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A CLASS OF BANACH SPACES WITH FEW NON STRICTLY SINGULAR
OPERATORS

S. A. ARGYROS, J. LOPEZ-ABAD*, AND S. TODORCEVIC

The original motivation for this paper is based on the natural question left open by the
Gowers-Maurey solution of the unconditional basic sequence problem for Banach spaces ([12]).
Recall that Gowers and Maurey have constructed a Banach space X with a Schauder basis (e, ),
but with no unconditional basic sequence. Thus, while every infinite dimensional Banach space
contains a sequence (z,,), which forms a Schauder basis for its closure Y = (z,),, meaning
that every vector of Y has a unique representation ) a,xy, one may not be able to get such
(z7)n such that the sums Zn anxy, converge unconditionally whenever they converge. The
fundamental role of Schauder basis and the fact that the notion is very much dependent on the
order lead to the natural variation of the notion, the definition of transfinite Schauder basis

(Za)a<~y, Where vectors of X have a unique representations as sums ) _. aaZo. In fact, as it

a<
will be clear from some results in this paper, considering a transfinite Schalzder basis, even if one
knows that X has an ordinary Schauder basis, can be an advantage. Thus, the natural question
which originated the research of this paper asks whether one can have Banach spaces with long
(even of uncountable length) Schauder bases but with no unconditional basic sequence. There
is actually a more fundamental reason for asking this question. As noticed originally by W. B.
Johnson, the Gowers-Maurey space X is hereditarily indecomposable which in particular yields
that the space of operators on X is very small in the sense that every bounded linear operator on
X can be written as Aldx + S, where S is a strictly singular operator. On the other hand, if X
has a transfinite Schauder basis (eq)a<~ of length, say, v = w?, it could no longer have so small
an operator space as projections on infinite intervals (e, )qes are all (uniformly) bounded. Thus
one would like to find out the amount of control on the space of non strictly singular operators
that is possible in this case. In fact, our solution of the transfinite variation of the unconditional
basic sequence problem has led us to many other new questions of this sort, has forced us to
introduce several new methods to this area, and has revealed several new phenomena that could
have been perhaps difficult to discover by working only in the context of ordinary Schauder
bases.

To see the necessity for a new method we repeat that our first goal here is to construct
a Banach space X,, with a transfinite Schauder basis (eq)a<w, With no unconditional basic
sequence as well as to understand its separable initial segments X, = (eq)a<~. The original
Gowers-Maurey method for preventing unconditional basic sequences is to force the uncondi-
tional constants of initial finite-dimensional subspaces, according to the fixed Schauder basis,
grow to infinity. Since initial finite-dimensional subspaces according to our transfinite Schauder
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basis (€q)a<w, are far from exhausting the whole space their method will not work here. It turns
out that in order to impose the conditional structure on our space(s) X, (v < w1) we needed to
import a tool from another area of mathematics, a rather canonical semi-distance function ¢ on
the space w; of all countable ordinals ([26]). What p does in our context here is to essentially
identify the structure of finite-dimensional subspaces of various X,’s which globally are of course
very much different, since for example X, is hereditarily indecomposable while, say, X 2 has a
rich space of non-strictly singular operators.

After solving this initial problem we went on and tried to show that every bounded linear
operator 1" on a given X, is a sum of a diagonal operator D7 and a strictly singular one. There
are natural candidates for Dy which would share the eigenvalues of 7' and have the property
that T'— Dy is strictly singular. The problem is to show that Dr is a bounded operator. This
forced us to a variation on the notion of p-function by adding to it certain universality property.
To see the need for this, suppose we are given a finitely supported vector = such that ||Dpx|| is
very large in comparison with ||7'z||. The vector x has a natural decomposition x = z1+---+xy,
such that Dyrx = M\xy + -+ + A\px, where \;’s are eigenvalues of T'. The universality of o
guarantees that z;’s can all be simultaneously moved (keeping the discrepancy between ||Drz||
and [|[Tz||) to be almost equal to eigenvectors with eigenvalues A;’s giving us an impossibility.
This also gives us a new phenomenon, unprecedented in this area, that every finite dimensional
subspace of some X, can be moved by an (4 + ¢)-isomorphism to essentially any region of any
other Xjs.

Our attempt to extend the control of operators to arbitrary subspaces of X,,, has led us to a
new phenomenon which a priori could have been discovered before since it already has a solid
basis in an old paper of Maurey-Rosenthal ([20]). What we discovered is that each X, has an
associated James-like space Jr, which is minimally and canonically finitely block represented
in X, and which is responsible for essentially all of its conditional and unconditional geometry,
including the complete structure of the corresponding space of bounded non-strictly singular
operators. In retrospect, what Maurey-Rosenthal [20]] have done in their attempt to solve the
unconditional basic sequence problem is to produce a space X with a Schauder basis (e,,),, such
that every subsequence (e, )y finitely block represents J;,, a fact which then they used to show
that no subsequence of (e, ), is unconditional. The finite representability of Jrz, and the global
control of block sequences provided by ¢ gives us a complete picture of the space of bounded
non-strictly singular operators defined not only on X, (v < wp) but also on their arbitrary
subspaces. For example, we show that the space of all bounded non-strictly singular operators
on a given X, is naturally isomorphic to the dual of the corresponding James-like space Jr;,. We
also discover subspaces X of X, such that the non-strictly singular part of the operator space
L(X,X,) is quite rich but on the other hand every bounded operator 7' : X — X is a strictly
singular perturbation of a scalar multiple of the identity. Another new phenomenon we found
are hereditarily indecomposable subspaces of X, that are asymptotic versions of themselves.

We now pass to a more detailed presentation of the specific results of this paper. The first
section concerns extensions of some standard facts about Schauder basic sequences to the trans-
finite case. For example we show that every subspace Y of a space X with a transfinite basis
contains a further subspace Z isomorphic to a block subspace of X. We should point out that
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this result is weaker than the corresponding results for Schauder bases. This causes some prob-
lems when one tries to extend standard constructions into the transfinite case. For example, if
one considers the transfinite version of the Schlumprecht space, or more generally spaces of the
form T[(1/mj,n;);], one runs into difficulties when trying to prove arbitrarily distortion. We
overcome this by adding a property to the basis (2 )a<y Which ensures that the block sequences
approximate in a strong sense the subspaces of the space X,,. This condition permits us to
show that the spaces X,,, and X, are arbitrarily distortable. We also give a characterization of
reflexivity analogous to the classical one due to James [I5].

The second section is mainly devoted to the definition of the norming set K, of the maximal
space X,,. This set is a subset of the norming set of the transfinite mixed Tsirelson space
T.,[(1/m;,n;)]. The norm can also be described by the following implicit formula, for = €

coo(wt),

n2;

el = max{lleoc, sup{sup —— 3 [ Eiall, By <+ < By}
J 7 =1

n2j5+4+1

Z ¢i(w) : {@i )it is a majy1-special sequence}}}.
i=

V sup{ -~
i+

This definition shares the same components with the corresponding definition of the separable
hereditarily indecomposable spaces. The crucial difference concerns the definition of ng;j41-
special sequences. For this we introduce a new coding o, based on a ¢ function which while it
cannot be one-to-one anymore it does provide a tree-like interference between pairs of special
sequences sufficient to impose a strong conditional structure on X, .

The aim of the third section is to explain how the new p—coding is used in proving some of
the basic properties of the space X,,. Thus, postponing the proofs of some estimations for the
next section, we show that block subsequences of (ey)a<y, generate hereditarily indecomposable
subspaces. Section four contains the basic estimations which are analogous to the w—case. We
also show that X, is reflexive. The fifth section contains the study of the bounded linear oper-
ators. As we have mentioned above many of the results are based on the finite representability
of the James-like space Jrz;, in the transfinite block subsequences of X,,. There are two ways
to define Jg,. The first is the Bellenot-Haydon-Odell definition (|8]) of the Jamesfication of
the mixed Tsirelson space Ty = T[(1/maj,n2;);] and the second is the Tsirelson-like space
TG, (1/maj,n2j);] with G = {x; : I interval of N}. The space Jr; is quasi reflexive and for
every set of ordinals A the space Jg;(A) is defined similarly to [9]. The study of Jr,(A) and the
finite representability of Jr;, in X,,, are contained in the first two subsections of section five. The
remaining subsections are devoted to the study of the spaces of operators. The central notion of
step diagonal operator is defined as follows. Let X be a subspace of X,,, generated by a transfi-
nite block sequence (24 )a<~- A bounded linear diagonal operator D : X — X is a step diagonal
operator if Ao = Ag for all o, B with o < 8 < o +w < . For example, if v = w then D = Adx
and if v = w? then D = Y \,1d,, where Id, is the identity of X,, = (Ta)aciw(n—1)wn)). We
prove the following result.
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Theorem. There exists a universal constant C' > 0 such that for every countable limit ordinal
7y there is a set of ordinals Ay such that: For every transfinite block sequence (Xq)a<ry i Xu;,
the algebra D({(Ta)a<~)) of the step diagonal operators is C-isomorphic to Jg, (Ax).

There are several consequences of this theorem: It follows readily that the structure of D(X)
for X generated by a transfinite block sequence (24)a<y depends only on the ordinal 4. The
dimension of D(X) is equal to the cardinality of the set A, and for every D € D(X) and € > 0
there is an operator of the form Y"1 ; \;Pj,, with {I;}? ; intervals of ~, which e-approaches D.
Furthermore the following holds.

Theorem. There exists a universal constant C > 0 such that for every subspace X of X,
generated by transfinite block sequence (xq)a<y of Xu, and every T € L(X,X,,) we have:
(i) T = Dy + St where Dy € D(X), ||Dr|| < C||T|| and S : X — X,,, is strictly singular.
(ii) Every D € D(X) is extendable to a D € D(X,,) with |D|| < C||D]|.
(i) £(X,Xo,) 2 T3, (A) @ S(X, Xo,).

We also introduce the notion of asymptotically equivalent subspaces of X, which permits
us to extend part (iii) of the above theorem to arbitrary subspaces of X,,. Namely for every
subspace X of X, there exists a set of ordinals Ax such that £(X, X,,) = J7, (Ax)®S(X, Xy, ).
We are not able however to provide a sufficient description of £(X) for an arbitrary subspace
X of X,,. What we have noticed is that in general £(X,X,,)/S(X,X,,) 2 L(X)/S(X). For
strictly singular operators on X, we give the following characterization.

Theorem. An operator S : X, — X, is strictly singular iff the sequence (||S(€q)||)a<w; €
co(wr)-

Corollary. Every T' € L(X,,) has the form T = Mdx,, + D + S where D € D(X,) for some
v < wi, and S is strictly singular. In particular T = Aldg, + Q where Q has separable range.

We mention that nonseparable spaces X such that all T' € £(X) are of the form A\dx 4+ Q with
the range of () separable have been constructed before in [23], [24] and [2§]. However, those
constructions are quite different from ours as they, in particular, offer no information about
operators on separable subspaces of the resulting space X.

Furthermore, we show that for I, .J disjoint intervals of wy the spaces X; and X; are totally
incomparable and the space X, is arbitrarily distortable. Moreover, modulo strictly singular
perturbations, the space X, admits a unique resolution of the identity. Out of the rich sources
of examples of subspaces of X,,, with interesting spaces of operators we mention the following

Theorem. There exists a separable reflexive Banach space X admitting an infinite dimensional
Schauder decomposition X = @,, X, such that, denoting by D(X) the class of bounded operators
D : X — X with the property D|x, = A\, 1dx, for all n, the following hold:
(i) £(X) 2 D(X) & S(X) = Jp, & S(X).
(ii) For every subspace X of X there exists A C N which is either an initial finite interval or
is equal to N such that L(X,X) = J7, (A) © S(X, X).
(iii) There is a subspace X of X such that L(X) = (Ix)®S(X) while L(X,X) = J7, ®S(X, X).
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For example, the space X = X_» has all these properties. It is worth pointing out that D(X)
is a natural class of operators which behaves similarly to the class of operators of the form
M + K with K compact diagonal. For example if z,, € X,, with ||z,]| = 1 and X = {((x,)n)
then for every D € D(X) we have that D|x = Al + K. The isomorphism between D(X) and J7,
endows J:’FO with an equivalent norm under which J}O with the pointwise multiplication becomes
a commutative Banach algebra. This should be compared with results from [IJ.

Sections six and seven concern two new properties that can be simultaneously imposed on a
o-function and the resulting properties of X,,,. First, we present a construction of a universal
o-function where universality roughly speaking means that for every infinite interval I of w;
the finite p—closed subsets of I realize all isomorphism types of finite submodels of all possible
o-functions. As we have mentioned before, our initial motivation for introducing the universal
o-function was to understand the structure of £(X,,). However it turns out that using the
o—coding with a universal o we obtain some new properties on X,,, which have their own interest,
even for the space X, = (e, : n < w). Indeed X, admits a nearly subsymmetric transfinite basis
and moreover X,,, which is an hereditarily indecomposable space, is an asymptotic version of
itself [T9]. The results concerning subsymmetric transfinite sequences and asymptotic versions
are presented in section seven. Section six also contains the construction of smooth p-functions
and the following result. If the coding o, is based on a smooth p-function then every countable
ordinal 7 < wy can be re-ordered as (a;,)p<, such that (eq, )n<, defines a Schauder basis of the
space X,. Section eight contains a unified approach of the proof of two important results, the
basic inequality and the nontrivial direction of the finite representability of J7,. Their proofs
share some common features, and so we attempt to develop a general theory that includes both
results and that could be useful elsewhere. The last section is devoted to the unconditional
counterpart of the space X, denoted by X? . The relation of X , which is a space with
an unconditional basis (eq)a<w,, With the space X, is same as that of Gowers-Maurey space
with Gowers unconditional space [I1]. We study the structure of £(X¥ ) and the structure the
subspaces of X, .

We extend our thanks to A. Tolias for his help during the preparation of this paper. The
results of this paper have been announced in [5].

1. TRANSFINITE BASIC SEQUENCES

The first section concerns the presentation of some preliminary results related to transfinite
(Schauder) bases. We recall one of the equivalent formulations of their definition. For a detailed
presentation we refer the reader to [27].

Definition 1.1. Let X be a Banach space, and v be an ordinal number.

1. A total family (24)a<~y of elements of X (i.e., a family such that X = (z4)a<) is said to be a
transfinite basis if there exists a constant C' > 1 such that for every interval I of + the naturally
defined map on the linear span of (4)a<y

Z Ao — Z Aala

a<y ael

extends to a bounded projection Pr: X — X1 = (24)aer of norm at most C.



A CLASS OF BANACH SPACES WITH FEW NON STRICTLY SINGULAR OPERATORS 6

2. A transfinite basis (z4)a<y of X is said to be bimonotone if for each interval I of v, the
corresponding projection Pr has norm 1.

3. A transfinite basis (4)a<y of X is said to be unconditional if there exists a constant C' > 1
such that for all subsets A of v, the corresponding P4 has norm at most C.

4. A transfinite basis (2q)a<y of X is said to be I-subsymmetric if for every n € N, every
ar <ag < <ap <vyandevery (N, € R, |30 Nzl = | 2o Mizas |-

REMARK 1.2. 1. As in the case of the usual Schauder basis (i.e., v = w) the above definition
is equivalent to the fact that each € X admits a unique representation as ), <y AaTq, Where
the convergence of these series is recursively defined.

