is a maximal element of S, ,. (Observe that Remark 3.18 of
d
[ATT1] yields that there exist (ag){_, such that Y axes, is a
k=1
(=2—,4j — 3) basic special convex combination).
15-3

(iv) Bach (zog—1,x3,_1) is a (C, 2jak—1,6) exact pair.

Proposition 6.16. The space Xz is reflexively saturated and Hereditarily
Indecomposable.

Proof. The proof that Xz is reflexively saturated is a consequence of the
fact that the identity operator I : Xz — JTx, is strictly singular and its
proof is identical to that of Proposition 2211

In order to show that the space Xz is Hereditarily Indecomposable we
consider a pair of block subspaces Y and Z and § > 0. We choose j such that
myj—1 > 122.

Using Proposition [6.14] we may choose a (12,45 —1,1) dependent sequence
(xk,x;;)d: mi for all k while 20,1 € Y if k

J—

is odd and zor_1 € Z if k is even. bFrom the observation in Definition

[G.I5(A)(iii) there exist (ax)¢_, such that Z arey, is a (
k=1

special convex combination (where t; = minsuppxy). A Varlant of Propo-
sition [LT7 (i) in terms of the space Xz (using Proposition 6.2 of [ATT])

) basic

d
yields that || Z (=D lagay| < —296— On the other hand the functional

f= P Z xy, belongs to the norming set D of the space X7/ and estimat-
k=1

ing f(z arxy) we get that || Z arxg| > m2
Settlng y= > agTi and z = Z arpxy we have that y € Y and 2 € Z

k odd ke
while from the above inequalities we get that ||y — ]| < d[ly + 2[|. Therefore
Xz is a Hereditarily Indecomposable space. (I

Proposition 6.17. The dual space X%, is the norm closed linear span of the

w* closure of F} i.e.

*

X% =span(F] ).
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Proof. Assume the contrary. Then using arguments similar to those of the
proof of Proposition we may choose a 2* € X%, with [2*| = 1, and
a block sequence (7x)ren in Xz with 2*(zx) > 1 and ||lzx|| < 2 such that
Tx — 0 in JTr,. Observe that the action of 2* ensures that every convex
combination of (zx)ken has norm greater than 1.

We may choose a convex block sequence (yi)ken of (xk)ken With |lyx|lz, <
5 where ¢ = 777%1 We select a block sequence (zx)ken of (yk)ken such that
each zj is a convex combination of (yx)reny and such that (zg)ren is (4,¢)
R.LS. This is possible if we consider each z; to be a (mL,zk) S.C.C. and
my,,,€ > maxsupp zi for an appropriate increasing seqflence of integers
(ir)ken. We then consider z = 3 agzy, an (g,4) S.C.C. of (z)ken. A variant
of Proposition 6.2(1a) of [ATI] yields that ||z| < i—i < 1. On the other
hand, since = is a convex combination of (zx)ren we get that ||z|| > 1, a

contradiction.

Definition 6.18. Let (2,)neny be a bounded block sequence in JTx, and
e > 0. We say that (2, )nen is e-separated if for every ¢ € UjenF)

#{n:plen)] = e} < 1.
In addition, we say that (x,)nen is separated if for every L € [N] and e > 0
there exists an M € [L] such that (x,)nenr is e-separated.

Lemma 6.19. Let (z,)nen be a weakly null separated sequence in JTx,.
Then for every € > 0, there exists an L € [N] such that for all y* € 7%,

#{neL: |y (z,) >} <2
The proof of the above lemma is similar to that of Lemma

Lemma 6.20. Let (21)ren be a block sequence in Xz, such that each zy is a

(mi_ ,2j%) special convex combination of a normalized block sequence, where
Ik

(Jk)ken is strictly increasing. Then the sequence (zx)ren is separated.

Proof. Given ¢ > 0 and L € |[N] we have to find an M € [L] such that
for every ¢ € |J F; we have that |¢(zx)| > ¢ for at most one k € M. For
JEN
simplicity in our notation we may assume, passing to a subsequence, that
—L_ < ¢ and max supp 2x—1 < ema;, for each k.
J1

m2
Now let ¢ € |J F;. Then ¢ takes the form ¢ = —'— > +e! with I €

JEN Mij-s et
Sy for some j. Let ko such that 2j, <45 —3 < 2jky41-
We have that [¢(z1)] < —— Y |ef(zk)] < =2 L4 supp(zx) < e for
iel

2 - -
Myj—3 Maj—3 Mg,

every k < ko. Also for k > ko we get that |¢(zx)| < —2— < e. Thus the

maj
subsequence we have selected is e-separated and this finishes the proof of the
lemma. ]

Remark 6.21. Let’s observe, for later use, that easy modifications of the
previous proof yield that for a sequence (zx)ren as above the sequence (2251 —
zok)keN 1s also separated.



THE ATTRACTORS METHOD AND HEREDITARILY JAMES TREE SPACES 59

Lemma 6.22. Let (2x)ren be a weakly null separated sequence in Xz:. Then
for every € > 0 there exists L € [N] such that for every ¢ € F., {minsupp zj :
kelL, |(J5(Zk)| > E} € 8s.

Proof. The proof is almost identical to the proof of Lemma 10.9 of [ATT].
For the sake of completeness we include the proof here.
Using Lemma we construct a sequence (Ly)gen of infinite subsets of
the natural numbers such that the following conditions hold
(i) minsuppa;, > 3.
(11) l, = min Ly, € Liy1 and Liy1 C Ly, for each k € N.
(iii) For each k € N if p;, = maxsupp ;, then for every segment s € T
we have that

. €
#{n € Ly : |s"(zn)| > p_k} <2.

We set L = {ly,l2,13,...} and we claim that the set L satisfies the required
condition.

d
Indeed, let ¢ = > ;87 € Fs where segments si,s2,...,8q4 are in 7% |
i=1
have pairwise disjoint sets of indices, d < mins; and ¢; € {—1,1} for each

i=1,2,...,d. We set
li, = min{n € L : suppx, Nsupp ¢ # (0}.
Observe that d < p;,. We set
F={neclL: |¢(xn)|>ce}

We have that F' C {l;y, lig+1, lig+2, - - -} thus F\{l;y} C Li,+1. Also (iii) yields
that for each ¢ = 1,2,...,d the set F; = {n € L;j;41: |s}(xn)| > i} has at

i0
most two elements.

‘We observe that

d
F\{li,} ¢ | F.

i=1

d
Indeed if n € L;41 and n ¢ |J F; then by our inductive construction
i=1

N d
[sf(xn)| < ° foreachi= 1,2,...,dthus | > ;8 ()| < d— and it follows
pi i=1 i

0 0
that |¢(x,)| < € therefore n & F.
We conclude that #(F \ {l;,}) < 2d. Also minsuppz,, > p;, > d for each
n € F\ {l;,} hence the set {minsuppx, : n € F'\ {l;,}} is the union of two
sets belonging to the first Schreier family &;. Since minsuppz;,, > 3 the set
{minsuppx, : n € F} is the union of three sets of S; and its minimum is
greater or equal to 3. It follows that

{minsuppz, : n € F} € Sy

which completes the proof of the Lemma. ([
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Lemma 6.23. For every block subspace Z of (X#). and and j > 1, ¢ >
0 there exists a (60,2j,1) exact pair (z,z*) such that dist(z*,Z) < ¢ and

2l < 22

Fr <

Proof. As in the proof of Theorem 8.3 of [AT1] we may select a block se-
quence (zx)ken and a sequence (fi)ren in D such that
(i) Each z; is a (ﬁ, 2jx) S.C.C. of a normalized block sequence and
Ik
the sequence (ji )i is strictly increasing.
(ii) fi(zk) > 3 and ran fj, = ran z.
(iii) dist(fe, Z) < 5.
We assume that the sequence (z)ren is weakly Cauchy. Then the sequence
(22k—1 — 22k )ken is weakly null while from Remark [6.21] this sequence is sep-
arated. From Lemma [6.22] for every € > 0 there exists L € [N] such that for
every ¢ € F., {minsupp(zar—1 — 22x) : k € L, |d(225—1 — 22k)| > €} € Sa.
The rest of the proof follows the argument of Theorem 8.3 of the Memoirs
monograph [ATT]. O

Proposition 6.24. Every infinite dimensional subspace of (X#/). has non-
separable second dual. In particular the space (Xz/). contains no reflexive
subspace.