2. The definition of ) <y Aaq easily yields that for each convergent series ) <y Aaq With
(a)a<~ a bounded family, the sequence of coefficients (Ay)a<y belongs to co(y). Furthermore,
for every e > 0 there exists a finite subset I of y such that || 3 ¢p Aazal <e.

3. For every transfinite basis (z4)a<y the dual basis (},)a<y is also well defined. Just like
the usual Schauder bases, (z},)q< is a w*-total subset of X* and each z* in X* has a unique

representation of the form ) < x*(zq)x} where the series is w*-convergent.
4. If (z4)a<~ is a transfinite basis for the space (X, || - ||), then there exists an equivalent norm
[l - |l on X such that (zq)a< is @ bimonotone basis for the space (X, ||| - |||). This norm is

defined by |||z||| = sup{||Pr(z)]|| : I interval of ~}.

In the sequel, for every ordinal v we shall denote by cgp(y) the vector space of all sequences
(Aa)aey of real numbers such that the set {o <y : Ay # 0} is finite. We also denote by
(éa)a<~ the natural Hamel basis of coo(7y). It is an easy observation that every space X with a
transfinite basis (z4)a<y is isometric to the completion of co(7) endowed with an appropriate
norm. Moreover if K is a subset of coo(7y) with the properties (a) {e}}a<y € K and (b) for
every ¢ € K, [|¢]lco <1 and for every interval I of -, the restriction ¢y = ¢ - xs of ¢ to I is also
a member of K, then the norm defined on cyy(7y) by

2]l = sup{|p(z)| = (¢,7) : ¢ € K}

has (eq)a<~ as a transfinite bimonotone basis for the completion of (coo (), || - ||x)-

Fix X with a transfinite basis (£4)a<y. The support suppz of x € X is the set {a <~ :
x;(z) # 0}. For a given interval I C v, let X; = Py X, and for a < 7, let X, = X[g ). For
x,y € X finitely supported, we write x < y to denote that max supp z < minsuppy.

A sequence (Yq)a<e¢ is called a transfinite block subsequence of (24)a<~ if and only if for all
a < &, Yo is finitely supported and for all @ < 8 < &, yo < yg. Notice that a transfinite block
subsequence of a transfinite basis is always a transfinite basis of its closed linear span.

Fix two Banach spaces X and Y. A bounded operator T : X — Y is an isomorphism iff TX
is closed and T is 1-1. T is called strictly singular if it is not an isomorphism when restricted to
any infinite dimensional closed subspace of X (i.e., for all infinite dimensional closed subspace
X' of X, either TX' is not closed or T| X’ is not 1 — 1). This is equivalent to say that for all
infinite dimensional closed subspace Y of X and ¢ > 0, there is an infinite dimensional closed
subspace Y’ of Y such that | TY’|| <e.
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It is well known that most of the structure of the infinite dimensional closed subspaces of
a separable Banach space X with a basis (x,), is described by its block sequences. Namely
that for every infinite dimensional closed subspace Y of X and every € > 0 there exists a
normalized sequence in Y and a block sequence (wy,), of (x,), which are 1 4 e-equivalent.
The method used for the proof of this result is called the gliding hump argument ([I7]). This
result is not extendable in the case of the transfinite block sequences. For example, consider
a biorthogonal basis (x4 )a<w-2 Of a Hilbert space and let Y be the subspace generated by the
sequence (T, + Tyrn)n-

We now describe how block sequences are connected to subspaces in the transfinite case.

Proposition 1.3. Let (24)a<y be a transfinite basis of X and Y an infinite dimensional closed
subspace X . Then there exists a A < v and a closed subspace Z of Y such that

1. Py : Z — X is an isomorphism.

2. For every e > 0 there exists a semi-normalized block sequence (wy,)y, in Xy and a normalized
sequence (zn)pn in Z such that Y, ||Pazn — wyll < €.

3. There exists a subspace Z' of Z isomorphic to a block subspace of X .

4. If we additionally assume that Y has a Schauder basis (ypn)n, then the sequence (zp), in 2.
can be chosen to be a block sequence of (Yn)n-

PRrROOF. We assume that (24)a<~ is @ bimonotone basis. Let
Bo =min{f : Pg:Y — Xg is not strictly singular}. (1)

Let us show that A = [ is the required ordinal. Notice that §y has to be necessarily a limit
ordinal. Since Ppg, is not strictly singular on Y, there exists a subspace Z of Y such that
Pg, : Z — Xpg, is an isomorphism. On the other hand for every v < By, P, : ¥ — X, is
strictly singular hence for every € > 0 and every subspace Z’ of Z there exists W — Z’! such
that ||Py|W]|| < e. Now we are ready to apply a modified gliding hump argument to obtain
(zn)n, (wyn)n as they are required in 2. Indeed for a given € we choose (&), such that e, > 0,
> en < €/4. We choose a normalized z; € Z . Since [ is a limit ordinal, there must exist v; <
such that || P, 3,
P, : Z — X,, is strictly singular there exists a normalized zp € Z with || P, 22|| < 2. Choose

y21|| < e1. Hence setting w1 = P, 21 we have that |lw; — Ppg,21]| < €1. Since

Y9 > 71 such that HP[%@O)ZQH < g2 and set wy = P zp. Observe that || Pg 22 — wa|| < 22

71,72)
and w; < we. Continuing in this manner we obtain (z,), and (wy,), such that for all n,

| Pgy2n — wy|| < 2ep, hence
> 1By = wall < /2 @)
n

Since we assume that the transfinite basis (€4 )a< is bimonotone, () implies that (Pg, 2, ), and
(wp,)n, are equivalent. Property 3. follows from 2., while 4. results from a careful choice of (z;),
in 2. U

As we have mentioned in the introduction the manner that block subspaces saturate the
subspaces of X is weaker than the corresponding result for spaces X with a basis (zy,),. In the

LlWe will write X < Y to denote that X is an infinite dimensional closed subspace of the Banach space Y.
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next proposition we provide a sufficient condition which ensures the complete extension of the
result from Schauder bases to transfinite Schauder bases fulfilling the additional condition.

Proposition 1.4. Let (x4)a<y be a transfinite basis of X. Assume that for all disjoint intervals
1,J of v the spaces X and Xy are totally incomparable. Then for every closed infinite dimen-
sional subspace Y of X and every € > 0 there exist normalized sequences (Yn)n, (2n)n such that
(Yn)n €Y, (2n)n is a block sequence of (za)a<y and Y, ||[yn — zn| < €.

PrRoOF. From Proposition there exists a subspace Z of Y and A\ <« such that Py : Z — X
is an isomorphism. Assume that A < v and set I = [1,A) and J = [\,v). Then Py : Z — X is
a strictly singular operator. Hence we may find (wy,), (z,) as in Proposition (2) such that
Y lIPs(z)|| < € which yields that > ||z, — wy]| < 2e. O

Definition 1.5. A transfinite basis (z4)a<y is called shrinking iff for all (on)n T, (%, )n is
shrinking in the usual sense (i.e., (x, ) generates in norm the dual of the closed span of (x4, )n)-

It is called boundedly complete iff for all (an)n T, (Za,)n is boundedly complete in the
usual sense (i.e., for all sequence of scalars (\,),, if there is some C' > 0 such that for all
n, | Y0 Aita, || < C, then Y, iz, converges in norm).

The above definitions are simpler and easier checked than the corresponding ones cited in
[25]. The following result is the extension of the well-known James’ characterization ([I7]) of
reflexivity in the general setting of a Banach space with a transfinite basis.

Proposition 1.6. Let (zo)a<y be a transfinite basis of X. Then X is reflexive iff (Ta)a<y 15
shrinking and boundedly complete.

PRrROOF. The direct implication is consequence of the James’ characterization ([I5]). The oppo-
site requires the following two Claims:

Claim. If (zq)a<y is shrinking, then the biorthogonal basis (x},)a< generates in the norm
topology the dual space X*.

Proof of Claim: Assume the contrary. Then there exists z* € X* not in the closed linear span Y
of (¥3)a<y- Set fo = min{B <~ : Pjz* ¢ Y}. Then Pj 2* ¢ Y but for all v < fy, Pyz* €Y.
Therefore there exists an increasing sequence of successive disjoint intervals Iy < Ip < --- <
I, < -+ < P and € > 0 such that for each n € N, P} z* € Y and ||P} z*[| > . Observe that
if 2% € X*, 2% = w" — 3, ptaxy, where for each a < 7, pia = (o). Moreover if I is an
interval of v such that Pfz* € Y and & > 0, then there is a finite subset F_; of I such that
|lyZ — 2*|| < & where

Yo =w" — Z HaTg + Z [aTy-

aey\I acF,,
Using this observation we inductively select finite sets F1 C I,..., F,, C I,, such that setting
n
Yn =D D HaTio + Pap\Up, 1,27 (3)

i=1 acF;
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we have that

* * * 6
P57 — ynll <en < T (4)

Set y* = w* — lim, y;, and @) and @) yield that suppy,, C U, Fn and also [|Pp y*[| > &/2.
Since each F, is a finite set we can enumerate | J,, Fy, as (o,)n T and clearly y* yields that the
sequence (4, ), 18 not a shrinking Schauder basis, yielding a contradiction. ]

Claim. If (za)a<y ts boundedly complete, then for every x™* € X™*, the series ). ™ (23)%a

cConverges m norm.

Proof of Claim: Suppose the contrary and fix £** € X** but not in X. The proof is similar to
the previous one. For each o < 7, let A, = 2™z}, and let

fo =min{B <~ : P5*z™ ¢ X}.

Using a similar argument we can choose an increasing sequence (Fy, ), of finite subsets of v such
that w* = >- c) g, Aoty exists and for every n, || >, cp, AaZall > € > 0. This yields that the
sequence (Za)aeyy, F, 1S not boundedly complete, a contradiction. g

O

2. DEFINITION OF THE SPACE X,

This section is devoted to the definition of the norm of the space X,,. This norm will be
induced by a set of functionals, denoted by K, , on the space coo(w;i). Then X, will be the
completion of it. We start with a short presentation of the unconditional frame, which is a mixed
Tsirelson space with 1-subsymmetric transfinite basis of a given length . The aforementioned
set K, will be selected as a subset of By where Y is the corresponding mixed Tsirelson space.

2.1. The space T,[(1/m;,n;);]. Throughout the paper we fix two infinite sequences (m;)j,
(nj); defined recursively as follows:

1. my =2, and mjy1 = m?
— . — \Sj L — 3
2. ny =4, and nj1 = (4n;)% where s; = logy m; ;.

Let v be an infinite ordinal. Consider the norm || - ||. on cgo(y) described by the implicit formula

"
1 J
[l = max{||z[|oc, sup sup — > " || Eil. },
J mj i3
where for E C 7, x € cgo(y) Ez denotes the restriction of x to the set E (i.e., Ex = Ppx =
(x&, 7)) and the inside supremum is taken over all sequences £y < --- < E,; of subsets of .
The existence of a norm satisfying the above formula is provided, as the case of Tsirelson
space, by an inductive argument (e.g. [I7]). It is also easy to see that the usual basis (eq)a<~
of ¢op(y) defines a 1-subsymmetric and 1-unconditional basis for the space

7 [(m; ", n)51 = (coo (7). I - [1+)-
The first variation of the original Tsirelson construction is due to Th. Schlumprecht [22] who

introduced the space S = T,,[(1/logy(j+1), j)] providing the first known example of an arbitrar-
ily distortable Banach space. The space S is one of the key ingredients in the Gowers-Maurey



A CLASS OF BANACH SPACES WITH FEW NON STRICTLY SINGULAR OPERATORS 10

construction [I2] of a Banach space with no unconditional basic sequence. The general defini-
tion of a mixed Tsirelson space T- 7[(mj_l, n;);] for v = w was introduced in [2] using the slightly
different notation T'[(Ay;,1/m;);] which stresses the use of the family A, of all subsets of the
index-set (in their case w) of cardinality at most n; and indicates the possibility to use some
other compact family instead of Ay, (see e.g. [4] and [7]). Since in this paper we are not going
to vary the definition in this direction we suppress the A as this will give us some notational
advantages at some latter points of the paper.

REMARK 2.1. 1. It follows readily from the definition of the norm that for A C v with order type
of A equal to the ordmal A the space X4 = (eq)aca is isometric to T)[(m; ~1.n;);]. Therefore
granting that T [(m; 1 n;);] is reflexive (e.g. [22], [6]) Proposition mylelds that for each ~y the

space T,[(m; ', n;) j] is also reflexive.

J

2. A possible variation of the norm of T,[(m;',n;);] is to allow sequences (Ef, ... , En;) con-

sisting of disjoint sets (i.e., not necessarily su]ccessive) Such spaces are called modified mixed
m; ! n;);]. Schlumprecht has shown that S™
contains El while such spaces have been studied in [3], [I8], H]. The situation for the spaces
T (my

such that the space Tu/,‘/l[(qj_l, l;);] is reflexive and not containing any ¢,, 1 < p < co.

Tsirelson spaces and they are denoted by T™[(m}

n])j] remains unclear. Namely, we do not know if there exists a sequence (qj_l, lj);

There exists an alternative definition of the norm of TV[(mj_l,nj)j] which is close to the
definition of the norm of X,,,. This goes as follows.

Let L+ C cgo(7y) be the minimal subset L of coo(7y) satisfying the following four properties:

1. For every ¢ € L and every F C v, E¢ € L.

2. For every a < v, +e}, € L.

3. For every j € N and every ¢y < -+ < ¢p; in L, (1/m;) Zgl ¢; also belongs to L.
4. L is closed under rational convex combinations.

The third property is also described by saying that L is closed in all (m n]) -operations. It

m;
is not difficult to see that the norm induced on coo(y) by the set L. (ie., for z € coo(7),

||| = supger, {pz = (¢, 2)}) is exactly the norm || - [|...

REMARK 2.2. Let L. be the minimal subset of coo(7) satisfying 1., 2. and 3. Tt is not difficult
to prove that L, = coan(L ). This means that L7 norms the space T [(m; ong) -

REMARK 2.3. 1. It follows from the minimality of L. that each ¢ € L, is either equal to *e,
for some o < «y or is of the form ¢ = (1/mj)2?:1 i, d <mjand ¢ < -+ < ¢g all in L.
Furthermore the set

d
1
L,j={¢€L,: gb:_mjz¢i}
i=1

defines an equivalent norm, denoted by || - ||+ ;, on the space Ta,[(mj_l,nj)j]. The important
property of the mixed Tsirelson spaces results from a fine balance of the sequences of norms
(Il l+.7)j- Namely for every block sequence (), and for every j there exists a normalized vector
y; in the linear span of (z,), such that ||y;|l«; > 1/4 and for every j" # j |ly;ll«; < 6/m; if
J' < jand ||y« < 4/m§ otherwise.
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2.2. The norming set K, . The maximal space in our class X, will be defined as the com-
pletion of (cqo, || - [|co) under the norm || - ||oc induced by a set of functionals K, C coo(wy).
The set K, is the minimal subset of coo(w;) satisfying that:

(1) Tt contains (e3)y<w,, is symmetric (i.e., ¢ € K implies —¢ € K) and is closed under the
restriction on intervals of wi.

(2) For every {¢; : i =1,...,n9;} C K., with supp¢; < --- < SUpP ¢n,,;, the functional
¢ = (1/maj) S0 ¢i € Ky, We say that ¢ is a result of a (mgjl,ngj)-operation.

3) For every special sequence (¢1, ..., ¢n,. for a definition, see subsection , the func-

2j+1

tional ¢ = (1/maj41) 21231“ ¢; is in K,,. We call ¢ a special functional and say that ¢
is a result of a (m2_j1+1, N2j4+1)-operation.

(4) It is rationally convex.

The norm on cyp(w1) is defined as ||z| = sup{p(z) = >, é(a) - z(a) : ¢ € K., } and X, is
the completion of (cop(w1), ] - ||). Each of the above four properties provides certain features in
the space X,,. The first makes the family (es)a<w, a transfinite bimonotone basis of X,,,. The
second saturates X, with local unconditional structure. This property will be responsible for
the existence of semi-normalized averages in every block sequence of X,,. The third property
saturates X, with conditional structure and will make it impossible for X, to contain any
unconditional basic sequence. Finally, the fourth property is a tool for proving properties of the
space of operators from an arbitrary subspace X of X, into X,,,. The above definition, with the
exception of the missing definition of special sequences, is based on the corresponding definitions
from [6] and [7] which in turn are variants of the construction from [T2]. By the minimality of
K,, each ¢ € K, has one of the following forms:

(i) ¢ is of type 0 if ¢ = *e,.
(ii) ¢ is of type I if = £Ef for f a result of one (mj_l, nj)-operation and E an interval. In

this case we say that the weight w(¢) of ¢ is m;.
(iii) ¢ is of type II if ¢ is a rational convex combination of type 0 and type I functionals.

An alternative description of the norm is the following: For a given z € X,

n2;
1
x|« = max{HmHoo,supsupm—? Z [Esx|s, Br <--- < Eny, }V
J J =1
n2j4+1
supq{ - Z oi(x) : {qbi}?ijl“ is a ngj41-special sequence}.
J i=1

REMARK 2.4. From the definition of the norming set K, it follows easily that (eq)a<w, 1S a
bimonotone basis of X,,,. Also, it is not difficult to see using (2) from the definition of K, that
the basis (ea)a<w, is boundedly complete. Indeed, for = € coo(w1) and By < -+ < Ep,; intervals
of wy (2) of the norming set yields that ||z| > (1/mg;) > 72 || Eiz||. Also, from the choice of the
sequence (m;)j, (n;);, it follows that ng;/mo; increases to infinity. From these observations it
follows that the basis (eq4)a<w, s boundedly complete. To prove that the space X,,, is reflexive
we need to show that the basis is shrinking.
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Definition 2.5. For ¢ € K, we say that m; € N is a weight of ¢, or w(¢) = m;, if ¢ can be
obtained as a result of the (m

j ,nj)-operation. Notice that ¢ € K., may have many weights.

The definition of the special sequences will, as in the case [I2], depend crucially on certain
coding o,. The essential difference is that now o, is not an injection, a crucial property on
which the proofs in [T2] rely. Our proofs on the other hand will rely on a “tree-like property”
of our coding which we now describe. First we notice that each 25 + 1-special sequence ® =
(1,02, -+ Pny, ) 1 of the form supp ¢y < -+ < supp ¢n,;,, with each ¢; of type I. The tree-
like property is the following: For any pair of 2j + 1-special sequences ® = (¢1, ¢, .. ., Pny; )
U = (11,9, ... ,wmjﬂ) there exist 1 < ko v < Ap,w < ngjy1 such that

(i) If 1 <k < ko,v then ¢ = ¢, and if ke v < k < Ap,w, then w(¢y) = w(y).

(ii) (Uliq>7\1;<k<)\¢>,\psupp ér) N (Uliq>7\1;<k<)\q>,\psupp Vi) = 0.

(i) {w(Pr) : Aow <k <ngjp1} N{w(r) : Aow <k <ngjp1} =0.

Comparing the above tree-like property with the corresponding property from [12], we notice
that the new ingredient is the number k¢ v. Its occurrence is a byproduct of the fact that the
coding o, is not one-to-one. The property (ii) will however give sufficient control of our special
functionals. The coding o, is based on the following mapping introduced in [26] (see also [27]).

2.3. o-functions. A function g : [w;]? — w such that:

1. o(ay,y) < max{o(a, ), 0(8,7)} for all a < f < v < wy.

2. o(e, B) < max{p(a,v),0(8,7)} for all « < f < v < wy.

3. {a < B : o(a, ) < n} is finite for all 8 < wy and n € N.
is called a g-function. The reader is referred to [26] and [27] for full discussion of this notion
and constructions of various p-functions. In Section [f] we shall give yet another construction of
a o-function with certain universality property.

Let o : [w1]? — w be a p-function fixed from now on, and all definitions and facts that follow

should be relative to this choice of p.

Definition 2.6. Given a finite set F' C wq, let prp = p,(F) = max, ger o(e, 3). For a finite set
FCwand p eN, let

F’ ={a <maxF : thereis 3 € F s.t. « < 3 and o(a, §) < p}.

Notice that by condition 3., F* is a finite set of countable ordinals. We say that F is p-closed
iff F¥ = F, and that F is p-closed iff it is pp-closed.

REMARK 2.7. 1. Note that *P is a monotone and idempotent operator and so, in particular,
every ' is a p-closed set: It is clear that if /¥ C G, then I C G". Let us show now that
?p =F" Let a € ?p. This implies that o(a, ap) < p, for some oy € F’, a < . Choose
a1 > o, a1 € F such that o(ap, 1) < p. Then, o(a, 1) < max{o(a, ap), o(ag, 1)} < p.

2. Suppose that F' C w; is finite and suppose that p > pr. Then pzr < p. Indeed, let a < 8
such that both belong to F. Let o/ > a, #' > 3 such that o, 3’ € F and o(a, '), 0(3, ") < p.
Then we distinguish the following cases:

(a) fa <o < B <f, then o(a, B) < max{o(a, ), o(¢/, 8)} < max{o(a,a’),0(c/, ), 0(8,0)}
<p.
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b)Ifa < <o <, then o(a, f) < max{o(a, ), o(8,¢/)} < max{o(a,d'),0(3,0),0(c, )}
p.

IN =

(¢) If a < B < B <, use a similar proof to case (a).

Proposition 2.8. Let F,G C wy be two finite sets and p > pr,pg. Then:

1. For every ordinal « < wy, FNa' = F ' Na and FN &' is an initial part of F . Therefore,
if F' s p-closed, so is F'Na.

2. For every o € F NG, we have that FN (a+ 1) = GN (a+1)". Hence, if F and G are
in addition p-closed, then FN(a+1) =GN (a+1).

3. FNG' =F'nG". Therefore, if F' and G are p-closed then F'N G is also p-closed and it
is an wnitial part of both F and G.

PROOF. 1: Since F Na C F,a, it follows that FNa’ € F' Na. Now let S € F¥ Na. Then
there is some v € F, v > be such that o(8,7) < p. If v < a, then we are done. If not, let
0 =max FFNa € F and since § < § < v we have that

0(8,9) <max{o(B,7),0(d,7)} < max{p,pr} =p, (5)

the last equality using our assumption that p > pp. (@) shows that § € Fnad'. Suppose now
that F'is p-closed. Then we have just shown that Fnod =F'na=Fn a, and we are done.

2: Fixa € FNG. Let B € FN (a+ 1) = F'N(a+1). Let v € FN(a+1), v > 8 be such that
0o(8,7) < p. Then o(8, ) < max{o(3,7), o(v,®)} < max{p,pr} = p. Since G is p-closed, and
a € G, we can conclude that 8 € GN (a+ 1)". This shows that F N (a+1) C GN (a+1).
The other inclusion follows by symmetry. The last part of 2. follows easily.

3: Let a =max FNG. Thenby 2., FNG' = FNGN(a+1) =Fn(a+1) =F' N(a+1)
and FN G = G'N(a+1). Combining the above equalities we get F NG = F' NG N(a+1) =
F’NG”, the last equality because F¥ NG € FNG Cmax(FNG)+1=a+ 1. O

2.4. The o,-coding and the special sequences. We denote by Qg(wi) the set of finite
sequences ((bla w1, P1, ¢27 W2, P25« -+, ¢d7 wd7pd) such that

1. for all i <d, ¢; € coo(w1) and P < P < -+ < Pg,

2. (wi)dy, (pi)L, € N¢ are strictly increasing, and

3. Di Z PUi_ supp o) for every 7 < d.
Let Qs be the set of finite sequences (¢1, w1, p1, P2, w2, D2, ..., P4, Wq, pg) satisfying 1., and 2.
above and in addition for every i < d, ¢; € coo(N). Notice that Qg is a countable set. Fix a
one-to-one function o : Qs — {27 : j odd} such that

1
U(¢lawl7pla ¢27 w2,P2y - - 7¢d7 wd7pd) > max{p57 5_27 maxsupp ¢d}7

where e = min{|¢r(eq)| : « € supp¢r, k =1,...,d}. Given a finite subset F' of wi, we denote by
7w :{1,2,...,#F} — F the natural order preserving map. Given ® = (¢, w1, p1, 2, w2, p2, . . .,
Ga, wa,pa) € Qs(wi) we set G = UL supp gbipd and then we consider the family

7-(-ch(q)) = (WG(¢1)7w17p177TG(¢2)7w27p27 cee 77TG(¢d)7wd7pd) € @57
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where

op(mae(n)) if n € Go
0 otherwise.

76 (or)(n) = {

Finally, o, : Qs(w1) — {2j : j odd} is defined as 0,(®) = o (7 (®)).

A sequence ® = (¢, ... ,¢n2j+1) of functionals of K, is said to be a 25 + 1-special sequence
if:
(1) supp ¢1 < supp ¢ < -+ < SUpPP Pn,,, ,, ach @y is of type I, w(dy) = moj, and w(¢p1) = maj,
with j; even and satisfying mag;, > n§j+1.
(2) There exists a strictly increasing sequence (p?, ..., pSQHI_I) of natural numbers such that for
all 1 <4 < ngjy1—1we have that w(git1) = Mg, (@,) Where ®; = (¢1, w(gn), pY, pa, w(d2), 0T, . ..,
bi, (i), py).-

As we have mentioned before, the weight of a type I element of K,,, is not uniquely determined.
However in the case of the elements ¢; of a 2j + 1-special sequence ®, w(¢p;) will denote the
unique weight involved in the definition of the special sequence .

Lemma 2.9 (Tree-like interference of a pair of special sequences). Let ® = (¢1,. .., ¢n,;,,) and
U = (¢q,... ,@ZJMHI) be two 2j + 1-special sequences. Then there are two numbers 0 < Ko v <
Ao w < naji1 such that the following conditions hold:

TP.1 For alli < Xo.w, w(¢;) = w(v;) and p? = p¥.

TP.2 For alli < ke w, ¢; = ;.

TP.3 For all ke v < i < Ao.w

Prg w—1

supp ¢; Nsupp 1 U« Usupp ¥y -1

=0
Prg w—1 :Q)

and supp ¥; N supp g1 U -+ - UsSupp @y, -1

TP.4 {’LU(Q%) : >\q>,\p <1< ’I’L2j+1} N {w(zl)z) 1 < ’I’L2j+1} =0 and {’LU(’(/JZ) : )\@7\1; <1< ’I’L2j+1} N
{w(es) = i <nojp1} =0.

We refer to the reader to Figure [l for a description of the conclusion of this Lemma.

PROOF. First we observe that for i # [, w(¢;) # w(¢;). Indeed if i = 1 and [ > 1 then
w(¢1) = maj;, with j; even while w(v) = maj; with j; odd. If ¢ and [ are greater than 1 then
w(g;) = maj, # maj = w(1;) as consequence of the fact that they code sequences of different
lengths ¢ — 1 and [ — 1 respectively.

Let Ap v be the maximum of all ¢ < ngj;y; such that w(¢;) = w(v;) if defined. If not, we set
Ao,w = ko, = 0. Suppose now that Ae ¢ > 0. Define kg v by

Ko p = min{i < A\o.v @ ¢; # i},

if defined and ke ¢ = 0 if not. In this last case it is trivial to check our requirements. So assume
that ke ¢ > 0. (TP.2) and (TP.4) follows easily from the properties of the coding o,. We show
(TP.3). Let

Prg g—1 Prg g—1

)\@7\1;—1

G= |J suppo and &' = | J suppd;

=1 =1

)\@7\;;—1



A CLASS OF BANACH SPACES WITH FEW NON STRICTLY SINGULAR OPERATORS 15

And let g : G — {1,...,#G} and 7; : G' — {1,...,#G} be the unique order-preserving
bijections.

Claim. (a) #G = #G'.
(b) 7a(GNG) =7 |(GNG") and (GN G )prgy = (GNG )by -
(c) max(G' N G') < min{max supp Py, , , MAX SUPP Yyxy  } -

Proof of Claim: (a): Notice that
#G = maxsupp 7g(Pag 4 —1) and #G' = maxsupp 76 (Vrg.g—1)- (6)

Since oy (s w(¢7), PV 1) = o(Wisw(hi), i) i3 1), then w6 (dag y—1) = T (¥rg.4—1) and
hence #G = #G’', as desired. (b): It follows from the properties of o that 7¢|(G N G') =
| (GNG') (see Remark 7 and Proposition Z8). Fix now a € GNG'. Since ng(a) = g/ (@)
we have that

¢'€q>,\p (ea) = wﬁ@,\l’ (eWG(ﬂ'C_;/la)) = 1/}/%,\1: (eoc)7 (7)

as desired. (c): Suppose not. W.lo.g. assume that maxG NG’ > maxsupp ¢y, .- (b) yields
that

qbficp,\p = (G N G,)¢H¢,W = (G N G,)mep,qf’ (8)

and since #supp Qxg, y = FSUPP Yy, We Obtain that ¢y = Vi, @ contradiction. ]

To complete the proof choose kg v < @ < Ap,w. Then the previous Claim yields that supp ¢; C
G\ (GNG') and hence supp ¢; N G' = 0. O

P = (¢]7"'?¢7L2j+1)
U= (1/)1’“'77/}71214-1)

different weights

;

)

@
0

Prs o

F1GURE 1. The tree-like interference between a pair of special sequences.
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2.5. Tree-analysis of functionals. Computing the norm of a vector x from X, is typically
not an easy task. From the definition of the norming set K, one observes that each ¢ € K,
is constructed from the basic functionals e}, after finitely many steps where at each step one
applies some (mj_l,nj)-operation, or one takes some convex combination. The tree-analysis
defined below describes this procedure and it will be a very useful tool in estimations of the

norm of certain vectors of X, .

Definition 2.10. Let ¢ be a functional of the norming set K,,. A tree-analysis of ¢ is a
mapping F : T — K, t — F(t) = ¢ such that the following conditions are satisfied:

1. T = (7,<) is a finite tree with a unique root () € 7, and ¢y = ¢.
2. If t € T is a maximal node of 7, then ¢; = *e,, for some o < w;. We say in this case
that ¢, = *£e}, has type 0.
3. If t € T is not a maximal node, and denoting by .S; the set of immediate successors of ¢,
S; satisfies exactly one of the following two:
(3.a) There is a unique ordering of S; = {s1 <; --- <; sq} defined by ¢, < --- < s,
there exists an integer j € N such that d < n; and ¢; = (1/m;) Z?Zl Ds; -
(3.b) For every s € Sy, ¢ is either of type 0 or I, and there is a sub-convex family {r, },es,
of positive rational numbers such that ¢, =) ses, rsPs-
4. For every s < t, ran ¢; C ran ¢s.