Proof. Using Lemmal6.23]for every block subspace and every j we may select,

similarly to Lemma 6] a (60,45 — 3, 1) attracting sequence y = (z,2})%_,

with Y [|zax—1]l7; < —2— and > dist(z3,_;,Z) < ——. We recall at this
k : 43 k

maj—3"

point (see Definition [E.I5(B)(iii)) that there exists a sequence (aj)¢_, such
d
that > agey, is a (—2—,4j — 3) basic special convex combination (where
k=1 45—3
t;, = minsupp xy).
We set Fy = ——t— "3, and g, = —— > a%,. From the fact that
45—3 k k

2
myj—3

(z3)i_, is a S,,,_, special sequence we have that Hm; () + a5+ +
P
zy)|| <1 and since g, — Fy = m;fl (m;fl (zf + x5+ -+ + 7)) we get that

llgy — Fyll < =2 -. We also have that dist(Fy, Z) < !

ma2j— maj—3’

Similarly to Proposition 7.5 of [AT1] and to Proposition [LT7 of the present

d
paper, we may prove that || 3 (=1)Fapzi] < -3%—. Observe also that
k=1 45—3
d
g (> (=D *karrr) = —— > asgx > =—+—. From these inequalities it follows
k

P 2
Myj—3 3mi;_s

that there exists 1 < 8, < 900 such that g,(dy) = 1 and ||dy| < 900 where

d
dy = 30ym3;_5 > (—1)Fapay. It is also easily checked that [|dy|F < 29%-
k=1 4i—3

2
for ¢ < j while ||dy|lr, < 1000:3]"3 if i > j. Thus the vector d, witnesses
4i—3

that the functional g, is (D, j) exact.
Using arguments similar to those of Theorem 7] for a given block subspace
Z of (Xr1)« we construct a family (Xa)aep (D is the dyadic tree) of dependent
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sequences with properties analogous to (i),(ii), (iii) of Theorem F7] and such
that for every a € D the functional g,, is (D, j,) exact. It follows that for

every branch b of the dyadic tree the sum ) g,, converges in the w* topology
a€cb
to a survivor o special functional g, € ng* and there exists z, € Z** with

|26 — gb|l < 1755 Then, as in the proof of Theorem BT we obtain that Z** i
nonseparable. D

Proposition 6.25. The space (Xz/). is Hereditarily Indecomposable.

Proof. Let Y, Z be a pair of block subspaces of (Xr/).. For every j > 1,
using Lemma [6.23] we are able to construct a (60,45 — 1,1) dependent se-
quence (zi, 7}), 21" such that [|zx]|7 < Sodist(zd,_4,Y) < and
> dist(x3,, Z) < for each k. From the observation in Definition G.T5(A)(iii)

d
there exist (ay)¢_, such that > age, is a (%, 445 —1) basic special convex
k=1 5=

combination. As in Proposition [6.16 we get that || Z( D Hlagrg| < 230
4j—1

We set hy = —— > 2} and hy = E x5. The functional

777,4] 1

k even

d
hy +hz = ﬁ >~ xj belongs to the norming set D hence ||hy + hz|| < 1.
k=1

d
On the other hand the action of hy —hyz to the vector 3 (—1)**laya;, yields

k=1
that [|hy — hz|| > =55+,

From the above estimates and since dist(hy,Y) < 1 and dist(hz, Z) < 1 we
may choose fy € Y and fz € Z with ||fy — fz| > (5345 —2)||fy + /2| Since
this can be done for arbitrary large j we obtain that (Xz:). is Hereditarily

Indecomposable. (|

Proposition 6.26. The quotient space fff,/(%p)* is isomorphic to ¢o(T")
where the set I' coincides with the set of all survivor oz special sequences.

Proof. As follows from the quotient space X%, /(Xr:). is generated in

norm by the classes of the elements of the set ?;w . Since clearly

d
?g“’ = FU {Zsi@i : @, €71, 6, € {—1,1}, minsupp ®; > d,
i=1
(ind(®;))L, are pairwise disjoint}
we get that

X% =span({e; : n € NJU{®: @ is a survivor or special functional})

Thus X%, /(X7:)« = span{®+(Xr/). : ® is a survivor o special functional}
To prove that this space is isomorphic to ¢o(I") we shall show that for every
choice ()%, of pairwise different survivor o7 special functionals and every
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choice of signs (g;)¢_; we have that
d

L Z&'(@i—i-(fff;)*)u <1

<

d
We have that || 3 &;(®i + (X7, ). )| = hm I Z ;(Er®;)|| where for each k,

=1
E, ={k,k+1,...}. The right part of 1nequahty @@ follows directly, since

for all but finite k the functional Ek(z £;®;) belongs to I C Bz, .
i=1 s
For each i = 1,...,d let ®; = > ¢! with (¢});en a survivor oz special
=1
sequence and and let (z}) be a sequence witnessing this fact (see Remark
9 (iii)). We choose ko such that (ind(Ex,®;))% ; are pairwise disjoint and

d
min( |J ind(Ey, ®;)) = 7o with ma,,—1 > 101°.
i=1
Let k > ko. We choose t such that ran(¢}) C Ej and let ind(¢}) = lo. We

get that2|cl> (xt)|< E 1000 > M

o m
r=rg | 4r—3 r=lg+1 4r—3

< 5. We thus get that

1 1 1
1B 20)]| > —— (@1 ( o,  (l—=2)=—.
1 ZE ) = 1555 (%) Z' @)D > 1550 ~ 2) = 3000

The proof of the proposition is complete. O

Theorem 6.27. There exists a Banach space Xz, satisfying the following
properties:

(i) The space X is an asymptotic £; space with a boundedly complete
Schauder basis (e,)nen and is Hereditarily Indecomposable and re-
flexively saturated.

(ii) The predual space (Xr/). = span{e; : n € N} is Hereditarily In-
decomposable and each infinite dimensional subspace of (X7,)« has
nonseparable second dual. In particular the space (Xz/). contains no
reflexive subspace.

(ili) The dual space X%, is nonseparable, Hereditarily Indecomposable and
contains no reflexive subspace.

(iv) Every bounded linear operator 7' : X — X where X = (X/). or
X=Xrp orX= f{}-, takes the form T'= AI + W with W a weakly
compact operator. In particular each T' : X% F = X3 F is of the form
T=Q"+ K with Q: Xz, - Xz and K a compact operator, hence
T = M + R with R an operator with separable range.

Proof. As we have observed the Schauder basis (e,)nen of X is boundedly
complete and Xz is asymptotic £1. In Proposition [6.16] we have shown that
X7 is reflexively saturated and Hereditarily Indecomposable. The facts that
(x ]-‘;)* is Hereditarily Indecomposable and that every subspace of it has non-
separable second dual have been shown in Proposition and Proposition
0.25)
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From the facts that the quotient space X%, /(Xz:)« is isomorphic to co(T')
and (Xz; ). is Hereditarily Indecomposable and taking into account that X/,
being a Hereditarily Indecomposable space, contains no isomorphic copy of ¢,
we get that the dual space f{}-/ is also Hereditarily Indecomposable (Corol-
lary 1.5 of [ATT]). Since f{}-/ is Hereditarily Indecomposable and contains a
subspace (which is (Xz/)« with no reflexive subspace we conclude that X ¥
also does not have any reflexive subspace.

Using similar arguments to those of the proof of Theorems 2.15] and
Corollary 10l we may prove that every bounded linear operator 7' : (Xz/). —
(X#:)« and every bounded linear operator 7' : Xz — Xz takes the form
T =X + W with W a strictly singular and weakly compact operator. Since
X7, contains no isomorphic copy of /1 and X%, 7 is isomorphic to Xz, @ £1(I" )
Proposition 1.7 of [AT1] yields that every bounded linear operator T : X F =
f{f, is of the form T = Q* + K with Q : Xz — Xz and K a compact
operator. From the form of the operators of Xz we have mentioned before
we conclude that T takes the form T = M + R with R a weakly compact
operator and hence of separable range. ([

Remark 6.28. It is worth mentioning that the key ingredient to obtain
X%, /(X5;)« isomorphic to co(I') which actually yields the HI property of
X7, is that in the ground set F; we connect the o7 special functionals using
the Schreier operation. This forces us to work with the saturation families
(Sn;, mi])] instead of (A, m—) The reason for this is that working with F

built on (F}); with F; = { Z +e; : #(I) < M=%} the extension with

attractors of this ground set fs’ based on (Ap;, mi])J is not strongly strictly
singular.

However there exists an alternative way of connecting the oz special func-
tionals lying between the Schreier operation and the f5 sums. This yields
the James Tree space JT'r, , defined and studied in Appendix B. It is easy
to check that the corresponding HI extension with attractors %Té,s of JT].-é’s

is a strictly singular one either we work on in the frame of (A,;, mi)] or
J

of (Sn,,=);. It is open whether the corresponding space %*, . contains o

mnjo
J’ITLJ

or not. If it does not contain /5 then X% 7. will be also a nonseparable HI

space not containing any reflexive subspace Wlth the additional property that
*

]_-éYS/(%]-‘éYS)* is isomorphic to £2(I").

7. A HJT SPACE WITH UNCONDITIONALLY AND REFLEXIVELY SATURATED
DUAL

This section concerns the definition of the space X% namely a separable
space with a boundedly complete basis which is reflexive and unconditionally
saturated and its predual (%}Z)* is HJT space hence it does not contain any
reflexive subspace. This construction starts with the ground set F» used in
Section 4. In the extensions we use only attractors for which we eliminate a
sufficient part of their conditional structure. The proof of the property that
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X% is unconditionally saturated follows the arguments of [AM],[AT2] while
the HJT property of (X' ). results from the remaining part of the conditional
structure of the attractors. We additionally show that (X%)). is HI.

Let Q be the set of all finitely supported scalar sequences with rational
coordinates, of maximum modulus 1 and nonempty support. We set

QS = {(xlufla"'axnufn): :Eiufie(@ui:lw"?n
ran(x;) Uran(f;) < ran(z;41) Uran(fiz1), i =1,...,n—1}.
For ¢ = (z1, f1,...,@n, fn) € Qs and I < n we denote by ¢; the sequence
(1, f1,-..,21, f1). We consider an injective coding function o : Qs — {2j :
j € N} such that for every ¢ = (1, f1,...,2Zn, fn) € Qs
U(xlvfla"'vxnflafnfl) < U(fEl,fl,...,iEn,fn)

and max{ran(z,) Uran(f,)} < mé(@'

The norming set D"* of the space X% will be defined as D** = |J D, after
n=0
defining inductively two sequences (K )22, (Dy)52 of subsets of ¢oo(N) with
D,, = convg(K,).
Let F5 be the set defined in the beginning of the third section. We set

Ko=F, and Dy = convg(K)y).

Assume that K,,_; and D,_1 have been defined. Then for each j € N we set

d
. . 1
K% :K,iﬂ_lu{m—?Zfi: fr<--<fa, fi € Dna, d <maj}.
J =1

For fixed j € N we consider the collection of all sequences ¢ = (x;, f;)iey™*
satisfying the following conditions:
(i) 1 = e, and f1 = el for some l; € Agj;, where j; is an integer with
1/2
Moy > Mgj-3.
(11) For 1 S 7 S n4j,3/2, f2i S Kz(jbfiil) and ||$21||K < __ 18

LT Me(egy 1)
(iii) For 1 < i < ngj—3/2, T2i41 = e, and foip1 = G for some
l2i+1 € No(gs)-
For every ¢ satisfying (i),(ii) and (iii) we define the set
r1 M
45— : .
K, 3 {m4j—3E( Z (Agg, faim1 + f2;)) = E is an interval of N,
i=1

féz € Kg(j)lﬂil)’ )\lei = féi(m0(¢2i71)x2i)’
(I2i717f2i71;I2i7f§i)?:4]fs/2 € Qs}.
We define

KL=3 = U{Kﬁf;B . ¢ satisfies conditions (i), (ii), (i)} U K77
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and we set

K, = J(KYZ UKY™®) and D, = convg(K,).

J

We finally set
K*=|JK, and D“=|]JD,
n=0 n=0

The space X% is the completion of the space (cqo, || || pus) Where

el pue = sup{ () : f € D"}
Using the same arguments as those in Proposition Il we get the following.

Lemma 7.1. The identity operator I : X% — J1%, is strongly strictly
singular (Definition 21).

Definition 7.2. The sequence

¢ = (:Eluf17x27f27x37f37x47f47' "7xn4j,37fn4j73) S QS

is said to be a n4;_3 attracting sequence provided that

(i) 1 = e, and f1 = e;, for some l; € Agj, where j; is an integer with

1/2
Moy, > Mgj-3.

(11) For 1 S ) S n4j_3/2, (mg(¢2i71)$2i,fgi) is a (18,0’((;521'_1),1) exact
77,4]'73/2

pair (Definition [C3) while > ||z2i| 7, < —
i=1

naj—3 "

1=
(iii) For 1 < i < ngj—3/2, T2it1 = €, and foip1 = G for some
12i+1 6 A(T(d)gl)
We consider the vectors dg in X%, and g4, Fyy in (X))« as they are defined
in Definition @4l Let also notice, for later use, that the analogue of Lemma

remains valid.

Lemma 7.3. For every block subspace Z of the predual space (X% ). and
every j € N there exists a ng;_3 attracting sequence

n4j,3/2
(b:(x17f17$27f27"'7xn4j,3ufn4j73) with Z dlSt(fQHZ)<E‘2:_3
1=1 =

Proof. Since the identity I : X% — JT', is strongly strictly singular (T,
we may construct, using the analogue of Lemma .10/ in terms of X%, the
desired attracting sequence.

n4j,3/2

Lemma 7.4. Let x = (vor, 23;),~; °'~ bea (18,45 —3,1) attracting sequence
n4j,3/2
such that > |lwok—1llz < mﬁlv - Then for every branch b such that
k=1 =

j & ind(b) we have that |b*(dy )| < =2

maj—3’
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Proof. Let b = (f1, f2, f3,...) be a branch (i.e. (f;)ien is a oF special se-

2 n4j—3
quence). We recall that d, = % kgl (—1)kzy and we set
m2.7 n4j,3/2 ’ITL2-7 n4]‘*3/2
dy = —ﬁ kzz:l Top—1 and dy = ﬁ kzz:l Tok -
77,4]'73/2
Our assumption > ||zox—1]|7, < —=— yields that
k=1 153
(15)
2 ngj_3/2 2 naj—3/2
Myj—3 Myj—3 1
b (dr)] < —2= > Ppram-1)| < —— > |zakallm < ——.
naj-3 naj-3 n4j—3

We decompose b* as b* = z* + y* with ind(z*) C {1,...,5 — 1} and
ind(y*) c {j + 1,5+ 2,...}. We recall that an f € F with inf(f) = [ is of
the form f = —— 3 +e] with supp(f) < ny—3/2. Thus supp(z*) <
72 iesupp(f)

Bl I8 4. 4 T <nyjy. Hence

2

(16) 2" (da)] < =2y, <
T45-3 mMyj;—3
On the other hand we have that ||y*||c < m;ﬂ , therefore
2
From ([I5)),(I6) and (I7) we obtain that [b*(d,)| < —>—. O

myj—3
Proposition 7.5. The space (X%)). is Hereditarily Indecomposable.
Proof. Let Z;, Z> be a pair of block subspaces in (X% ). and let 0 < ¢ < 1.

We may inductively construct, using Lemma [[.3] a sequence (x;)ren such
that the following conditions are satisfied.

(i) Each x, = (af, (25)*),2;* is a (18,4j, — 3,1) attracting sequence

2y ~1
with kzl leh 1|l 7 < m?”.l ~ and additionally

dist(Fy,, Z1) < ——— if 7 is odd, while dist(F},, Za) < —2 — if ris

m2j,.—1 ma;
even.

(ii) (dy, )ren is a block sequence.
(ili) For r > 1, jr = 07 (gyas - - Gxr1)-

Claim. The sequence (dy,, , — dy,, )ren is a weakly null sequence in Xz, .
Proof of the claim. From the analogue of Proposition [L.19 the space X7,

is the closed linear span of the pointwise closure 72" of the set Fy. From
the observation after Theorem B.7 we have that
i

oo o0
5 = FyU {Z a;x; Zaf <1, (z}), are o special functionals
i=1 i=1

with (ind(z})){, pairwise disjoint minsuppa} > d}.
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Thus it is enough to show that b*(dy,, , — dy,,.) — 0 for every branch b.
Let b be an arbitrary branch. If b = (gy,, gyss Gxs: Gxa> - - -) from we obtain
that g(dX%'—l - dX27‘) = gX27‘71(dX27'71) — 9xor (dX27‘) = % - % =0 for every T.
If b # (Gx1» 9xa» Gxss> Gxas - - -) the injectivity of the coding function ox yields
that there exist rg € N such that j, & ind(b*) for all » > 2ry. Hence, for
r > 1o, Lemma [74] yields that [b(dy,, , — dy,, )| < [b(dy,,_, )| + [b(dy,, )| <

3 3 4 * r—o00
TP Ty v yr—— and therefore b*(dy,,_, — dy,,) — 0.
The proof of the claim is complete. O

It follows from the claim that there exists a convex combination of the

sequence (dy,, , —dy,, )ren with norm less than : let (a,)9_; be nonnegative

d
reals with > a, = 1 such that || E ar(dysy_y — dys, )| < 3§
r=1 r=1

d
We set g = Z 9y A ¢ = > (Gyar_1 — Gxar ). Since g € Fy we have that
r=1

llg]l < 1. On the other hand

T
=1
lg'll > -
H Z:la (dX27' 1 der)H
d d .
Z (gXQTfl - gXQT)(dXQTfl - dXQT) Zl aT(E + 5) 3
> r=1 = = = <.
3 s
5 3 g
For each r < 2d with r odd we select 2} € Z; such that ||z} — F; B | < mm—
P
while for r even we select 2 € Z such that ||z} — F || < — . We set

P o= Zzgr,l(e 7)) and Fp = Zzgr(e Z).

From our choice of 2z and the analogue of Lemma we get that
(18)
2d 2d

2d
1 1
Y lze =gl <Yz =Pl +1Fw =g ) <Y (——+—) < 1.
r=1 r=1

r—1 M4j,.—3 M4j,. -3
From (I8)) we obtain that ||(Fy + F2) —g|| < 1 and |[(Fy — F2) — ¢'|| < 1.
Thus, the facts that [|g| < 1 and ||¢/|| > 2 yield that ||[F} + F|| < 2 and

|Fi — Fa|| > 2 — 1> 2, therefore ||Fy + F3|| < §||Fy + F2||. The proof of the
proposition is complete. (I

Proposition 7.6. The space (X% ). is HJT. In particular the space (X% )«
contains no reflexive subspace and every infinite dimensional subspace Z of
(X% )« has nonseparable second dual Z**.

Proof. The proof is identical to that of Theorem (4.7 O

Theorem 7.7. The space X% has the following properties
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(i) Every subspace Y of X% contains a further subspace Z which is
reflexive and has an unconditional basis.