For a given ¢ € K,,,, whenever we write w(¢) we implicitly assume that ¢ is of type I. In many
cases we will use the explicit notation (¢;)ie7 to denote a tree-analysis.

REMARK 2.11. 1. The minimality of K, easily yields that for any functional f € K, thereis a
tree (fi)ieT satisfying conditions 1-3. Such a tree (f;)ie7 for f can be refined to a tree-analysis
of f. The proof goes as follows: Given a tree-analysis (f;)ier of f we show by downwards
induction over 7 that every f; has a tree-analysis as desired. The only non trivial case is
when f; is of type II, fi = > cq rsfs. Let B = ran f;, and let f; = fs|E for s € S;. Then,
fe=fi|E = (ZSGSt rsfs) |E = > ses, Isfs- Since ran fi C E = ran f;, the inductive hypothesis
finishes the proof.

2. Observe that the subset of K, consisting on functionals of type 0 and [ is also a norming
set for the space: Given a finitely supported vector x, and ¢ = ), 7;¢; of type II with ¢; of type
0 or I, [{6,2)] = | 32, sl 2)] < max; |{gy, 2)].

3. Observe that a given ¢ € K,,, may have many trees as well as weights.

3. X,, HAS NO UNCONDITIONAL BASIC SEQUENCES
Definition 3.1. A pair (z,¢) with x € X, and ¢ € K, is said to be a (C, j)-ezact pair if (a)
|z|| < C, w(¢) = m; and ¢(x) =1, and (b) for every ¢ € K, of type I and w(v)) = my, i # j
we have:
ifi<j
i > . (9)

eSS

&).31\‘)

¥ ()] < {
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(C, j)-exact pairs are one of the basic ingredients for the study of mixed Tsirelson spaces as
well as of hereditarily indecomposable spaces built on a frame of a mixed Tsirelson space. The
next proposition ensures their existence everywhere.

Proposition 3.2. Let (zy,), be a block sequence in X,,. Then for each j € N there exists (z, ¢)
such that x € (Tp)n, ¢ € Ky, and (z,¢) is a (6,7)-exact pair.

The existence of (6, j)-exact pairs it is proved by a similar argument to that for the Gowers-
Maurey space [I2]. It is primarily based on the unconditional part of the definition of K,
(i.e., property 2.). A simple example of a (6,2j)-exact pair is the pair (z,¢) where x =
(maj/n2j) Y ger €as @ = (1/maj) > cr €h and #F = noj.

Definition 3.3. Let j € N. A sequence (71, ¢1, ..., ZTn,;,, Pny,,) is said to be a (1, j)-dependent
sequence if:

DS.1 suppxy Usupp ¢y < -+ < SUPPTny, , USUpp dny; -

DS.2 The sequence ® = (¢1,...,Pn,; ;) is a 2j + l-special sequence.

DS.3 (x;, ¢;) is a (6,27;)-exact pair with #supp z; < mgji+1/n§j+1 for every 1 <i < mngjq1.
DS.4 For every (2j + 1)-special sequence W = (11, ..., %n,, ;) we have that

U supp z; N U supp ¢; = 0. (10)

Kicpy\]/<7:<>\<py\1/ Fiq>’\p<7:<>\¢.yql

Proposition 3.4. For every (yn)n, a block sequence of X, , and every j € N there ezists (1, j)-
dependent sequence (T1, @1, -+, Ty 1> Prgsyy) Such that x; € (Yn)n for everyi=1,...,ngj11.

n2j4+1

PROOF. Let (y,)n and j be given. We inductively produce {(z;, )}, as follows. For i =1
we choose a (6,2j;)-exact pair (z1,¢1) such that maj; > m%jﬂ, j1 even (see the definition of
special sequences) and 1 € (y,)n. Assume that {(z;,#;)}/_] has been chosen such that there
exists (p;)i—? satisfying
(a) supp x1Usupp ¢1 < - -+ < supp ;—1 Usupp ¢;_1, each x; € (y, ), and (z;, ¢) is a (6, 2j;)-exact
pair.
(b) For 1 <1 <i—1, w(¢y) =o,(d1,w(d1),p1,--- -, O1—1,w(P1—1),Pi—1)-
(¢c) For 1 <l <i—1, p; > max{p;_1,pr }, where F] = U§g=1 supp ¢ U supp .

To define (z;, ¢;) we choose p;—1 > max{pi_g,ppl._l,nngr]L - #suppx; } and we set

2]2 - UQ(¢17w(¢1)7p17 DS ¢i—l7w(¢i—l)7pi—l)'

Choose a (6, 2j;)-exact pair (x;, ¢;) such that z; € (y,), and suppx;_1 Usupp ¢;—1 < suppz; U
supp ¢;. This completes the inductive construction. (DS.1)-(DS.3) easily holds, while (DS.4)
follows from (¢) and (3) of Lemma 29 O

REMARK 3.5. Suppose that (y,), and (z,), are block sequences such that sup,, max suppy, =
sup,, maxsupp z,. Then for every j € N there is a (1, j)-dependent sequence (1,1, ..., Tny;, 5
®nyj.,) With the property that x2; 1 € (yn)n and xo; € (2,)n for every i = 1,...,ngj41/2.

Lemma 3.6. Fiz a (1,j)-dependent sequence (1,91, Tny; 1, Pnyjpe), and a sequence of
scalars (\); 24" such that max; |\;| < 1. Suppose that for every 1 € K, such that w() =
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maj+1, and every interval of integers E C [1,n9j11] it holds that

E
Zml|<12(1+ i ). (11)
icE 2]—‘,—1
Then,
n2j+1
> Al < (12)
n2]+1 i—1 2]_|_1

We postpone the proof of this lemma to the end of Subsection B3, since involves non trivial

estimates.
Proposition 3.7. If (z1,¢1,. .., Tny, s Pnyyyq) 18 a (1, 5)-dependent sequence, then
1 1 1 e 1
| il = and || (1) || < - (13)
n2j4+1 ; ‘ maj+1 n2j+1 ; ' mgj“

PROOF. The first estimate is clear since the functional ¢ = (1/maj+1) > 14" ¢ € K, and
d((1/n2541) Z:Z]fl x;) = 1/mgji1. For the second, we use Lemma B8 applied to the sequence
of scalars ((—1)**1);, and the desired estimate will follow from ([[2)). Fix ¢ € K,,, with w(¢) =

maj+1, and an interval £ C [1,ngj41]. Set ¥ = (¢1,... ,anjH) and z = ZieE(—l)ini, where
= (1/majs1) ZieE 1;. Notice that
1 Ko, w—1 n2j41 1 n2j41
[v(x)] = | ¢i() Yi(x)] < Vi (14)
maj+1 ; ' m2y+1 i %;\p ’ m2j+1 m2]+1 i ;M, ’

We shall show that the following hold
(a) [Yrew (ZieE(—l)f“mi)\ <1+ 12(#E — 1)/n%j+17
(b) |1/1>\q>,xp (Zz‘eE(_l)ZHmi)‘ <1+ 12(#E - 1)/n%j+17 and
() 15 kg0 ire o YO(@)| < 12/n2j41 for every 1 <i < ngjy.
Let us show first (a). Let 2j; be such that w(¢;) = my;,. Notice that for i # ke v we have that

12 . .
—=~ ifi>Kkew
w(wmi) \D) ! ’
N ’ 15
Vg (@i)| < = if i < Koy "
Ji

By the properties of the sequences (my);, (n;); and the fact that ngjﬂ < W(Yrg.y ), Mo, [[E)
yields that |1, 4 (7:)] < 12/1133»Jrl for i # ko w. Hence

12(#E — 1)
W}mp,\p (Z ‘TZ)‘ < W}mp,\p (xf%,\p” + qu),\p( Z ‘TZ)‘ <1+ ngi (16)
icE i€E, i#Ka v 2j+1

(b) has a similar proof to that of (a). We check now (¢). Fix | > kow, | # Ao,w. Suppose
that { > Ao w. Since w(vy) # w(¢;) for all i < ngji1, we obtain that |t(x;)| < 12/n§j+1. Now
suppose that ke v < < Ap w. By (DS.4) we have that ¢;(x;) = 0 for every ko v < i < Ao w.
And for i ¢ (ko w,As,v), using the fact that w(y;) # w(¢;), we can conclude that |i;(z;)| <
12/n%j+1. Hence, (way%l#@’w ) (x;) < 12/ngj4q for every 1 < i < mngjiq, as desired.
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Combining (a), (b) and (c¢) we obtain that

n2541

E
D i) <1+ 7 (17)
m2]+1z. P "2J+1
From (I4]) and (') we conclude that | (x)| < 12(1 + #E/n%jﬂ), as desired. O

Proposition 3.8. The closed linear span of a block sequence of X, is hereditarily indecompos-
able.

PRrROOF. Fix a block sequence (y,), of X,,, two block subsequences (z,), and (wy)n of (yn)n
and € > 0. Let j be large enough such that mo;1e > 1. By Proposition B4l we can choose a

(1, j)-dependent sequence (71, @1, .-, Tny;,q» Pny, 1) Such that x2; 1 € (2,)n, and z2; € (Wn)p-
Set z = (1/n2j41) E?Qﬁlodd x; and w = (1/n2j+1)z?:2ﬁileven x;. Notice that z € (z,), and

w € (wy)n. By Proposition BH, we know that ||z + w|| > 1/mgji1 and |z — w|| < 1/m3;, ;.
Hence ||z — w| < ]|z + w]|. O

Corollary 3.9. (a) The distance between the unit spheres of every two normalized block se-
quences (x,) and (yn) in X, such that sup,, maxsupp x, = sup,, max supp y, s 0.

(b) There is no unconditional basic sequence in X, .

(¢) Every infinite dimensional closed subspace of X, contains an hereditarily indecomposable
subspace.

(d) The distance between the unit spheres of two nonseparable subspaces of X, is equal to 0.

PROOF. (b): follows from Proposition B8 and 4. of Proposition[3 (c): This result follows from
(b) and Gowers’ dichotomy. Moreover, every subspace of X, isomorphic to the closed linear
span of a block sequence with respect to the basis (€4 )a<w, is hereditarily indecomposable. (d):
Fix two nonseparable closed subspaces X and Y of X,,,. Now we can find a sequence (z,),, of
normalized vectors such that for every n (a) z9,-1 € X, 29, € Y and (b) supp z,, < supp zp41-
Notice that the supports supp z, are not necessarily finite. Now approximating (z,), by a
normalized block sequence (wy,), as close as needed we obtain the desired result. U

4. BASIC ESTIMATIONS AND FURTHER PROPERTIES OF :{wl

In this section we introduce some of the standard tools of this area (see [22], [12],[d], )
which will be quite useful in our analysis of the space X,,. We also obtain that the space X,
is reflexive.

4.1. Rapidly Increasing Sequences. The basic inequality.

Definition 4.1. (Rapidly Increasing Sequences (RIS)) Let C,e > 0. A block sequence (xy)) of
X is called a (C,¢)- rapidly increasing sequence ((C,e)-RIS in short) iff there is an increasing
sequence (ji)r of integers such that for all k,

L |jzg] < C

2. [suppxg| < my, € and

3. For all type I functionals ¢ of K with w(¢) < m;,, [¢(xr)| < C/w(e).
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REMARK 4.2. 1. Notice that given ¢’ < g, every (C,¢)-RIS has a subsequence which is (C,¢’)-
RIS. Notice also that for every strictly increasing sequence {a, },, and every € > 0, (eq, )n is a
(1,€)-RIS. 2. For every (1,j)-dependent sequence (1,91, .., Tny;,,, Pny, ;) the corresponding
block sequence (21, ...,%n,; ;) is a (12, 1/n§j+1)-RIS.

A primary reason for the usefulness of the notion of RIS is that one has good estimates of
upper bounds on |(f,z)|, for f € K, and x averages of an RIS.
Notation. In the sequel we shall denote by W the minimal subset of coo(N) which contains
{e} }nen, is symmetric, and is closed in rational convex combinations, closed in restriction to
intervals, and closed for the (mj_l, 4nj)-operations.

REMARK 4.3. By minimality of W, every element f of W has a tree-analysis (fi)ic7. Using
induction over the tree-analysis, it is not difficult to show that every f € K is the convex
combination f =), r;f;, with every f; in the norming set of T[(mj_l, 4nj);] and in the case that
f is of type I, then each f; can be chosen such that w(f;) = w(f). Hence, W norms the mixed
Tsirelson space T[(mj_l, 4n;j);l.

The following Lemma gives a very useful tool for reducing for a given f € K, and a RIS
(xk)k, upper bound estimates of |(f,> ", bxzk)| to upper bounds of [(g, >, |bk|ex)| where g is a
functional of the auxiliary space T[(mj_l, 4nj);] and (ex)y is its basis.

Lemma 4.4 (Basic Inequality for RIS). Let (x,), be a (C,e)-RIS sequence and fix (by)i €
coo(N). Suppose that jo € N is such that for all f € K., with weight w(f) = mj, and all
intervals F,

'f(z bery)| < C <g1€aé<\bk| +e)y |bk\> : (18)

keE keE
(We say in this case that (z,), makes jo negligible for (bg)r.) Then for every f € K., of type

I there exists g1, 92 € coo(N) such that

£ braw)l < Clgr + 92)_ Ibwler),
where g1 = hy or g1 = ef + h1, t ¢ supphy, and hy € W is such that hy € convg{h € W :
w(h) =w(f)} and with mj, not appearing as a weight of a node of a tree-analysis of hi, and
92]loc <.

We postpone the proof of this result until Subsection

REMARK 4.5. Notice that any finite (C,e)-RIS sequence (zy)x is going to be jo-negligible for
large jo.

4.2. Estimates on the basis.

Proposition 4.6. Fiz a functional f of type I, either in W orin K, j € N andl € [nj/m;, n;].
Then for every set #F =1

1 S ifw(f) <my
\f(j Z ea)| < { if w(f) > my. (19)

&l &
STS
3
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If the tree-analysis of f does not contain nodes with weight m;, then

G S el < o (20)

aeF

where in each case we interpret (€q)acr in the obvious way.

ProoF. Fix f € W of type 1. By Remark we can assume that f belongs to the norming
set, of T[(mj_l, 4nj),], i.e., f admits a tree-analysis with no convex combinations. The result is
proved in the same manner as Lemma 4.2 of [6].

The result for f € K, follows easily from the following. Let us denote by || - ||; the norm of
the natural extension of T[(mj_l, 4n;);] to wy. It is clear that for this norm the natural Hamel
basis (€q)a<w; Of coo(wr) is 1-subsymmetric, and also that |- [|; dominates the norm || -|[x,,. O

4.3. Consequences of the basic inequality. We start this subsection with the following
estimates on averages of RIS.

Proposition 4.7. Let (x1); be a (C,e)-RIS fore < 1/n;, I € [nj/mj,n;] and let f € K of type
1. Then,

! 3C :

1 atm Hwlf) <my
F(5Y ) <4 v , (21)

P> N ) 2 m,
Consequently, if (vx)L_, is a normalized (C,e)-RIS with € < 1/ng; and l € [ng;/maj,naj], then

!
1 1 2C

— <= Tl < —. 22
<7 el < (22)

Proor. This follows from the basic inequality and the estimates on the basis of T[(mj_l, 4n;);]
given in Proposition For the last consequence, notice that if for every k <[ we consider xj,
in K such th;cmt xyxp = 1 and ranzj, C ranwy, then a* = (1/mo;) 22:1 x} belongs to K, and
a*((1/ng;) 3=y 1) = 1/ma;. =

Definition 4.8. Let C' > 0 and k € N. A normalized vector y is called a C' — (-average iff
there is a finite block sequence (z1,...,2,) such that y = (x1 + -+ + z)/k and ||z;]| < C.