(ii) The predual (X' ). of the space X% is Hereditarily Indecomposable
and has no reflexive subspace.

Proof. First, the identity operator I : X%, — JTr,, being strongly strictly
singular, is strictly singular (Proposition 2:3). Therefore the space 7 18
reflexively saturated. Let Z be an arbitrary block subspace of the space X% .
From the fact that I : X% — JT, is strictly singular we may choose a block

o0
sequence (z)ken In Z with [|zx]] = 1 and Y. |lzkllz < We may prove
k=1

1
16
that (zx)ken is an unconditional basic sequence following the procedure used
in the proof of Proposition 3.6 of [AT2].

The facts that the space (X% )« is Hereditarily Indecomposable and has no
reflexive subspace have been proved in Propositions and O

Defining the norming set of the present section using F; (instead of F3)
in the first inductive step (namely in the definition of Kj) and using the
saturation methods (S, mi])] (instead of (A, mLJ)J) we produce a Banach
space X% which is unconditionally saturated while its predual and its dual
share similar properties with the space Xz, of Section[6l Namely we have the

following.

Theorem 7.8. There exists a Banach space X% with the properties:

(i) The predual (X% ). of X% is HI and every infinite dimensional sub-
space of (X% ). has nonseparable second dual. In particular (X% )«
contains no reflexive subspace.

(ii) The space X% is unconditionally and reflexively saturated.

(iii) The dual space (X%’ )* is nonseparable HI and contains no reflexive

subspace.

APPENDIX A. THE AUXILIARY SPACE AND THE BASIC INEQUALITY

The basic inequality is the main tool in providing upper bounds for the
action of functionals on certain vectors of Xs. It has appeared in several
variants in previous works like [AT1], [ALT], [ArTo]. In this section we present
another variant which mainly concerns the case of strongly strictly singular
extensions and in particular we provide the proof of Proposition [[.7] stated
in Section 1. The proof of the present variant follows the same lines as the
previous ones.

Definition A.1. The tree T; of a functional f € W. Let f € D. By a
tree of f (or tree corresponding to the analysis of f) we mean a finite family
Ty = (fa)aca indexed by a finite tree A with a unique root 0 € A such that
the following conditions are satisfied:

1. fo=fand f, € D for all a € A.

2. An a € A is maximal if and only if f, € G.

3. For every a € A which is not maximal, denoting by S, the set of the

immediate successors of a, exactly one of the following holds:
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(a) Sq = {B1,..., B4} with fg, < --- < fs, and there exists j € N
d

such that d < n; and f, = mi > fs, (recall that in this case we
J i—1

say that f, is of type I).
(b) Sq ={Bi,...,B4} and there exists a family of positive rationals

d d
{rg, - i =1,...,d} with > rg, = 1 such that f, = > g, f3.
i=1 =1
Moreover for all ¢ = 1,...,d, ran fg, C ran f,. (recall that in

this case we say that f, is of type II).
It is obvious that every f € D has a tree which is not necessarily unique.

Definition A.2. (The auxiliary space T),) Let jo > 1 be fixed. We set
Cjo ={ 22 %ei :+ #(F) <njo1}.

i€l
The auxiliary space T}, is the completion of (coo(N) , || [|p,,) where the

norming set Dj, is defined to be the minimal subset of ¢yo(N) which (i) Con-
tains Cj,. (ii) It is closed under (As,,, ) operations for all j € N. (iii) It is
rationally convex. ’

Observe that the Schauder basis (e, )nen of T}, is 1-unconditional.

Remark A.3. Let Dj be the minimal subset of coo(N) which (i) Contains
Cjo- (ii) Is closed under (Asy,,, -—) operations for all j € N. We notice that
each f € D’ has a tree (fu)aca in which for a € A which is not maximal, f is
the result of an (Asy,, -—) operation (for some j) of the functionals (f3)ses, -

It can be shown that JD;O is also a norming set for the space T, and that
for every j € N we have that convo{f € Dj, : w(f) = m;} = convo{f € Dj :

w(f) = m;}. For proofs of similar results in a different context we refer to
[ATT] (Lemma 3.5).

Lemma A.4. Let jo € N and f € D;O. Then for every family k1 < ko <
< k"jo we have that

1 o L7 if =m, i .
(19) |f(n_ Zekl” < {z.mm w(f) < Jo

Jo =1 if w(f)=ms, i> jo

m;

Mo
In particular ||ﬁ 1221 ek |lp;, < o

If we additionall)_z assume that the functional f admits a tree (fy)ae.4 such
that w(fo) # my, for every a € A, then we have that

1 & —2 . ifw(f)=m,i<jo 1
(20) [F(==Der)| < 4 ™Mo . S =
Mo =1 my’ if ’U}(f) =My, 1 >.70 mjo

Proof. We first prove the following claim.
Claim. Let h € D . Then
(©) #{k+ |hler)] > 7=} < (5njo—r)'oe2lmao).
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ii) If the functional h has a tree (hg)aca With w(h, m,, for each
Jo
a € A then
#{k : |h(6k)| > Elf} < (5nj0_1)210g2(mj0)'
J0

Proof of the claim. We shall prove only part (i) of the claim, as the proof

of (ii) is similar. Let (hq)aeca be a tree of h and let n be its height (i.e. the

length of its maximal branch). We may assume that |h(ex)| > —— for all k €
Jo

supp h. Let h = hg, h1,...,h, be a maximal branch (then h,, € Cj,) and let

k € supp hy,. Then mLJO < |h(ex)| = ll:lo (1}”) < 5=, hence n < logy(mj,) — 1.

On the other hand, since |h(ex)| > —— for all k& € supp h, each h, with a

non maximal is a result of an (Asp; , —- ) operat1on for j < jo—1. An inductive
J

argument yields that for ¢ < n the cardinality of the set {h, : |a| = i}
is less or equal to (5nj,—1)". The facts that n < logy(m;,) — 1 and that
each element of g € Cj, has #(supp(g)) < nj,—1 vield that #(supp(h)) <
Mo -1 (5njy—1)'82(M0) =1 < (5, _p)'82(ma0).

The proof of the claim is complete. O

We pass to the proof of the lemma. The case w(f) = m;, ¢ > jo is
d
straightforward. Let f € Dj with w(f) = m;, i < j. Then f = LS5

t=1
where f1 < - < fg belong to D and d < n;.

Fort =1,...,d we set H, = {k: |fi(er)| > #} Part (i) of the claim
Jo

d

yields that #(H;) < (5nj,—1)'°%2(™0). Thus, setting H = |J Hy, we get that
t=1

#(H) < d(5nj0,1)1°g2(m10) < (571j0,1)10g2(mj0)+1. Therefore

Tjo 1 d o
LSl = 20w Soe)
Mo =1 o t=1 jo =1
1 d L)
+E(’(th o) (— Zekz )
tog=1 Mo 121
1 1 1 2
< —#(H )—+——< :
UM mi mj, m;mnij,
The second part is proved similarly by using part (ii) of the claim. (Il

Proposition A.5. (The basic inequality) Let (rx)ren be a (C,e) R.ILS.
in X and jo > 1 such that for every g € G the set {k : |g(zr)| > €}
has cardinality at most nj,—1. Let (Ax)wen € coo be a sequence of scalars.
Then for every f € D of type I we can find g1, such that either g1 = hy or
g1 = e; + hy with ¢ ¢ supp hy where hy € convg{h € D} : w(h) = w(f)}
and gz € ¢oo(N) with ||gz2]|ec < € with g1, g2 having nonnegative coordinates
and such that

(21) FQ- ki)l < Clor + g2) (D [Melen).
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If we additionally assume that for every h € D with w(h) = m;, and every
interval E of the natural numbers we have that
22 h M) < C(max |Ag| + € AL
(22 (3 M) < Clpas ul = 3 D)
then, if w(f) # mj,, h1 may be selected satisfying additionally the following
property: hy = Zrlﬁl with 7, € Q%, Y. r; = 1 and for each [ the functional
h; belongs to D’ with w(h;) = w(f) and admits a tree T;, = (fY)aec, with
w(fl) #my, for all a € C;.

Proof. The proof in the general case (where (22) is not assumed) and in the
special case (where we assume (22)) is actually the same. We shall give the
proof only in the special case. The proof in the general case arises by omitting
any reference to distinguishing cases whether a functional has weight m;, or
not and treating the functionals with w(f) = mj, as for any other j.

We fix a tree T = (fa)aca of f. Before passing to the proof we adopt
some useful notation and state two lemmas. Their proofs can be found in
[ATT] (Lemmas 4.4 and 4.5).

Definition A.6. For each k € N we define the set A, as follows:
A = {a € A such that f, is not of type IT and

(i) ran f, Nranxy # 0

(19) Vv < aif f, is of type I then w(f,) # mj,
(t1i) VB <a if B €S, and f, is of type I
then ran fg Nranz, =ran f, Nranxy

(tv) if w(fa) # m;j, then for all 3 € S,

ran fg Nranzy ; ran f, N ranxk}

The next lemma describes the properties of the set Ay.

Lemma A.7. For every k € N we have the following:
(i) If a € A and f, is of type IT then a ¢ Ay.