Observe that since K, is closed under the (mz_jl, ngj)-operation, for every normalized block
sequences (y,)n and every k, there are zq < -+ < zk in (yn), such that (21 + -+ + zx)/k is a
2 — (F-average (for a detailed proof see for example [G]).

Proposition 4.9. Suppose that y is a C — élf—avemge and suppose that E1 < --- < E, are
intervals with n < k. Then, 31 | Byl < C(1+ 2n/k). As a consequence, if y is a C' — £}7 -
average and ¢ € K is with w(¢) < m; , then |¢(y)| < 3C/2w(¢).

In particular, for 2 — )7 -averages we get that |p(y)| < 3/w(@) if w(¢) < m;.

PROOF. See [22] or [12]. O

REMARK 4.10. Suppose that (xj), is such that there is a strictly increasing sequence (ji)g
and ¢ > 0 such that for all k, (a) z; is a 2 — E;ij—average and (b) #suppzy < emj,_ . Then
Proposition L9 shows that (xy)x is a (3, ¢)-RIS. In this case we will say that (zy)x is a (3, ¢)-RIS
of ¢1 averages. These remarks yield the following.
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Proposition 4.11. Any block sequence in X,,, has a further normalized block subsequence which
is a (3,¢)-RIS. O

Proposition 4.12. Let (z,,), be a block sequence in X,,. Then for each j € N there exists a
(6,27)-exact pair (x,¢) such that v € (Tp)p.

PRrROOF. Fix a block sequence (x,), of X,, and an integer j. By the previous proposition we
can find a normalized (3,1/n92;)-RIS (yn)n in (z5)n. For each 1 < i < ngy; choose ¢; € K, such
that ¢;(y;) = 1, and ¢; < ¢iy1. Set ¢ = (1/ma;) 3272 bi € Ky, and & = (ma;/n2;) 3724 i
Then ¢(x) = 1 and estimates in Proposition B yield

9 if w(f) < ma;
_ el | i J 23
rn<{ B s iy B

and ||z]| < 6. Hence (z, ¢) is a (6,2j)-exact pair. O
To finish this subsection we show Lemma

ProoOF. (Of Lemma B8l) Fix a (1,j) dependent sequence (1,1, ..., Tny; 1> Pny;yy) and a

sequence (Ai)?jjl“ with max; [A\;] < 1 such that for every v with weight mgj;1, and every

interval E C [1,n2;41],

(D Nias)| < 12(1 + a2

ik USTES

)- (24)

Since (x;); is a (12, 1/n%j+l)-RIS (see Remark {22), (24)) tells that (x;); makes 2j+ 1 negligible for
(Ai)i- From the conclusion of the basic inequality and the estimates on the basis of T'(4n;, 1/m;),
it follows that for every f € K,

1 & 2 2 1
£ ( > i) < 12( +——) < ——, (25)
n2j+1 n2j+1 Mo majt1
as required. O

Proposition 4.13. The basis (eq)a<w, S shrinking and boundedly complete. Therefore X, is
reflexive.

PROOF. Since the basis (eq)a<w, is boundedly complete (see Remark 4], we only need to
prove that it is also shrinking. Suppose not. Then there exists a strictly increasing sequence
A = {an}n of ordinals, scalars (\,), and z* = w* — lim, > 7 | Ape  with 2* ¢ (e}, ),. Thus
there exist € > 0 and successive intervals (E,), such that for all n, |E,x2*|] > . Choose
(zp)n in X4 with suppx, C E,, ||x,|| =1 and x*(z,) > € for all n. It follows that every convex
combination ) pinx, satisfies || Y pnay,|| > €. Now for sufficient large j € N we may construct
a (2¢,1/n2j41)-RIS (yn)n of e-normalized averages such that every y, is an average of (xj).
Proposition BT yields that [|[1/(ng;) Y12 il < (4€)/maj < e, a contradiction. O
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5. THE OPERATOR SPACES

In this section we state and prove the main results about operators on X,,, and its subspaces.
The new basic tool is the finite interval representability of a James-like space into X,,. The
section is divided into six subsections. The first concern James like spaces. In the second
the finite interval block representability of Jz;, is defined and the structure of the space of
the step diagonal operators is studied. In the third subsection the spaces £(X,) are studied
and some consequences concerning the structure of the subspaces of X, are obtained. In
the fourth subsection the concept of asymptotically equivalent subspaces of X, is introduced
and the structure of the spaces L£(X,X,,) with X subspace of X,, is studied. In the fifth
subsection a construction of subspaces X is presented such that dim £(X)/S(X) = 1 while
L(X,%X,,)/S(X,X,,) is of infinite dimension. The last subsection concerns some further results
about the operators related to the Fredholm theory of strictly singular operators.

5.1. James-like spaces.

Definition 5.1. Let X be a reflexive space with a 1-subsymmetric basis (z,),, and let A be a
set of ordinals. Jx(A) is the completion of (coo(A), || - |75 (4)), Wwhere for z € coo(A),

1
12]l75 4y = sup{|l Z (Z x(z)) Tpl|lx + 1 <--- < I intervals of A}.

n=1 ’L'eIn

The natural Hamel basis (vq)aca of coo(A) is a bimonotone 1-subsymmetric transfinite basis
of Jx(A). Also, for every interval I of A the functional I* : Jx(A4) — R, I"(z) = > 4 z(a)
belongs to J% (A) and [|[I*| = 1.

REMARK 5.2. As we shall see next, £; does not embed into Jx(A) and hence the basis (v4)aca
is not unconditional.

The following two facts are easy extensions of the corresponding results from [§].

Proposition 5.3. Let (y,)n be a semi-normalized block sequence in Jx (A) with ) s yn(a) =0
for every n. Then (yn)n is equivalent to the basis (zy), of X.

PROOF. Let 0 < ¢ < C be such that ¢ < ||ly,|| < C for all n. It is easy to see that:

-1
el Y anwalx <UD anyalliay < suwp 1Y (ai, |+ laig Dagllx <
n n

SipSSh o

<(2CK)| Z antnllx,

where K is the unconditional constant of (x,,),. The first inequality holds for any block sequence
and the second uses our assumptions. O

Corollary 5.4. The space {1 does not embed into Jx(A).

PROOF. If not, then from Proposition we could find a semi-normalized block sequence (yp, ),
equivalent to the ¢1-basis. Therefore, passing if necessary to a further block sequence, we may
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assume that foralln € N, 3~ -, yn(a) = 0. Hence Proposition B3 yields that (y,), is equivalent
to (zn)n, a contradiction. O

REMARK 5.5. Suppose that A and B are two sets of ordinals with the same order type. Then
the unique order-preserving mapping f : A — B defines naturally an isometry between f :

Ix(A) = Jx(B) by f(Xoaer TaVa) = Xach TaVf(a)-
The next proposition also extends the corresponding result from [§].
Proposition 5.6. For every ordinal v the space Jx () is generated in norm by {[0, )" bacyt1-

PrOOF. We proceed by induction. It is clear that the successor ordinal case follows immediately
from the inductive assumption. So we assume that ~ is limit ordinal and for all A < v the
conclusion holds. Assume to the contrary that ¥ = ([O,a)*>a<7+1”'” & J% (7). Then there
exists * € Jx(v) with ||z*]| = 1 and € > 0 such that d(z*,Y) > . Observe also that the
inductive assumption yields that for all o < v if 2, denotes the functional defined by

. ] 0 if 6<a
xa(vﬁ) - { 33'*(’1)5) lfﬁ > a,

| <1 and d(z},Y) > e. In particular for all o < v, d(z, ([a,7)*)) > € and from
the Hahn-Banach and Goldstine Theorems there exists a finitely supported g, € Jx(v) with
[9all < 1, @ < minsuppya, 2*(Ja) > € and |3 5. Ja(B)| < €/4. Assuming further that

then ||z |

a is a successor ordinal we consider the vector yo = o — (X554 Ja(B))va-- Observe that
o~ < minsuppya, °(Ya) > € —€/4 > €/2 and ) 5 ya(B) = 0. Hence we may inductively
choose a block sequence (zp), such that /2 < [lz,|| < 1, 3, 2n(a) = 0 and 2*(z,) > /2.
Observe that (zy), is unconditional (Proposition B3l therefore equivalent to the ¢1-basis which
yields a contradiction. ]

Corollary 5.7. For every set of ordinals A we have that dim J% (A) = #A. O
5.2. Finite interval representability of J7, and the space of diagonal operators.

Definition 5.8. Let X and Y be Banach spaces and let (24)a<~ and (yn)n be a transfinite basis
for X and a Schauder basis of Y respectively. We say that Y is finitely interval representable in
X if there exists a constant C' > 0 such that for every integer n and intervals I < I, < --- < I,
successive, not necessarily distinct, intervals of 7 there exists z; € ((za)acr,) (1 =1,...,n) with
suppz; < suppze < --- < suppz, and such that the natural order preserving isomorphism
H s (o)) — ((20)1) satisfies | H]| - || H-1] < C.

Recall that Maurey-Rosenthal [20], in their attempt to solve the unconditional basic sequence
problem, have constructed a Banach space X with a weakly-null normalized Schauder basis
(en)n having the property that every subsequence of (e,), finitely block represents the James-
like space J,,, or equivalently (and as they said it), every subsequence of (ey), has a arbitrary
large finite block subsequence of length k equivalent to the first k-many members of the summing
basis of ¢g. In our attempt to control non-strictly singular operators on X,,,, we have discovered
the following analogous result that surprised us by its powers to explain many phenomena
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encountered, not only in X,,,, but in essentially any other conditional space constructed so far
using the general scheme described above in Section 2. Through all this section v will denote a
limit ordinal.

Theorem 5.9. Let (yo)a<~y be a normalized transfinite block sequence in X, , and Y its closed
linear span. Then Jr, is finitely interval representable in the space Y, where Ty is the mized
Tsirelson space T[(mgjl, n2;);.

We will postpone the proof until Section B Throughout all this section C will denote the
finitely block representability constant of Jz, in X,,,. We will show in Section B that C' < 121.

REMARK 5.10. 1. Let us observe that since, as we will show, the basis of J7;, is not unconditional
and it is finitely block representable in any block subsequence of the basis (eq)a<w,, then X,
cannot have any unconditional basic sequence. In other words the finite interval representability
of Jr, in the block subsequences of X, must make use of the conditional structure of X,,. Indeed
we get more. Suppose that X has a transfinite basis, and suppose that a Banach space Y with
a conditional basis (y,), is finite block representable in every block sequence of X Then X does
not contain unconditional basic sequences and from Gowers dichotomy [I0], X is hereditarily
indecomposable saturated.

2. The James like space Jr;, has the following alternative description. It is the mixed Tsirelson
space Tg[(mgjl,ngj)j], where G = {I* : I C N interval}. The minimal set Ky of coo(N) which
is symmetric, contains (G, and is closed under (mQ_jl, naj)-operations norms Jr; .

Proposition 5.11. Let x1 < --- < x,, be finitely supported, ¢ € K,,, and set r; = ¢x; for each
i=1,...,n. Then || 321 rivillgg, < llz1 + -+ zn.

PRrROOF. Fix a functional f of Ky with support contained in {1,...,n}, and a tree-analysis
(ft)ier of f. We show by induction over the tree 7 that for every t € 7 there is some ¢, € K,
such that f;(3°7  rivi) = ¢p(z1 + -+ + xp). In particular fo(3°, rivi) = ¢o(z1 + -+ + x5), and
hence the desired result holds. If ¢ € 7 is a terminal node, then f; = +£I*, I C {1,...,n} an
interval. We set ¢y = +¢|[min supp Zpin 1, MaX SUPP Tmax 1]. It is clear that ¢, € K, and

Gr(z1+ -+ ) :iz¢$i:izri:ft(zrivi)- (26)

iel iel i
If t € 7 is not a terminal node, then f; = (1/mg;) Z?:l fs;, where Sy = {s1,...,s4} ordered by
fs1 <+ < fs;- Then ¢y = (1/my;) Z?:l ¢s, clearly satisfies our inductive requirements. d

The next result shows that Jg, is minimal in a precise sense.

Corollary 5.12. Suppose that X is a Banach space with a normalized Schauder basis (xy)n
which dominates the summing basis of co and is finitely block represented in X,,. Then (x,)n
also dominates the basis (vy)n of Jz,.

PRrROOF. Fix scalars (a;)j~;. Choose a normalized block sequence (w;)? of X,,, C-equivalent to
(xi)i~,. Fix f € Ko with supp f C {1,...,n} and a tree-analysis (f¢)tc7 of it. We are going to
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find ¢, € K, such that |f;(D°7 aivi)| < Cl¢e(>" ajw;)|, for each ¢ € 7. This will show that

n n n
1Y~ asvillsg, < CID  amwillz,, < C?D amwillx, (27)
i=1 i=1 =1

as desired. If t € 7 is a terminal node, then f; = +I*, I C [1,n] interval. Since (z,), dominates
the summing basis of ¢y, we can find ¢; € K, such that

n n n n
1 1
¢ (Y aiws) = || aqwil|x,, > cl > aiwi|x > rol. D ail = £ awi)l. (28)
i=1 i=1 i=1 iel i=1
If ¢ is not terminal node, then we use the appropriate (mQ_jl, naj, )-operation. ]

Definition 5.13. Let (24)a<y be a normalized transfinite block sequence, X its closed linear
span. We denote by D(X) the space of all bounded diagonal operators D : X — X satisfying
the property that for all a < ~ limit there exists some A, € R such that D(xz3) = A\, for every
B € [a,a +w). We also denote by D(X) the space of all diagonal operators (not necessarily
bounded) satisfying the above condition acting on (zq)a<~-

Notice the following (linear) decomposition of (z4)a<,

(Ta)acy = 6D (@8)sciaatw)- (29)
acA(y)

The canonical decomposition of y € (Ta)acy in X is y =y1 + -+ + yy, given by E9).
REMARK 5.14. D(X) is a closed subalgebra of £(X).

For an ordinal 1 we denote by A(y) the set of limit ordinals < p, and by A(x)© the set of
limit ordinals @ = 4+ w < p with 8 € A(u). We denote this (unique) 8 by a~. Notice that
A(1)© is the set of isolated points of A(u) with respect to the order-topology. For technical
reasons, 0 is considered as limit ordinal.

REMARK 5.15. Notice that for 4 a limit ordinal, A(y + 1) is order isomorphic to A(y) via the
predecessor map.