(Hence Ay, C {a € A: f,is of type I or f, € G}.)

(ii) If a € Ag, then for every 8 < a if fg is of type I then w(fgz) # mj,.

(ili) If Ay is not a singleton then its members are incomparable members
of the tree A. Moreover if aq,as are two different elements of Ay
and (3 is the (necessarily uniquely determined) maximal element of A
satisfying 8 < a; and [ < az then fg is of type I1.

(iv) If @ € Ais such that supp f,Nranzy # @ and v € Ay for all v < a then
there exists 3 € Ay with a < . In particular if supp f Nranxzy # ()
then Ay # (0.

Definition A.8. For every a € A we define Dy = s, {k: 8 € Ax}.

Lemma A.9. According to the notation above we have the following:
(i) If supp f Nranzy, # 0 then k € Dy (recall that 0 denotes the unique
root of A and f = fo). Hence f(3_ Axxr) = f(Q rep, MeTk)-
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(ii) If fq is of type I with w(f,) = m;, then D, is an interval of N.
(ili) If f, is of type I with w(f,) # m;, then

{k}: ke Do\ |J Ds pU{Ds: B€Sa}
BES,

is a family of successive subsets of N. Moreover for every k € D, \
Uﬁesa Dg (i.e. for k such that a € Ay) such that supp f, Nranxy # 0
there exists a § € S, such that either minsupp z; < maxsupp fg <
max supp j or minsupp rx < minsupp fg < maxsupp Tx.

(iv) If f, is of type I1, B € S, and k € D, \ Dg then supp fg Nranzy = ()
and hence fg(xy) = 0.

Recall that we have fixed a tree (f,)aca for the given f. We construct two
families (g!)aea and (g2)aea such that the following conditions are fulfilled.
(i) For every a € A such that f, is not of type I, g} = hq or g} = ex, +ha
with ¢, & suppha, where h, € convg(Dj)) and g2 € coo(N) with
92l <.
(ii) For every a € A, suppg: C D, and supp g2 C D, and the functionals
gk, g2 have nonnegative coordinates.
(iii) For a € A with f, € G and D, # () we have that gl € C},.
(iv) For f, of type II with f =37, ¢ r3fs (where rg € QT for every
B € Sq and Y 5.5 15 = 1) we have 9o = Ypes, 895 and g2 =
2 pes, T095
(v) For f, of type I with w(f) = m,, we have g} = e} where ko € D, is
such that A, | = maxpep, M| and g2 = >, eej.
(vi) For f, of type I with w(f) = m; for j # jo we have g} = h, or g} =
ex, T ha with h, € convg{h € D : w(h) =m;} and k, & supp h.
(vii) For every a € A the following inequality holds:

[fa( D Mean)l < Clga +92)( Y kler)-

k€D, k€D,

When the construction of (g}),e4 and (g2)a,ec4 has been accomplished, we set
g1 = g4 and go = g3 (where 0 is the root of A and f = fy) and we observe
that these are the desired functionals. To show that such (g})se4 and (g2)aca
exist we use finite induction starting with a € A which are maximal and in
the general inductive step we assume that gé, g% have been defined for all
[ > a satisfying the inductive assumptions and we define g} and g2.

1 2 inductive step
Let a € A which is maximal. Then f, € G. If D, = () we define g} = 0 and
g2=0.If D, # ) we set

E,={keD,: |fo(z)| >} and F, =D, \ E,.
From our assumption we have that #(E,) < nj,—1 and we define

gl = Z e; and g2 = Z gey,.

kEE, kEF,
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We observe that gl € Cj, and ||g2]|c < €. Inequality (vii) is easily checked
(see Proposition 4.3 of [AT1]).

General inductive step
Let a € A and suppose that g,ly and g?y have been defined for every v > a
satisfying the inductive assumptions. If D, = () we set g} = 0 and g2 = 0. In
the remainder of the proof we assume that D, # (). We consider the following
three cases:

12 case The functional fa is of type I1.
Let fo = > 4cg, rofs where rg € QF are such that 3 5. 75 = 1. In this
case, we have that D, = (Jzcg, Dp. We define

gs =Y rpgh and g2 = > ragh.
BESa BESa
For the proof of inequality (vii) see Proposition 4.3 of [ATI].

2™ case The functional fa is of type I with w(f) = m;,.
In this case D, is an interval of the natural numbers (Lemma [A9(ii)). Let
kq € Dy be such that |\, | = maxgep, |Ak|- We define

go =¢€; and g2 = Z eej,.
keD,
Inequality (vii) is easily established.

3¢ case The functional fa is of type I with w(f) = m; for j # jo.
Then f, = % >_ses, /s and the family {fs : 3 € S.} is a family of successive
functionals with #(S,) < n;. We set

E, = {k: ae Ay and supp f, Nranzy # 0}
(={k € Dy\ U Dg : supp f, Nranzy, # 0}).
BESa

We consider the following partition of E,.

E?2={k€ E,: mj,, <m;} and E!=E,\ E-.

We define
ga= D cei+ Y g
kGEg BES,

Observe that ||g2|| , <e. Let B} = {k1 < k2 < --- < k;}. From the definition
of E) we get that m; <myj, <--- < mg,, . We set

1
1
ko, =k and g =e} 4 h, where haz—(g e + E 95)
o my Ok
i= BES,

(The term ej, does not appear if E, = 0).)
For the verification of inequality (vii) see Proposition 4.3 of [ATT].

It remains to show that h, € convg{h € Dj : w(h) = m;} By the
second part of Lemma [A9(iii), for every k € E, there exists an element of
the set N = {minsupp f3, maxsupp fz: [ € S,} belonging to ranxzy. Hence
#(E;) < #(Eq) < 2n;.
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We next show that h, € convg{g € D : w(g) =m;}. We first examine
the case that for every 8 € S, the functional f3 is not of type I1. Then for
every (3 € S, one of the following holds:

(i) fs € G. In this case gj € Cj, (by the first inductive step).

(ii) fg is of type I with w(fg) = my,. In this case gy = e, € Dj,.

(ili) fs is of type I with w(fg) = m; for j # jo. In this case gé =ep, thg
(or g5 = hp) where hs € convg(D},) and ks ¢ supphs . We set
Ey={neN: n<kg}, B ={neN: n>kg}and hjy = Ejhg,
h%, = E?,hg. The functionals h;},, ejﬁ, h%, are successive and belong to
Dj, = convg (D), ).

We set
T: = {B€S,: fs€G}
T? = {BeS,: fa of type I and w(fg) =m,,}
T3 = {B€S.: fsof type I and w(fz) # my,}.

The family of successive (see Lemma [A9(iii)) functionals of D,

{ex, : i:2,...,l}U{g},: 6€T;}U{g[1,: peT?u
U{hj : ﬂETaB}U{eZB: BeTYu{hg: BT}

has cardinality < 5n;, thus we get that h, € Dj, with w(hg) = m;. Therefore
from Remark we get that

hq € convof{h € D}, : w(h) =m;}.

For the case that for some 3 € S, the functional fz is of type II see [ATT]
Proposition 4.3. O

Proof of Proposition [I.7l The proof is an application of the basic inequal-
ity (Proposition [A5) and Lemma [A4l Indeed, let f € D with w(f) = m,.
Proposition [A.f yields the existence of a functional hy with hy € convg{h €
D% v w(h) =m;}, at € Nand ahy € coo(N) with [|hals < ¢, such that

o o
1
|f(— ZI}CN S C’(ezF + hl + hz)(— Zek)
L R—t Mo 33
S 1 1,1 c ., c
If i > jo we get that |f(m oo )| 1§ C(%—l-m—i—i-s) <1m+?+0<€. If
i < jo, using Lemmal[A 4 we get that |f(m el )| < C(m—i—m—i—s) <
3C
mimyg ©
In order to prove 2) let (by),’°, be scalars with |by| < 1 such that (2)
is satisfied. Then condition (22) of the basic inequality is satisfied for the
linear combination % S0 by and thus for every f € D with w(f) = m;,

1 # jo, there exist a t € N and hq, ha € coo(N) with A1, he having nonnegative
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coordinates and ||hza]|c < € such that

Tjo 1 o
Zbkfck < Cle; +m +h2)(—_2|bk|ek)
Jo k=1 nJo k=1
LUF)
< C(er-l—hl-i-hg)(—zek)
Mo =1

with h; being a rational convex combination hy = > rlﬁl and for each [ the
functional h; belongs to D’ with w(h;) = m; and has a tree T, = (facc
with w(fl) # my, for all a € C;. Using the second part of Lemma [A4] we
deduce that

& 1 4C
Zbkxk|<C(—+ oy +e) < —.
Mo k=1 Mo ij
For f € D with w(f) = m;, it follows from condition (2) that
[ G Sk e < 55 (14 25mmyo) < S O
9] 9]

APPENDIX B. THE JAMES TREE SPACES JT¥%, ,, JTr, AND JTF,

In this part we continue the study of the James Tree spaces initialized in
Section 3. We give a slightly different definition of JTG sequences and then
we define the space J1'z, exactly as in section 3. We also define the spaces
JTx,, JTF,,. We prove that JT'x, is £y saturated while JTr,, JT'r,  are
co saturated. We also give an example of JT'r,, defined for a precise family
(F}); such that the basis (e)nen of the space is normalized weakly null and
for every subsequence (e, )nen, M € [N] the space Xy, = Span{e, : n € M}
has nonseparable dual. As we have mentioned before the study of the James
Tree spaces does not require techniques related to HI constructions.

Definition B.1. (JTG families) A sequence (F})32, of subsets of coo(N)
is said to be a James Tree Generating family (JTG family) provided that it
satisfies the following conditions:

(A) Fy = {+xe} : n € N} and each Fj is nonempty, countable, symmetric,
compact in the topology of pointwise convergence and closed under
restrictions to intervals of N.

(B) Setting 7; = sup{||fllo : f € Fj}, the sequence (7;);en is strictly
decreasing and > 7; < 1.

j=1

(C) For every block sequence (zx)ren of coo(N), every j =0,1,2,... and

every 0 > 0 there exists a vector = € span{zy : k € N} such that

§ - sup{f(x erF}>sup{f(> fe R}

1=0

We set F'= |J F}j. The set F defines a norm || ||r on coo(N) by the rule

Jj=0

zllp = sup{f(z) : fe€F}.
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The space Yr is the completion of the space (coo(N), || || F)-

Examples B.2. We provide some examples of JTG families.

(i) The first example is what we call the Maurey-Rosenthal JTG family,

(i)

related to the first construction of a normalized weakly null sequence
with no unconditional subsequence ([MR]). In particular the norming

o0
set for their example is the set ' = J Fj together with the o special
§=0
functionals resulting from the family F'. We proceed defining the sets
(F))5%0-
Let (kj)jen be a strictly increasing sequence of integers such that

= . VEn VE;
mln{ —, _} <1.

We set Fy = {£e} : n € N} while for j =1,2,... we set

F, = {ﬁ(;ief) L 0# F CN, #(F) < k;} u{o}.

The above conditions (1) and (2) for the sequence (k;) en easily yield
that (F})72, is a JTG family.
The second example is the family introduced in Section dl For com-
pleteness we recall its definition. Let (m;),en and (n;),en defined as
follows:
e m; =2and mj = m?.
e ny =4, and nj1 = (5n;)* where s; = logym?, ;.
We set Fy = {£e) : n € N} and for j =1,2,... we set

Fy = (o Yo kel s #(0) < 50 o),

2
m
2j-1 jer

We shall show that the sequence (F)52, is a JTG family. Con-
ditions (A), (B) of Definition [B] are obviously satisfied. Suppose
that condition (C) fails. Then for some j € N, there exists a block
sequence (2 )ken in coo(N) with ||zgx|lFp = 1 and a 6 > 0 such that
O Y arzrllr < || Y- arwr||F, for every sequence of scalars (ax)ren €

2
coo(N) . We observe that ||zglleco > % for all k. Indeed, if
n2j—1

26m2. « .
lzklloo < ﬁ then for every f € Fj, f = mgi,l iezzlie“ with
#(I) < =% we would have that |f(zx)] < —— > lef(ax)| <

Pt el

2
1 n2j—1 26m2j—1

= ¢ which yields that ||z ||, < J, a contradiction.

m§j71 2 n2j 1
Hence for each k we may select a t; € suppxy such that [ef ()| >

26m2,_ . - . . .
ﬁ. Since the sequence (:122 L);en increases to infinity we may
J— 2i—1
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choose a j' € N such that 52% > (23=L)2. We consider the vec-

25/ —1 Maj—1
Nojr—1/2 Nojr—1/2
tory = >, . We have that §|ly||r > 6— > lef (k)] >
k=1 21 k=1
Mo _q 20m2.
5m§j1/71 2J2’ 1 nzjzjll mé,ln%_l' On the other hand ||y||FJ <
1 n2j—1

—— 5 , a contradiction.
my; 1

(iii) Another example of a JTG family has been given in Definition
and we have used it to define the ground set for the space Xr,.

Remarks B.3. (i) The standard basis (e, )nen of coo(N) is a normalized
bimonotone Schauder basis of the space Yp.

(ii) The set F' is compact in the topology of pointwise convergence. In-
deed, let (fn)nen be a sequence in F. There are two cases. Either
there exists jo € N such that the set F}, contains a subsequence of
(fn)new in which case the compactness of Fj, yields the existence of a
further subsequence converging pointwise to some f € F}, otherwise
if no such jj exists, then we may find a subsequence (fi, )nen and
a strictly increasing sequence (i,)nen of integers with fi, € F; and

n

thus || fk, [lco < 74, for all n. Since condition (B) of Definition [Bl
yields that 7, — 0 we get that fr, - 0¢ F.

(iii) The fact that F is countable and compact yields that the space
(C(F), || lloo) is co saturated [BP]. It follows that the space Yr is
also ¢g saturated, since Y is isometric to a subspace of (C(F), || ||co)-

(iv) For each j we consider the seminorm || [|£; : coo(N) — R defined by
llz||r, = sup{|f(x)| : f € F;}. In general || ||r, is not a norm. Defin-
ing Yr, to be the completion of the space (coo(N) , | [|F;), condition
(C) of Definition [B-Ilis equivalent to saying that the identity operator
I:Yp — Y, is strictly singular.

Furthermore, observe that setting H; = UgZOFi the identity oper-
ator I : Yp — Yp, (Yg, is similarly defined) is also strictly singular.
Indeed, let (x)ren be a block sequence of ¢oo(N) and let 6 > 0.
We choose a block sequence (z9)ken of (zx)ren with [|20]|F = 1 and

o0
> 2%/ < 4. Then for every = € span{z{ : k € N} we have that
k=1

S||lz||F > ||z||F,- We then select a block sequence (74 )ken of (29)ken
such that §||z||p > ||z||F for every x € span{z} : k € N}. Follow-
ing this procedure, after j 4+ 1 steps we may select a block sequence
(z1)ren of (x)ken such that 8||z||p > ||z||F, for i =1,...,7 and thus
S|lz||F > ||z|| m; for every x € span{z] : k € N}.

Next using the o coding defined in Definition we introduce the or
special sequences and functionals in the same manner as in Definition 3.3l
For a o special functional z* the index ind(z*) has the analogous meaning.
Finally we denote by 8 the set of all finitely supported o special functionals.

The next proposition is an immediate consequence of the above definition
and describes the tree-like interference of two o special sequences.
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Proposition B.4. Let (f;)i, (h;); be two distinct o special sequences. Then
ind(f;) # ind(h;) for i # j while there exists iy such that f; = h;, for all i < iy
and ind(f;) # ind(h;) for ¢ > .

Definition B.5. (The norming sets 73 s, 72, Fs) Let (F})2, be a JTG
family. We set

d d [e%S)
Fo = FOU{Zakxz: ar € Q, Zaigl, IZGSUUFZ-, k=1,...,d
k=1 k=1 i=1

with (ind(z}))¢_, pairwise disjoint }

d d oo
Fas FOU{Zaka:ake(@,Zaigl,xZESUUFi,kzl,...,d
k=1 k=1 i=1
with (ind(z})){_, pairwise disjoint and minsuppz} > d},

and

d oo

Fs = FOU{ZEWCZ D E1,...,64 €{-1,1}, z} ESUUFi, k=1,...,d
k=1 i=1

with (ind(z}))L, pairwise disjoint and minsuppz} > d, d € N}.

The space JT'r, , is defined as the completion of the space (coo(N) , || |7, ),
the space JTz, is defined to be the completion of the space (coo(N) , || || ,)
while JT'z, the completion of (coo(N) , || ||£,) (where ||z||z, = sup{f(z): f €
F} for x € coo(N) , for either F. = Fy or F = Fao 5 or F = F,). For a

1

functional f € F. \ Fy of the form f = > apx} the set of its indices ind(f)
k=1

l
is defined to be the set ind(f) = |J ind(z}).
k=1
Remark B.6. The standard basis (e, )nen of coo(N) is a normalized bimono-
tone Schauder basis for the space JT'x,.

Let’s observe that the only difference between the definition of F5 s and
that of F» is the way we connect the ox special functionals. In the case
of F3 the o# special functionals are connected more freely than in 75 ; and
obviously F» ;3 C Fa. This difference leads the spaces JT'r, , and JT'r, to have
extremely different structures. We study the structure of these two spaces as
well as the structure of JT'r,. Namely we have the following theorem.

Theorem B.7. (i) The space JT'r, , is ¢ saturated.
(ii) The space JT'z, is {5 saturated.
(iii) The space JTx, is ¢y saturated.

Proposition [B.4] yields that the set of all finite o# special sequences is
naturally endowed with a tree structure. The set of infinite branches of this
tree structure is identified with the set of all infinite o special sequences.

d

For such a branch b = (f, f2,...) the functional b* = li;n > fi (where the
i=1

limit is taken in the pointwise topology) is a cluster point of the sets Fa, Fa s
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and F, and hence belongs to the unit balls of the dual spaces JT7%, JT%, |
and JT% . Let also point out that a oz special functional z* is either finite
or takes the form Eb* for some branch b and some interval E. Furthermore,
it is easy to check that the set {Ex* : E interval, * oz special functional}
is closed in the pointwise topology.