Definition 5.16. Let D € 5()() We define the map &p : A(y 4+ 1)@ — R by
D(zo-) = &p(@)zo- (30)
Namely, {p(a) is the eigenvalue of D associated to the eigenvectors (z3)gcja—a)-
We consider the following linear map Z : D(X) — coo(A(y + 1)©@)# defined by
E(D)(va) = €p(a), (31)
where coo(A(y + 1)©)# denotes the algebraic conjugate of coo(A(y + 1)(?). The main goal here

is to show that = defines an isomorphism between D(X) and J7, (A(y + 1)©). For D € D(X),
let us denote

D]l = sup{[|[ Dz[|x,, : = € (Ta)acy, [#(lx,, <1} < oo,
and for f € coo(A(y +1)0)#,

£l = sup{f(2) : @ € coo\(v + D)), ]y, <1} < o0
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Proposition 5.17. ||D|| < |E(D)|| < C||D|| for every D € D(X).

PROOF. Fix D € D(X), ande > 0. Let y € (Ta)a<y With [ly|| < 1 be such that ||| D] —||Dy||| < e.
Let y = y1 + - - - + yn be the canonical decomposition of y in X, and «y,...,a, be such that
yi € <mﬁ>ﬁ€[ai‘,ai) for every 1 <i < n. Let ¢ € K be such that ||Dy|| = ¢(Dy), and set r; = dy;
for i =1,...,n. By Proposition BIIL || > i r3vill sz, < ||lz]|; and since (va)q is 1-subsymmetric
we have that || Y23, 7iva, 75, < [lyll < 1. Hence

IED) = IED)Q_ riva)llm, = 1Y Ep(ai)rivallam, =D éplai) = ¢(Dy) = ||D]| —e. (32)
=1 =1 i=1

This shows that || D[| < |E(D)|. Fix v =3, ajve; € Jr, with ||/, <1, and choose a finite
normalized block sequence (w;)!' ; C-equivalent to (v,)?; with w; € (xg) Belar ) for every
i=1,...,n (indeed we may assume that the natural isomorphism F': (w;) ; — (v;)7_; satisfies
that ||F|| < 1, |[F7Y| < C; see Corollary BIH). Then,

IED) @)z, = 1Y Epl@i)aiva, lom, < 1Y Ep(ai)aiwi|x,, = DY aiwi)l|x., <
i=1 i=1

=1
n
< |IDII1Y_ awwil|x.,, < C|ID]. (33)

i=1
g

Theorem 5.18. The spaces D(X) and J7, (A(y + D)) are isomorphic.

Proor. By Proposition B.I7, Z[D(X) : D(X) — Jr, (A(y+1)@) is an isomorphism. To see that
it is also onto consider f € Jp, (A(y + 1)) and define Dy € D(X) as follows. For 8 € [a™,q)
set Df(xg) = f(va)xg. It is easy to check that Z(Dy) = f. This completes the proof. O

Corollary 5.19. Let X and Y be the closed linear span of two transfinite block sequences of the
same length . Then the natural mapping 1 : D(X) — D(Y) defined by 1~ (D) = Dg¢,, is an
isomorphism. O

Our intention now is to compare D(X) and D(X,, ).

Definition 5.20. 1. Given a closed A C A(w; + 1), let Da(X,,) be the subalgebra of D(X,,)
consisting on all D € D(X,,,) satisfying that for every a € AO) | there is some A, such that
D|X[o- a) = Aaix x., and D|X[pacau,) = 0. Let Da(X,,) be the subalgebra of bounded

operators of Dy (Xo,)-

[a™,a)

2. Given a transfinite block sequence (zq4)a<~, let I'xy € A(wq + 1) be defined as follows. Let
= { sup maxsuppza, : (n)n T,an <7}, (34)
and let I'x = I"U{0,supI"'}. Another interpretation of I'x is to consider the map fx : A(y+1) —
w1 defined by fx(a) = supg., maxsuppxg and I'x is nothing else but the image f(A(y + 1)),
and hence T'x \ max{I'x} and A(y + 1) are order isomorphic.
3. Given D € D(X), let E(D) € Dr,(X,,) be the unique extension of D. Notice that
D|X € D(X) for every D € Dr, (X,,).



A CLASS OF BANACH SPACES WITH FEW NON STRICTLY SINGULAR OPERATORS 28

Theorem 5.21 (Extension Theorem). For every X — X, generated by a transfinite block
sequence the following hold:

(a) Every D € D(X) is extended to a step diagonal operator ED in D(X,,).

(b) The map D — ED defines a linear isomorphism from D(X) onto the space Dr (Xu,)-

PrOOF. We show that ||[E(D)| < C||D|| for every D € D(X). Fix a finitely supported y € X,
such that ||y|| < 1 and || E(D)|| = | E(D)(y)|l. Since T = {[ar_,a) : @ € TP} U {[maxTy,w)}
is a partition of wq, y has a unique decomposition y =y +---+y, for Iy < --- < I, in Z and
Yi € (ea)acr;- Notice that E(D)|X{maxryw;) = 0, 50 we may assume that I,, # [maxT'x,wr).
By definition of E(D) we have that E(D)(y) = .1, &p(Bi)y; where i = fy'(a;) for every
i=1,...,n. Choose ¢ € K,,, such that ||[E(D)(y)|| = ¢(E(D)(y)). By Proposition BI7,

IEMD)I| =p(>_&p(Bi)ys) = > n(B)d(ys) = ED)D_ dyi)vg,) <
=1 =1 =1

<I=D) Lz A+l > ¢wi)villg, < CIDI. (35)

=1

5.3. The spaces L(X,).

Definition 5.22. A sequence (71,91, ...,Tny; 1, Pnyjy ) 18 called a (0, j)-dependent sequence  if

the following conditions are fulfilled:

DS0.1 ® = (¢1,...,Pny,,,) is a 2j 4 1-special sequence and ¢;xy = 0 for every 1 <i,7" < ngjy1.

DS0.2 There exists {11, ...,%n,; ., } such that w(y;) = w(¢;), #suppx; < w((biﬂ)/n%jﬂ and
(xi,15) is a (6, 27;)-exact pair for every 1 <i < mngji1.

DS0.3 1t H = (hy,...,h ) is an arbitrary 2j + 1-special sequence, then

)25 +1
U suppx; | N U supph; | = 0. (36)
HCD,H<Z'<)\<I>,H HCD,H<7:<>\<P,H
Proposition 5.23. For every (0,j)-dependent sequence (x1,¢1, ..., Tny;q, Pnyjyrq) we have that
|1+ ) < —
:L‘l “e x . < .
N2j+1 "I T mE

PrOOF. The proof is rather similar to the proof of Proposition Bl One first shows that
[V(1/ngj41 D iepxi)| < 12(1 + #E/n%jﬂ) for every special functional ¢ with w(v¢) = majy1,

and then the result follows from the basic inequality, since, by condition (DS0.2), (z;);>)™ is a

(12,1/n3;,,)-RIS. O

Proposition 5.24. Suppose that (yi)r is a (C,e)-RIS, and suppose that T : (yg)r — X, is
a linear function (not necessarily bounded) such that lim,, oo d(Tyn,Ryy) # 0. Then for every
e > 0 there is some z € (yg)k such that ||z]| < €||Tz]|.
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PROOF. We may assume that there is some ¢ > 0 such that inf, d(Ty,, Ry,) > 6 > 0, and also
that (T'y,)n is a block sequence (hint: Consider the following limit ordinal

v = min{y < w; : 34 € [N]* igij d(PyTyn, Ryy) > 0}, (37)
n
pass to a subsequence of (y,), and replace T by Py, T).

Claim. There ezist an infinite set A C N and a block sequence (fn)nea of functionals in K,
such that:

(a) For every n € A, fyTy, > 0, fanyn = 0,ran f, C ranTy, and supp f, N Suppy, =
0 for every m # n.

(b) Either for every n € A maxsuppy, > maxsupp f, or for every n € A maxsuppy, <

max supp fr-

Proof of Claim: By the Hahn-Banach theorem, for each n € N we can find a functional f,, of
norm 1 such that f,(T'y,) > ¢ and f,,(y,) = 0. Since the w*-closure of K, is ngzl (notice that
K by definition is closed under rational convex combinations) and K, is closed under restriction
over intervals, we may assume that f, € K, and ran f,, C ranTy,. Let a = max, suppy,, and
8 = max,supp fn. If a # [, it is rather easy to achieve the desired result. If o = g, then
we can pass to a subsequence A and distort f,, such that for every n € A, maxsupp f, >
max supp Y- O

So, we may assume that (f,), satisfies the requirements of previous Claim. Fix j with
majt+1 > 12/(55)

Claim. There is a (0, j)-dependent sequence (21,1, - -, Znyjo1s Proyyr) Such that for every k <
n2j+1, 2k € X, ran¢, CranTz, and ¢pTz > 6.

Proof of Claim: Choose ji even such that mg; > n%jﬂ, and choose Fi C N of size ngj, such
that (yi)ker, is a (3, 1/713]-1 )-RIS (going to a subsequence of (y)r; see Remark EL2). Set

1 mo;
(bl = Z fz € le and Z1 = 21 Z Yk -

M2j, i€F 21 keR

Notice that ¢1T21 = (1/n2j,) Y ke, feTyr > 6 and by (a) from the Claim, we have that
121 = (1/n2;1) Yoper, 2iem fuly) = 0. Pick

p1 > max{p,(supp 21 U supp T'z1 Usupp ¢ ), #supp z1-n3, 1 } (38)

and set 2jo = 0,(®1,maj,,p1). Now choose I, > F finite of length ngyj, such that (zg)rep, is a
(3, 1/n%j2)—RIS. Set

1 mo;
ng = Z fk S le and z9 = ﬁ Z Yk - (39)

M2j2 1ch, 22 pep,

Notice that ¢o > @1, p2T 29 > § and ¢o29 = 0. Pick

p2 > max{pl , pg(supp z1 Usupp zo Usupp T'z; Usupp Tz Usupp &1 Usupp <I>2), #supp z2~n%j+1}}
(40)
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and set 2j3 = o,(d1, Moy, P1, P2, M2y, P2), and so on. Let us check that (21, @1, - -, Zng; 15 Prgyyy)
is a (0, j)-dependent sequence: Condition (DS0.1) and (DS0.2) are rather easy to check from
the definition of this sequence. Let us check (DS0.3). There are two cases: (a) Suppose that
max supp z < maxsupp ¢ for every 1 < k < ngji1. Then suppz; C suppmm‘“r1 for
every k. < k < Ap pg. Then part 2 of (TP.3) gives the desired result. (b) Suppose that
max supp ¢ < maxsupp 2y for every 1 < k < ngji 1. Then supp ¢y C suppmmwf‘1 for
every ko, g < k < Ao i, and we are done by part 1 of (TP.3). O

Fix a (0, j)-dependent sequence (21, @1, .., Zn, Pny, ;) as in the Claim, and set

n2j4+1
(=1)fz and ¢ =
k=1

n2j+1

> tre
k=1

Then ¢Tz = 1/ngj1 Y 2 (= 1)F1 9Tz, > §/mgjy and ||z < 12/m3;,,. So, |T(2)| >

d/majr1 > 0majy1]|2]|/12 > el|z|| as desired. O

1

mojt1

1
z =
N2j5+1

Corollary 5.25. Let (yi)x be a (C,e)-RIS, Y its closed linear span and T :' Y — X,, be a
bounded operator. Then lim,,_,o d(Tyx, Ryx) = 0.

PROOF. If not, by the previous Proposition B24, we can find a vector z € (yi)r such that
llzIl < (1/||T|DIIT=|| which is impossible if T is bounded. O

Lemma 5.26. Let (xy,), be a (C,e)-RIS, X its closed span and T : X — X, be a bounded
operator. Then Ay : N — R defined by d(Txp, Rxy,) = [|Txn—Ar(n)x,|| is a convergent sequence.

PRrROOF. Fix any two strictly increasing sequences (o), and (f3,,), with sup,, a;, = sup,, B, and
suppose that Ar(ay) —n A1, Ar(B8n) —n A2. By going to a subsequences, we can assume that
Zq, < xg, for every n. Since the closed linear span of {z,,, }nU{xg, }» is an H.I. space, we can find
for every e two normalized vectors wy € (x4, )n and we € (zg, )y such that || Tw) — Ajwi|| < e/3,
| Twa — Aows|| < e/3 and [Jwy — wa|| < &/3||T||. Then we have that

[IANw1 — Aows|| < ||Twy — Mwq|| + [|[Twy — Twsl| + ||Twe — Aws|| < &, (41)

and hence,
€ > [[Arwr — Aowa| = [A1 = AfJwr]] — [Aefllwy — wal > [Ar — Ao| = [Azle. (42)
So, [A1 — A2] < e(1 + |Ag]) for every . This implies that A\; = As. O

Definition 5.27. Recall that for a set A of ordinals A is the set of isolated points of A. Fix a
transfinite block sequence (24 )a<~, let X be the closed linear span of it and let T': X — X,,, be
a bounded operator. We define the step function & of T & @ A(vy+ 1)(0) — R as follows: Let ~
be a successor limit ordinal less than . Let &7p(y) = € € R be such that limy, o || Tyn —E&ynl| = 0
for every (3,¢)-RIS (yn)n satisfying that sup,, maxsuppy, = 7. Lemma B260 shows that £ exists
and is unique, and that & can be extended to a continuous ET A(vy+1) = R.

Given a mapping £ : A(v+ 1)(0) — R we define the diagonal, not necessarily bounded, operator
D¢ : X — X in the natural way by D¢(zq) = §(o + w)xo. Given a bounded T': X — X, we
define the diagonal step operator Dt : (xa)a<y — Xu, of T as Dy = Dg,..
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REMARK 5.28. The function & has only countable many values. This follows from the fact
that it can be extended to a continuous function &7 defined on A(y +1). As it is well known, if
~v = w1 the function &7 is eventually constant.

Proposition 5.29. The sequence (||(T — D7) (yn)||)n € co(N) for every RIS (yn)n in X.
PRroor. This is just a consequence of the definition of Drp. ]
Proposition 5.30. A bounded operator T : X — X, s strictly singular iff & = 0.

PROOF. Suppose that T is not strictly singular. Then there is a block sequence (y;, ), such that T
is an isomorphism restricted to the closed linear span Y of (y,),. Going to a block subsequence if
necessary, we assume that (y,), is a RIS. Since T'|Y" is an isomorphism, lim,, . ||Ty,|| > 0. This
implies that &7|A(a + 1) # 0, since otherwise ET(oz) = 0 contradicting the above inequality.
Suppose now that & # 0. Choose some successor limit v such that {p(v) # 0. Then we can
find a block sequence (yn)n C X, such that T is close enough to &r(v)iv,x,,, where Y is the
closed linear span of (y,),. Hence, T' is not strictly singular. ([l

Proposition 5.31. Let (zo)a<y be a transfinite block sequence, X its closed linear span of
(Ta)a<y and a bounded operator T : X — X,,. Then ||Dr| < C||T|| and hence Dy € D(X).

PROOF. Fix a normalized y € (za)a<y. Let y = y1 + --- + y, be its decomposition in X,
Yi € <mﬁ>ﬁe[af o) fori=1,...,n. Choose ¢ € Ky, such that #(D(y)) = ||D(y)||. Then,

IDWI =3 erla)étws) = (3 erlae) (3 dwv) < IS erlavllsy,,  (43)
=1 =1 =1 =1

the last inequality holding because || 377 ¢(yi)va; |z, < yllx,, < 1. We finish with the next
claim.

Claim. |3 L, &r(ai)oi |y < C|IT||.

Proof of Claim: Fix € > 0. By the finitely block representability of Jz, in X, and Proposition
we can produce inductively wy, ..., wn such that (1) wi € (¥4) 5e (o ay);

(2) the natural isomorphism F : (w;)"; — (v;)"; is such that |[F|| <1 and ||[F~!|| < C, and

(3) Z?:l 67 (ci)w; — Tw;]| < e.
Choose x = > | 7v; € Jr, of norm 1 such that ||, gT(ai)yjHJ%o =" &p(q)ri. Then
> i Tiwz'wal < C and hence

IDr (> riw) | = 1Y ribr(i)villug, =Y rlai)rs = |1 &r(e)y| Ti, (44)
i=1 =1 =1 =1

This implies that [| 32, &r(c)vi [l < 1Tz raw)ll + (T = Dr) (3252, rawi) | < CIITI| +
€. 0
g

Theorem 5.32. Let (24)a<~ be a normalized block sequence of X, X its closed linear span.
Then for every bounded operator T : X — X,,,, Dr : X — X, is bounded and T — Dr is strictly
singular.
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Proor. This follows from Proposition and Proposition B3 O

Corollary 5.33. Any bounded operator from the closed linear span X of a transfinite block
sequence into the space X, s the sum of the restriction of a unique diagonal step operator
D € Dx(X,,) and an strictly singular operator.

ProoOF. This follows from the previous theorem and Theorem G271 O

Corollary 5.34. (1) For T : X — X,,, bounded TFAE: (a) T is strictly singular, (b) & = 0,
and (¢) Dy = 0.
(2) The transformation T — Dy is a projection in the operator algebra L(X) of norm < C. O

Proposition 5.35. Let X — X,,, I C wy an interval such that Pr|X is not strictly singular.
Then for every € > 0 there exist a normalized sequence (x,), in X and a normalized block
sequence (zp)n in X1 such that Y ||y, — 2| < €.

PROOF. Set I = [a, ] and suppose that Pr|X is not strictly singular. Let
Yo = {7 € (o, f] : Py|X is not strictly singular}.

We can find for every € > 0, (yn)n C X and a block sequence (wy), C X,, such that P,
is an isomorphism when restricted to the closed linear span of (y,)n, sup, maxsuppw, = ¥
and Y |lw, — Pyyynll < €/2. Consider U : {(wp), — X[yowwy) defined by Uw, = Py ) Yn-
Notice that U is bounded. Since &; = 0, U is strictly singular. Hence we can find a block
sequence (zy)n of (wy), such that for all n, [|Uz,|| < e/2""! and hence the corresponding block
sequence (z,), of (yn)n satisfies that > |z, — z,|| < €. Finally, notice that for large enough
no, (Zn)nZno - %]. O

Corollary 5.36. The space X, is arbitrarily distortable.

ProOOF. For j € N, and z € X,,,, let ||z]|2; = sup{o(z) : w(¢) = ma;}. Let X — X,,,. Since for
every € > 0 we can find a subspace of X generated by a Schauder basis (y,), and a normalized
block sequence (z,), of X,, such that > |y, — z,]| < e, without loss of generality we can
assume that X is generated by a block sequence (z,),. Now, we can find an (6, j)-exact pair
(x,¢), with z € (z,) and hence 1 < ||z||2; < ||z|| < 6. And for any other j' > j, a (6, 25")-exact
pair (z/,¢') with 2’ € (2,), and hence 1 < ||2’|] < 6 and ||2'||2; < 12/mg;. So,

[l /[]]]]]25 1/6  _ majn

'/l 25— 12/maj41 2

(45)
O

Definition 5.37. Two Banach spaces X and Y are called totally incomparable if and only if
no infinite dimensional closed X7 «— X is isomorphic to Y7 — Y.

Corollary 5.38. For disjoint infinite intervals I and J, the spaces X5 and Xj are totally
incomparable.

PROOF. Suppose not, and let X — X;, and Y — X such that 7' : X — Y is an onto
isomorphism. By the previous Proposition B30 we can assume that X is generated by a block
sequence. But since & = 0, T' cannot be isomorphism. This is a contradiction. O
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Another consequence of the representability of Jz;, on each transfinite block sequence is that
we can identify the space D(X) of diagonal step operators on X and hence identify £(X)/S(X)
for every closed span X of a transfinite block sequence.

Corollary 5.39. £(X)/S(X) & L(X,X,,)/S(X,Xs,) = J7, (Fgg)) for every X — X, gener-
ated by a transfinite block sequence.

PROOF. This follows from Lemma BEI8, since A(y + 1)© and Fg?) are order-isomorphic. O

REMARK 5.40. Note that £(X)/S(X) = J7, (I'x) if I'x is infinite. To see this, fix a transfinite
block sequence (o )a<~ generating X such that v > w?. Then T'x\{maxTx} and A(y+1)©\{w}
are order-isomorphic.

Theorem 5.41. Every projection P of X, ts of the form P = P, +---+ P, + .S, where I; are
intervals of ordinals, I; < I;11 and S is strictly singular.

PROOF. Suppose that P : X,, — X, is a projection, P = Dp+S. Since P? = P, we obtain that

D2 — Dp is also strictly singular and therefore (£p(a)? — & P(Oé))ix[ x,, 18 strictly singular

a”,a)’
for every successor limit . This implies that £p : A(w; + 1) — {0,1}. And since £p has
the continuous extension property, there is no strictly increasing sequence {ay, }n € A(wy +1)©

such that {p(ag,) = 1 and Ep(ag,t1) = 0 for every n. O

Corollary 5.42. For every n € N there is some m € N such that for every projection P
of X,, with |P|| < n, P can be written as P = Py, + --- + P;, + S such that k < m and
I << Iy << -+ << I, where A << B denotes that the interval (sup A,inf B) is infinite.

PrROOF. Fix n, and let P : X,, — X,, be a projection such that ||P|| < n. Let j be the
first integer such that mo; > 2nC. We claim that m = ny; works. For suppose that P =
Pr,+---+ P, + 5 with I} << --- << I}, and k > ng;. Fix € > 0. Find a normalized block
sequence (T1,Y1, .- - Tny, /2; Yny,/2) such that
(a) z; € X1, ¥i € X(sup I,minI;,1) for 1 <i <ngj/2 — 1, and Yy, /0 > Tp,, /2,
(b) (T1,Y1, -+ Ty /25 Yny; j2) 18 C-equivalent to (UZ):ZJl and
(©) ISIF]| < & where F = (21,1, -+ Tng, /2, Yy, 2))-

Set @ =1 — Y1+ -+ + Tpy; /2 = Yny,/2- Then,

nj naj
Izl < CI1 D (=1 il g, < CID_tillzy = Cngj/may, (46)
=1 =1
and
n2;/2 na; /2

IP@ =11 Y @il —e =1 Y villsy, —&=no;/2 - <. (47)
i—1 i=1
Eg) and EZ) imply that ||P|| > (mg;/2 — emaj/n9;)/C. Hence, ||P|| > n, a contradiction. [

5.4. Asymptotically equivalent subspaces and £(X,X,,). Our aim here is to extend the
results about operators on subspaces generated by a transfinite block sequence to arbitrary
subspace.
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Definition 5.43. Let X be a subspace of X,,,. A subset I' of w; + 1 is said to be a critical set
of X if the following hold:

(CS1) T is closed of limit ordinals, and 0 € T

(CS2) For ally € I', v < Q, P 4+

strictly singular, where 4 is the successor of v in I' and = maxT.
(CS3) Pyl X is strictly singular (we use Py = 0).

)| X is not strictly singular and for all o € (v,7h), Plyoy| X is

Notice that from the definition it follows easily that if I" is a critical set of X, then maxI' =
min{y <wp @ B, )| X is strictly singular}.

Proposition 5.44. For every X — X, a critical set I' is uniquely defined, denoted by I' x.

Proor. Fix X — X,,. We show first that a critical set X exists. We proceed by induction
defining an increasing sequence (Yo )a<w, as follows: We set 79 = 0. Suppose we have defined
(78)p<a satisfying conditions (CS1) and (CS2). If « is a limit ordinal, then we set v, =
SUPg<q V8- Suppose now that « is a successor ordinal. If P[va_,w1)|X is strictly singular, then
we set Yo = Yo-- 1f not, let

Yo = min{y € (y4-,w1) : P, _ y|X is not strictly singular}.

Let us observe that if X is separable, then the sequence (74 )a<w, is eventually constant and we
set I'xy = {7Va}a<w,- If X is nonseparable, then the sequence (V4 )a<w, is strictly increasing and
I'x = {Va}a<w U{wi}.

Next we prove the uniqueness of I'x. Suppose on the contrary, and fix I' # IV two different
critical sets. Set v = max(I' N I”). First notice that maxI' = maxI’. So, either v < ~, or
'yff, < 'y;r . This yields a contradiction using the fact that both T" and TV satisfy (CS2). O

REMARK 5.45. 1. The critical set I'x provides information concerning the structure of the
space X. For example the space X is H.I. if and only if I'x = {0,Qx}. Also, two subspaces
X,Y — X, are totally incomparable if and only if I'y NT'y = {0}.

2. For a transfinite block sequence (z4)a<~ its critical set is nothing else but the set introduced
from Definition (2).

Proposition 5.46. For every Y — X, the corresponding critical set I'y is a subset of I'x.
ProoF. This follows by an easy inductive argument. O

Proposition 5.47. For every separable X — X, and for every € > 0 there exist an ordinal
v < w1, a normalized sequence (Yo )a<y i X and a normalized transfinite block sequence (2a)a<~

such that (a) Y .. [|2a —%al| <€ and (b) T'x =Tz where Z is the closed linear span of (za)a<~-

a<ly

ProoOF. Use Proposition B35 and a standard gliding hump argument. O

Definition 5.48. Let X,Y — X, .

(i) We say that X is asymptotically finer than Y, X <, Y, if and only if 'y C I'y.
(ii) We say that X is asymptotically equivalent to Y, X =, Y, if and only if 'y = T'y.
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It follows easily from the above definition that the relation <, is a quasi ordering in the class
of the subspaces of X,,, which from Proposition [40 extends the natural inclusion. Notice also
that =, is an equivalence relation.

We now give two alternative formulation of these notions.

Proposition 5.49. For X,Y — X, TFAE:

(1) X <, Y,

(2) if Pr|X is not strictly singular, then Pr|Y is not strictly singular, for every interval I C wy,
and

(3) d(Sx+,Sy) =0 for every X' — X.

PROOF. Let us observe that for a closed infinite interval I, Pr|X is not strictly singular iff there
is some ’yfIX € 'y with minT'xy < ’yfIX < max . The inverse direction follows immediately
from the definition of the critical sets. So assume now that P;|X is not strictly singular. Set
vo = max{y € 'y : vy <minl}. Observe that 9 < min < Qx, hence minT'y < ')/FX < max /]
by the minimality of 'yffx (Property (CS2)). It is easy to see that the above observation implies
easily the equivalence (1) < (2). (1) = (3): Suppose that X’ < X. Then by Proposition
and our assumption, 'y, C I'y. By Proposition B47, we can find two block sequences (zy,), and
(wp)yp in 360; , such that (a) sup,, maxsupp z, = sup,, max supp w,, = Offx/, and (b) d(Sz,S%) =
d(Sw, Sy) =0 where Z and W are the closed linear span of (z,), and (wy,), respectively. By
Corollary B3, d(Z, W) = 0 and we are done. (3) = (2): Since for every X’ — X, d(Sx+,Sy) =0,
we obtain that for every € > 0, and every X’ < X there exists two basic sequences (z,), and
(wp)n such that z, € Sx» and w, € Sy for all n and ), |2, —wy|| < e. Assume now that Pr|X
is not strictly singular. Choose X’ < X such that P;|X’ is an isomorphism. Let (z,), C X’ and
(wp)n €Y as above. Then Pr|W is isomorphism and hence P;|Y is not strictly singular. O

Proposition 5.50. For X,Y < X, the following are equivalent: (1) X =, Y, (2) Pr|X is not
strictly singular if and only if Pr|Y is not strictly singular, for every interval I C w1, and (3)

d(Sx:,Sy) =d(Sy:,Sx) =0 for every X' — X, Y' — Y. O
Corollary 5.51. (1) For every X — X,, and every A C I'x there is X4 — X such that
I'x, =A.

(2) For any nonseparable X,Y — X,, there are nonseparable X1 — X, Y] — Y such that
Xl =a }/1 O

We shall need the following consequence of a well known result from Lindenstrauss [16].

Lemma 5.52. Let Z — X — X, with Z separable. Then there exist a separable subspace W
of X and v < wy such that Z — W and P,|X is a projection onto W. ]

REMARK 5.53. Notice that for W and X as in the Lemma, I'yy is an initial part of I'x.

Proposition 5.54. Let X be a subspace of X, and T : X — X, a bounded operator. Then
there exists a unique Dy € Dr(%,,) such that (a) |Dr| < 2C?|T|| and (b) T — Dr|X is
strictly singular.
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Proor. Fix X — X, and a bounded operator T' : X — X,,. First suppose that X is
separable. Then we can find a transfinite basic sequence (yo)a<y € X and a transfinite block

sequence (za)a<y Of Xy, such that 30, [lya — 2of < 1 and X =, Z, where Z denotes the

closed linear span of (24)a<~. Consider now 7" : Z Yy i X,, where Y is the closed linear

span of (Ya)a<y and U : Y — Z is the isomorphism defined by U(}_, ., @aza) = > _q<ry GaYa-
Notice that ||U]| < 2. Then there is unique D € D(Y') such that 77 — D is strictly singular, or
equivalently there is unique Dyv € Dr,(X,,) such that 7" — Dyv|Z is strictly singular. Notice
that ||Dy| < C||D| < CH|T'|| < C*HU|||IT|| < 2C?||T||. Let us show that T — Dy is strictly
singular. Let X’ < X and ¢ > 0.

Choose Z' < Z such that (I'z2 \ {0}) N (I'xs \ {0}) # 0, |U|Z" — iz 2, || < e/(4|T]) and
(T" — Dp)|Z'|| < e/4. Pick 2/ € Z" and 2/ € X’ such that ||2" — 2/|| < /(2(|| Dy || + || T]]))-
Then

(T = Dr)a’|| <I(T = Dpv)a’ = (T" = D)2l + (T = D)2 < | Tlll2" = U='[|+
9 g
HIDzll2" = 2l + 7 < (IT] + [ Dr D}’ = 2| + 5 < e (48)

Now suppose that X is nonseparable. By Lemma B52, we can find a sequence (Xy),<w, of
separable complemented subspaces of X such that I'x_ is an initial part of I'x for every v < w;.
Now the result for X follows easily from the result for the corresponding 7', = T'|X, and the
fact that Dy € Dr (X,,) and D, € Dr,_(X.,) are unique. The uniqueness of Dy € Dr (X,)
is clear from the analogous result for transfinite block sequences. O

Theorem 5.55. L(X,X,,) = Dry(Xu,) ® S(X, Xy,) = J7, (Fg?)) & S(X,Xy,) for every X —
Xo, - If in addition T'x is infinite, then L(X,Xy,) = J7, (Fx) © S(X, Xy, ).