Our main goal in this section is to prove Theorem[B.7l Many of the Lemmas
used in proving this theorem are common for JT'x, ,, JTF, and JTF,. For
this reason it is convenient to use the symbol F,. when stating or proving a
property which is valid for F, = Fy 5, Fx = F2 and F, = F.

Lemma B.8. The identity operator I : JT'r, — Y is strictly singular.

Proof. Assume the contrary. Then there exists a block subspace Y of JTz,
such that the identity operator I : (Y, | ||=,) — (Y;]| ||F) is an isomorphism.
Since YF is ¢o saturated (Remark [B.3 (iii)) we may assume that (Y, || ||£,)
is is spanned by a block basis which is equivalent to the standard basis of
¢o. Using property (C) of Definition [B.I] and Remark (iv) we inductively
choose a normalized block sequence (z,)nen in (Y, ] ||~ ) and a strictly in-
creasing sequence (j,)nen of integers such that for some ¢ determined by the
isomorphism, the following hold:

(1) [lznllr, >0

(i) [engalls <9

o

From (i) and (ii) and the definition of each F, we easily get that ||z +--- +
T, = co. This is a contradiction since (2, )nen, being a normalized block
basis of a sequence equivalent to the standard basis of ¢, is also equivalent
to the standard basis of ¢g. [l

The following lemma, although it refers exclusively to the functional b*,
its proof is crucially depended on the fact that in F,. we connect the special
functionals under certain norms. A similar result is also obtained in [ATT]
(Lemma 10.6).

Lemma B.9. Let (z,)nen be a bounded block sequence in JTx,. Then there

exists an L € [N] such that for every branch b the limit lirri b*(xy,) exists. In
ne

particular, if the sequence (z,)nen is seminormalized (i.e. inf|z,|z, > 0)
x

and L = {l; < ly <l3 < ---} then the sequence y,, = Hwb"”i_l"’"n satisfies

Llyp—1 ~Tlop

lynll7 =1 and lim b*(y,) = 0 for every branch b.

Proof. We first prove the following claim.

Claim. For every ¢ > 0 and M € [N] there exists L € [M] and a finite collec-
tion of branches {by, ..., b} such that for every branch b with b & {b1,...,b;}
we have that limsup [b*(z,,)| < e.
nelL

Proof of the claim. Assume the contrary. Then we may inductively con-
struct a sequence My D My D Ms--- of infinite subsets of N and a se-
quence by, ba, bs, ... of pairwise different branches satisfying |bf(z,)| > ¢ for
all n € M;.
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We set C' = sup ||z,||#, and we consider k > % Since the branches

n
b1,ba, ..., b2 are pairwise different we may choose an infinite interval E with
min £ > k? such that the functionals (Ebf)iil have disjoint indices. We
also consider any n € M2 with suppx, C E and we set ¢; = sgnb}(z,,) for
k2
i=1,2,...,k% Then the functional f = z:l <b; belongs to BJT;__* . Therefore
1=
k2 1 k2 1
||$n||f* > f(xn) = ZElb:(xn)l > Z E e=k-e>C,
=1 i=1
a contradiction completing the proof of the claim. O

Using the claim we inductively select a sequence L1 D Ly D L3 D --- of infi-
nite subsets of N and a sequence By, Bs, Bs, ... of finite collections of branches
such that for every branch b ¢ B; we have that |b*(z,,)| < 1 for alln € L;. We
then choose a diagonal set L of the nested sequence (L;);cn. Then for every

o0
branch b not belonging to B = |J B; we have that HIB b*(z,) = 0. Since
i=1 neclo
the set B is countable, we may choose, using a diagonalization argument, an
L € [Lo] such that the sequence (b*(z,))ner converges for every b € F. The
set L clearly satisfies the conclusion of the lemma. O

Combining Lemma [B.8 and Lemma [B.9 we get the following.

Corollary B.10. Every block subspace of JTx, contains a block sequence

(yn)nen such that ||ynllz, = 1, |lynllr "% 0 and b*(Yn) "5 0 for every
branch b.

Lemma B.11. Let Y be a block subspace of JTx, and let € > 0. Then there
exists a finitely supported vector y € Y such that |ly||z. = 1 and |z*(y)| < e
for every or special functional z*.

Proof. Assume the contrary. Then there exists a block subspace Y of JTz,
and an € > 0 such that

(23) e lyllz < sup{lz*(y)|: «* is a oF special functional}
for every y € Y. Let g > 8%. From Corollary [B.10] we may select a block se-

n—oo n—oo

quence (Yn)nen in Y such that ||ynllz =1, lynllr — 0 and b*(y,) — 0
for every branch b. Observe also that (y,)nen is a separated sequence (Defi-
nition BIT]) hence from Lemma [312] we may assume passing to a subsequence
that for every o special functional z* we have that |2*(y,)| > q% for at most
two Y. (Although Lemma is stated for JT'z, with small modifications
in the proof remains valid for either Fs or Fs s.)

We set t1 = 1. From (23) there exists a or special functional y; with
rany; C ranys, such that [yy(ys, )| > 5. Setting di = maxind yj we select to
such that [|ys,||r < z3. Let 23 be a oz special functional with ran 25 C ranys,

such that |23 (ys,)| > 35, We write 25 = 23 + y3 with inda} C {1,...,d1}
and indy; C {d1 +1,...}. We have that |25(ys,)| < dillysllr < § and

thus [y3(ys,)|] > 5. Following this procedure we select a finite collection
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2
(tn)?_, of integers and a finite sequence of oz special functionals (yn) _, with

rany,, C ranys;, and |y (y:,)| > § such that the sets of indices (md(yn))
are pairwise disjoint. We COHSlder the vector y =y, + Y, + ...+ Ytz

n=1

2

q
We set &; = sgny(y:,) for i = 1,...,¢*>. The functional f = 2y
n=1
belongs to Fa s (C F2), while ¢f € F,. Therefore

q
e 4
24 lyllz = fn v+ +ye) > Zlynyt > a5 > -

'-Q|P—‘

It is enough to show that sup{|z*(y)| : «* is a ox special functional} < 3
so as to derive a contradiction with (23) and ([24). Let z* be a oz special
functional. Then from our assumptions that |z*(y,)| > q% for at most two

Yns

5 1
2" (y)] <2+ (¢* — 2z <3
The proof of the lemma is complete. O

Theorem B.12. Let Y be a subspace of either JT', , or of JTx,. Then for
every € > 0, there exists a subspace of Y which 1 + ¢ isomorphic to ¢y.

Proof. Let Y be a block subspace of JT7, , or of JTx and let € > 0. Using
Lemma [B.TT] we may inductively select a normalized block sequence (Y, )nen
in Y such that, setting d,, = maxsupp U for each n and dy = 1, |z*(yn)| <
5 d for every or special functional x*

We claim that (yn)nen is 1 + ¢ 1s0morphic to the standard basis of cg.
Indeed, let (83,))_; be a sequence of scalars. We shall show that [IaX [Bn| <

I Z Brynl

assume that | ax |Bn| = 1. The left inequality follows directly from the

. <(1+¢)  nax |8y for either F, = Fs s or F,. = Fs. We may

bimonotonicity of the Schauder basis (e, )nen of JTx,.
To see the right inequality we consider an arbitrary g € F.. Then there

exist d € N, (zf)L, in SU (U F;) with (ind(x}))L,; pairwise disjoint and

d
min supp z} > d, such that g = Z a;x} with Z a? < 1in the case F, = Fo g,

= i=1
while a; € {—1,1} in the case f = Fs. Let ng be the minimum integer n

such that d < d . Since minsuppg > d > dn,—1 we get that g(y,) = 0 for
n < ng. In either case we get that

N N N d
90> Bayn) < gl + D g <1+ D Y |ai(va)l
n=1 n=no+1 n=no+1 =1

N
€
<1+ Z d2nd <1+ > o <l+e.
n=no+1 n=no+1
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The proof of the theorem is complete. O

Lemma B.13. For every = € cp(N) and every € > 0 there exists d € N
(denoted d = d(z,€)) such that for every g € F2\ Fp with ind(g)n{1,...,d} =
) we have that |g(z)] < e.

Proof. Let C = ||z|l¢, be the ¢; norm of the vector z. We choose d € N
00 k

such that > 77 < (&)*. Now let ¢ = Y a;z] € Fo, such that ind(g) N
I=d+1 i=1

T
{1,...,d} = 0. Each x} takes the form x} = }_ z7;, where for each i either
=1
. j
ri=land z;1 € |J F; or (x;; );;1 is a o special sequence, and the indices
i=1
(ind(z} ;))i,; are pairwise different elements of {d+1,d+2,...}. We get that

k & L
g(@)| < D al - |25 ()] < (Z|ai|2))1/2(2|xf(x)l2)1/2
i=1 — v
k oo
< (XMl lef%) P <o 3 @) <

i=1 )

O

Theorem B.14. For every subspace Y of JT'r, and every € > 0 there exists
a subspace of Y which is 1 + ¢ isomorphic to £s.

Proof. Let Y be a block subspace of JT'z, and let ¢ > 0. We choose a

[o ]
sequence (£, )nen of positive reals satisfying > &, < 5. We shall produce
n=1
a block sequence (x,)nen in Y and a strictly increasing sequence of integers
(dn)nen such that

(i) [lznllz, = 1.

1 or every oz speclal runctional x* we have that (27 (Ty)| < -
i) Fi y ial functional z* we have that |z* 2

3dn—1"

k
(iii) If g = >° a;y; € F2 is such that ind(g) N {1,2,...,d,} = 0, then

i=
|9(zn)] < €n.

The construction is inductive. We choose an arbitrary finitely supported
vector z1 € Y with |||z = 1 and we set d; = d(z1,e1) (see the notation in
the statement of Lemma [B.I3)). Then, using Lemma [BI1] we select a vector
z2 € Y Necoo(N) with 21 < xa such that [|22] 7 = 1 and [2*(22)| < 53 for
every ox special functional z*. We set do = d(x2,e2). It is clear how the
inductive construction proceeds. We shall show that for every sequence of
scalars (3,)Y_; we have that

N 1/2 N N 1/2
25) (1= <IY Banllm < 1 +) (3 32)%

N
We may assume that > 52 = 1.

n=1
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We first show the left hand inequality of ([2H). For each n we choose
In
Gn € Fay gn = Y Qn.ign.i, With rang, C ranx,, and
i=1

€
(26) gn(xn) >1— 3

For each (n,i) we write the functional g, ; as the sum of three successive
functionals, g, = =, ; + vy, + 25, such that ind(z}, ;) C {1,...,dn—1},

ind(y;, ;) C{dn—1+1,..., dn}7 and iﬁd(z;i) c{d,+1,...}. From the choice

of the vector x,, and the definition 7, ; we get that

€
<—.

ln In
(27) |Zan i (Tn )| < Z'xnz (@n)] < dn—1 - [Jznllp < dn- 13d
i=1 i=1 -

The definition of the number d,, yields also that

ln

. €

(28) | Z An,iZn i (@) < 3
i=1

From (20), @0) and @28) we get that g, (x,) > 1 — e where the functional
l'Vl
gn = D aniy; ;, belongs to Fa, satisfies ran(g,,) C ran(g,) C ran(z,) and

i=1

N
ind(g),) C {dn-1+1,...,dn}. We consider the functional g = Y B9, =
n=1

n

N In
> > Butniyy ;- Since Y03 (Bpani)? < 1 and the sets (ind(y}; ;))n,i are

n=11i=1

pairwise disjoint we get that g € 7' cB Tz, - Therefore

| Zﬁnxnn]:z =9 Zﬁnxn Z igiz(‘rn) >1—e.

n=1

We next show the right hand inequality of Z5). Let (8,)Y_; be any se-

N
quence of scalars such that > 32 < 1. We consider an arbitrary f € Fa,

n=1

N k
and we shall show that f( E Brnzn) <1+4e. Let f = E a;z}, where (z)F_

i=

belong to 8 U ( U F;) with pairwise disjoint sets of indices and Z a? <1
i=1

We partltlon the set {1,2,...,k} in the following manner. We set

={ie{1,2 ,...,k}: ind(z}) N{1,2,...,d1} #0}.
If Ay,...,A,_1 have been defined we set

n—1
Ap={ie{1,2,....k}: ind(z})N{1,2,....ds} #0}\ | 4.
=1

N
Finally we set Ayy1 ={1,2,...,k}\ U 4.
i=1
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The sets (A,)NH!' are pairwise disjoint and #(U A) < dy for n =

n=1
=1

1,2,...,N. We set

fa, =Y @z, i=12...,N+L
€A,

It is clear that || fa, [lsrs < ( 2 af)l/2 for each n.

Fy —

Let n € {1,2,...,N} be ﬁx:eiiénVVe have that
n—1 N+1
(200 [f(Baza)l < D |Fai (@)l + [fa, Buzn) +1 Y far(aa)l.
=1 l=n+1
From condition (ii) we get that
n—1
B0 Y la@dls X i) <dna g =
=1 n

ieur A
On the other hand Vit
+
ind( Z fa)n{1,....d,} =ind( >> > axf)N{l,...,d,} =0 and thus

l=n+1 l=n+1i€A,;
condition (iii) yields that
N+1

(31) D fa@n)] < en

l=n+1

Inequalities (29),(B0) and &1 yield that
|f (Bnen)| < |fa, (Bnan)| + 2€n.

Therefore

N N N

F(D Buwa)l < Z (Bnzn)| Z |fa, (Bun)] + 2¢0)
n=1 ]; =

n=1 n=1

N
< an ) ( Zm )% e

IN

(LY eecie
n=14i€A,
The proof of the theorem is complete. O

Proposition B.15. The dual space JT'z is equal to the closed linear span
of the set containing (e’ )nen and b* for every branch b,

JT7 =span({e;, : n € N}U{b": bisa or branch}).

Moreover the Schauder basis (e, )nen of the space JTx, is weakly null.



THE ATTRACTORS METHOD AND HEREDITARILY JAMES TREE SPACES 85

Proof. Since the space JTz, is ¢y saturated for F, = Fa, or F, = Fs
(Theorem [B.I2)) or ¢5 saturated (for F. = F3) it contains no isomorphic copy
of £1. Haydon’s theorem yields that the unit ball of JT% is the norm closed
convex hull of its extreme points. Since the set F. is the norming set of the

space JTx, we have that Byry = conv(F. )w hence Ext(Byry ) C F

We thus get that JTz = span(F. ).
We observe that

)

d
Fos = FyU{ Zaix Z a; <1, (z})f_, are oF special functionals

with (ind(z}))%, pairwise disjoint and minsupp z} > d},

' = RuU {ZOLZ : Za <1, (z7);2, are oF special functionals
=1
with (1nd(:1ci )2, pairwise disjoint }.

and
zw* - FRu{ Zalx:‘ g € {—1,1}, ()L, are oF special functionals

with (ind(z}))%, pairwise disjoint and minsupp z} > d},

The first and third equality follow easily. For the second the arguments are
similar to Lemma 8.4.5 of [Fa].
The first part of the proposition for the cases F, = Fa, or F = Fy
follows directly while for the case F, = F it is enough to observe that
o0 o0 o0
32 @i llury, < (> a?) 2 for every g = > a;xf € Fa. Therefore
i=1 j i=1

JT; =span({e;: n € N}U{b*: b branch}).

From the first part of the proposition, to show that the basis (e, )nen is
weakly null, it is enough to show that b*(e,) "—> 0 for every branch b. But
if b= (f1, f2, f3,...) is an arbitrary branch then the sequence k,, = ind(f,,) is

strictly increasing and hence, since || f5||co < Tk, , the conclusion follows. O

Remark B.16. Let (F;)32, be a JTG family (Definition B.1). If 7 is a
subfamily of the family of finite o special functionals such that F' C 7 and
Ez* € 7 for every * € 7 and interval E of N, then, setting

{Zsixf: €1,.. . eq € {~1,1}, at, ... a5 eT

Wlth ind(z})%_, pairwise disjoint and minsuppz} > d, d € N}.

the space JT'x_,, which is defined to be the completion of (coo(N) , || [|7,.),
is also ¢q saturated.
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Theorem B.17. There exists a Banach space X with a weakly null Schauder
basis (en)nen such that X is ¢ saturated (cg saturated) and for every M € [N]
the space X = span{e, : n € M} has nonseparable dual.

A similar result has been also obtained by E. Odell in [O] using a different
approach.

Proof. Let (F})%2, be the Maurey-Rosenthal JTG family (Example[B.2] (i)).
As we have seen the space X = JTx, (Definition [BAE) has a normalized
weakly null Schauder basis (e, )nen (Proposition [BIH) and it is £o saturated
(Theorem [B:14)).

Let now M € [N]. We inductively construct (24, fa, ja)acD, Where D is the
dyadic tree and the induction runs on the lexicographical order of D, such
that the following conditions are satisfied:

(i) For every a € D there exists F, C M with #(F,) = k;, such that
Ty = —= e; and f, = —* er.
Vkia ig;a 4 Vkia i;;a '
(i) jp € 1 with jy > 2 while for a € D, a # 0, j, = 0£((f3)p<a)-

(ili) If @ <jey B then F < Fg.

Our construction yields that for every branch b of the dyadic tree the sequence

(fa)aeb 18 a ox special sequence. Hence the w* sum g, = > f, is a member
ach

of 8 and thus it belongs to the unit ball of JT'7,. We shall show that

gl xa — 9o lxallxz, > 1 for infinite branches b # b’ of the dyadic tree.

We first observe that for every a € D and f € F; we have that |f(z,)| <

NN B, -
mm{\/a, NG }. Thus, if g = ;:1 a;x} € Fo (Definition [B.5]), then

d
Vkj VEj.
lg(za)] <D a7 (2a)| < +1+ <14+1=2.
; ];1 VEia J;I Vk;

We conclude that x, € X with ||z,] 7, < 2.
Therefore, if b # b’ are infinite branches of D and a € b\ b’ then

(90— 9)(xa) _ fulza) _ 1

||gb|XM - gb’|X1u ||X;\k/f 2

lzallzs = 2 2
The ¢y saturated space of the statement is the space X = JT'x, , and the
proof is the same. O
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