PrROOF. Let H : Dr, — L(X,X,,) be defined by D +— D|X. Assume first that X is separable.
It is clear that |[D|X|| < ||D||. For an appropriate ¢’ > 0, we can find normalized (yo)a< and a
normalized block sequence (2q)q such that T'x =Tz and Y, ||za — Yal| < € where Z the closed
linear span of (2q4)a<~- Since by Theorem B2l || D|Z|| > ||D||/C, we get that

IDI/C < |[DIZ] < (L+e)[[DY] < (1 +¢)[[DIX] = (1 + ) [H(D)]; (49)

Hence, H defines an isomorphism. To show that H is an isomorphism when X is nonseparable
we use a family (X, )a<w, Of separable complemented subspaces of X defined as in the previous
proof. Proposition (04 shows that £(X, X, ) = Dr, (X,,) ® S(X, Xy,).

For the later isomorphism see Remark BE.400 O

5.5. Examples with £(X)/S(X) 2 L(X,X,)/S(X,X.,). We present a family {Z¢}¢<,
of separable subspaces of X, such that each Z; is indecomposable but has a ¢-closed direct sum
as a subspace.

Definition 5.56. For given o < f < wy, let dy g = eq +e5. Given A = {ap}n 1, B = {Bn}n 1C
wi such that A < B, let Z4 p be the closed linear span generated by {dq, g, }n-

Proposition 5.57. T'z, , = {0,a, 3} where a =sup A, 3 =sup B.
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PROOF. We get the direct inclusion above, since Z4 p € X 4up. It remains to show that P,|Z4 B
and P(m 8) |Z4 p are not strictly singular. We check the case of P,|Z4 p since the other is similar.
Let U : X4 — Z4,p be the linear map defined by e,,, +— dy,. Since lim, d(Ue,,,,Re,,) > 1, we
can apply Proposition B24, and we can obtain a block sequence (x,,), such that |Uz,|| = 1 and
|xn|| < 1/2™ for every n. Now ||Py,Uxy|| > ||[Uzy|| — ||2n|| = 1/2 for every n. Hence, P,|X is an
isomorphism where X is the closed linear span of the Schauder basic sequence (Uxy,)y,. g

REMARK 5.58. Note that this shows that Z4 g =, Z4, p for every infinite A’ C A, B’ C B.
Proposition 5.59. Suppose that T : Z4 p — X, is bounded and satisfies for every n,m
o Tdm = €5, Tdp. (50)

Then there is some scalar A such that T — Xiz, p x,,, i strictly singular. Consequently, every
bounded operator T : Z — Z is of the form T = Aldz + S, where S is strictly singular. Hence,
Z s indecomposable.

PRrROOF. Let T': Z4 p — X4 B be bounded and satisfying (Bl). Let d,, = d,,, 3, for every n.
Claim. lim, . d(Td,,Rd,) = 0.
Proof of Claim: Condition (B) implies that

max{i%f d(P,Tdy,,Re,,), i%f d(Pgw)Tdn; Reg, )} > 0. (51)

Without loss of generality we may assume that inf, d(P,T'd,,Re,,) > 0. Applying Propo-
sition to U = PT : (ea,)n — Xuy, we can find o = ), pareq, € (€a,)n such that
=] < ABITINNU=| and | 3 opep ares, || < (1/3|T[)|Uz|. This implies that || 3, p ardil| <
CHITINNT X  per ardr)ll < (2/3)|| > rer ardr||, a contradiction. O

Now for each n, let A\, € R realizing d(T'd,,,Rd,) = || Td, — Andy||, and choose any accumu-
lation point A of (A),. Let us show that S =T — Az, ,, is strictly singular. Fix ¢ > 0, and let
N C N be infinite such that A, —,—conen A and ||T — )\iZA’,B/|| < /2, where A" = {a;, }nen,
B' = {6, }nen. Notice that from Remark we know also that Zx g =, Z4 5. So, given
any X — Z4 p, we can find normalized z € X, y € Z4 p with [z — y| < €/2]|S|. Hence,
|Sz|| < [|Sy|| + |S(z — y)|| < € as desired. O

We generalize the previous ideas and we present a family Z, (y < wp, 7 limit) of infinite
dimensional closed subspaces of X, such that for every limit ordinal -y, Z, =, X, and such that
dim £(Z,)/S(2,) = 1. In particular, each Z, is an indecomposable space.

Definition 5.60. Fix a limit ordinal v < w;. Let Z,, be the family of minimal infinite intervals
of v, ie.,, 7, = {{,a+w) : «ais alimit ordinal , « +w < ~}. For each I € Z,, we choose
a partition {LL, C I : J € Z,} into infinite sets. Notice that since I = [a,a + w) for some
limit «, all infinite sets L§ have order type w. Now for each n € N we consider the vectors
db’ = eq, + es,, where {ay,},, and {3}, is the increasing enumeration of the sets L} and L7
respectively. Finally, let Z, be the closed linear span of (dﬁ"]) 1,J€T, neN-

Theorem 5.61. L(Z,,X.,)/S(Z2y,Xy,) = J7, (A(7)) and dim L(Z,)/S(Z2,) = 1, for a limit
ordinal ~.
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[, atw),[a,a+w)

PROOF. Notice that for every limit ordinal « such that a+w < v we have that dy =
2€4, € Z¢, where LT = {ay,},, T. This together with the fact that Z, < X, gives that Z, =, X,
(e, 'z, = A(y + 1)) and hence L(Z,X,,,)/S(Z, Xw,) = J7, (A(y + 1)©) =~ J1, (A(7))

Fix now a bounded operator T' : Z; — Z;. By Proposition B34l there is D € D(X,) such
that T — D|Z, is strictly singular. The proof will finish by proving that &7 is constant. We
observe that given I < J € Z,, I = {an}n, J = {Bn}n increasing enumeration, we have that
e(’;anﬂ{] = eEanfr’{] for every n,m. So from Proposition we obtain that for every pair
I < J in Z, there is some A7 j such that T'|Z; ; — )\IvjiZI,vawl is strictly singular, and this
clearly implies that {7 is constant. ([l

REMARK 5.62. Notice that it is not possible to improve the previous result to a nonseparable
subspace of X,,,, since every nonseparable reflexive space admits non trivial projections [16].

5.6. Further results on Operators.

Corollary 5.63. No closed linear span X of a transfinite block sequence of X, is isomorphic
to finite cartesian power of a Banach space.

PRrOOF. This is so since £(X) admits a non trivial linear multiplicative functional. il
Recall the following facts about semi-Fredholm operators (see [13], [I'7])

Proposition 5.64. Suppose that T : X — Y bounded such that TX is closed and a(T) < co.
Then there is some number €(T') > 0 such that if S : X — Y is bounded and satisfying that
for any X; — X there is some x € Sx, with ||S(z)|| < e, then T + S has closed range and
a(T' + 5) < oo.

PROOF. Since KerT is finite dimensional, X = X; @ KerT. Let T} = T|X;. Notice that
T1|X; = TX; = TX — Y is closed, and therefore 77 : X3 — T'X; is an isomorphism. Let
e =¢(T) = (1/2)||T;!||~". Fix now S satisfying the condition about . Suppose that T 4 S has
a(T 4+ S) = co. Then, T1 + S| X; has infinite dimensional kernel. O

Proposition 5.65. Suppose that T : X — 'Y is semi-Fredholm.

1. Then there is some number ¢ = ¢(T') > 0 such that for all S : X — Y with ||S|| < ¢,
T + S is semi-Fredholm and i(T + S) = i(T).

2. If (T finite, and S : X — 'Y is a strictly singular operator, then T+ S is semi-Fredholm,
a(T + 8) is finite and (T + S) = i(T). O

In the next results X denotes the closed linear span of a transfinite block sequence (zq)a<y
of X,,.

Proposition 5.66. Suppose that D € D(X) is such that inf{¢p(a) : a € A(y+ 1)@} > 0.
Then D is a Fredholm operator with index 0, and hence it is an onto isomorphism.

PRroOOF. Let '{ p : A(y + 1) — R be the unique continuous extension of {p. Notice that the
above inequality is equivalent to say that ED is never zero. In order to show that D is an
onto isomorphism it is enough to show that DX is closed. If not, for every n we can find
an block sequence X, — X, such that ||D|X,| < 27". Notice that for every n, D|X,, —
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£~ p(Tn)ix, x, is strictly singular, where v, = max,{suppz : = € (X,,)}. Now for all n, we can
find a norm 1 normalized vector z,, € X, such that ||Dz, — £p(ym)zal| < 27", and hence
\E ()| < 217" for every n. Continuity of &%, implies that there is some limit o < y such that
£p(@) = 0, a contradiction. O

Theorem 5.67. T € L(X) is Fredholm with index i(T') = 0 iff it is semi-Fredholm.

PROOF. Suppose that T : X — X is Semi-Fredholm. Let us take the decomposition T'= Dp+S.
If «(T) is finite, then since S is strictly singular, by Proposition (2), Dy is semi-Fredholm
with finite dimensional kernel and with the same index as T'. This implies that & is never zero
(otherwise, the kernel is infinite dimensional), and hence Dy is indeed 1-1. Since for all a < 7,
To € DXy, and DrX, is closed, we get that D7 is an onto isomorphism. Hence T is Fredholm
with index 0.

Suppose now that ((7T) is finite. Let € > 0 be given by Proposition (1), and let X €
(—£,e)\&r(A(y+1)). Notice that this is possible since £p(A(y+1)) is countable by the fact that
¢r: A(y+1) — R is continuous. Then T’ = T — M dyx is Semi-Fredholm with the same index as
T and §~T/ is never zero. So, D7 satisfies that §~ D, 18 never zero. By the previous Proposition

B606l Dy is an isomorphism onto. Hence 7" is Fredholm with index 0 and (7)) = i(7”") = 0. O

Corollary 5.68. X is not isomorphic to either a proper subspace of it, or to a mon trivial
quotient.

Proor. Let Y — X. Suppose first that T : X — Y is an onto isomorphism. Then the
composition U = iy, x oT : X — X is a semi-Fredholm operator, with a(7") = 0. By Theorem
BE67 U is indeed Fredholm with index 0, hence U is onto, i.e, X =UX =Y.

Suppose now that T': X/Y — X is an onto isomorphism. Now the composition U = T o7y :
X — X is semi-Fredholm and onto, where my : X — X/Y is the quotient mapping. Again U
has to be Fredholm with index 0, hence U is 1-1, i.e., Y = KerU = {0}. O

~

Proposition 5.69. (v} ), = 17 .

ProoOF. Fix a sequence of scalars (by,),. Let ) anv, € Jr, be of norm 1 such that

| Z bnv;n”J;O = (Z bnvSn)(Z AnUn) = Z bnagn. (52)

Since || 32, azntullny = 1122, azntanllry < 122, anvnllsg, = 1, it follows that |32, buty |7y >
O, bnth) (Do, aontn) = >, bnasn = || D, bnvs, || Ti The other inequality follows from the fact
that (—vop—1 + vop)n is equivalent to (¢,), (by Proposition B.3). O

Proposition 5.70. There are X,Y — X, such that L(X)/S(X) = L(Y)/S(Y) = J7, and
such that L(X,Y)/S(X,Y) = T5.

PROOF. Let X = X2, and let Y = X4, where A = |J,,[w(2n),w(2n + 1)). The result follows
from the fact that if 7' : X — Y is a bounded operator, then necessarily {7/ (w(2n)) = 0, for
T'=iyxoT=D+S. And L(X,Y)/S(X,Y) =A{ € J, : §(vans1) =0} = (v5,)n =T O

Proposition 5.71. Every T € L(X,,,) is of the form T = A d+ R, where R has separable range.
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Proor. We know that T' = D 4+ S with S strictly singular. Corollary shows that S €
co(w1). Since &7 : A(wy)©® — R has the continuous extension property, there is some A € R and
some ordinal o < wy such that &7(8) = X for every 8 € A(w1)® N [o, w1). Hence Dy — Ad has
separable range. So T'— AId = (Dp — A\Id) + S has separable range, as desired. O

Nonseparable spaces with this property of operators have been constructed before in [23], [24]
and [28]. These constructions however give no control on separable subspaces.

The following theorems summarize our results for the structure of X, its subspaces and the
spaces of operators.

Theorem 5.72. There exists a reflexive space X, with a transfinite basis (eq)a<w, Such that
(1) It does not contain an unconditional basic sequence.

(2) It is arbitrarily distortable.

(3) X1 and Xy are totally incomparable for disjoint infinite intervals I and J.

(4) It is wy hereditarily indecomposable (i.e., for every nonseparable X, Y — X, dist(Sx,Sy) =
0).

(5) Every subspace X — X, generated by a transfinite block sequence is, neither isomorphic to
a proper subspace, nor to a non-trivial of its quotients.

To each infinite dimensional subspace X of X, we assign a closed subset I'x of wy, called the
critical set of X. The following theorem describes the interference of X and I'x.

Theorem 5.73. For X,Y subspaces of X, the following holds

(]) IfY — X then 'y C I'x.

(2) The subspaces X,Y are totally incomparable iff ' x N Ty = {0}.

(3) The subspace X is hereditarily indecomposable iff #I'x = 2.

(4) For every subspace X of X, there exists Y generated by a block sequence (Ya)a<~ Such that
I'x =TYy.

Finally the structure of the spaces of operators is described by the next theorem. Recall that
Fg?) is the set of isolated ordinals of I"x.

Theorem 5.74. (1) For every X — X, L(X,Xy,) = Dry(Xw,) ® S(X, Xy,) = J7, (F(O))
S(X,Xy,). If in addition T'x is infinite, then L(X, Xy,) = J7, (I'x) ® S(X, %wl)

(2) For every X — X, generated by a transfinite block sequence, L(X) = Jr, (T gg)) & S(X). If
in addition T'x is infinite, L(X) = J7, (I'x) @ S(X).

(8) For every v < wy there exists a subspace Y, of Xu, such that L(Y,) = (Idy,) © S(Y;) and
['(Y'w:{au) = J;“O(’Y) ® S(Yy, Xuy)-

6. UNIVERSAL AND SMOOTH ¢-FUNCTIONS

In this section we present two new properties which a p—function can have. In this and in
the subsequent section we show how these properties of p influence the corresponding space X,
based on o,,.
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6.1. The construction of a universal p-function. In this subsection we show how the con-
struction of the o-function of [26] can be adjusted in order to give us a function g : [w1]?* — w

with the following properties:

1. o(a,y) < max{o(a, ), 0(8,7)} for all a < f < v < wy.
2. o(a, B) < max{p(a,v),0(8,7)} for all @ < f < v < wy.
3. {a < : ola,B) < n} is finite for all 8 < wy and n € N.
4. (w1, 0) is universal.

To describe what we mean by “(w1, ) is universal” we need some more definitions.

Definition 6.1. A finite g-model is a model of the form (M, <, opr,prr) where M is a set, < is

2

a total ordering on M, pys is an integer and ppr : [M]° — pas is a function with properties 1.

and 2. listed above. We also assume that there exist x < y in M such that op/(z,y) = pas.

Definition 6.2. Suppose that ¢ : [\]> — w satisfies 1., 2., and 3. above. For M C ), let
py = max{o(a,3) : a,8 € M}. Such an M is p-closed if

M={a<X:30eM(a<p&e(a,B)<pum)}

We use the convention of g(a, ) = 0 for all a. Note that for a p-closed subset M of A,
(M, <, o|[M ]2,pM) is an example of a g-model. Note also that an initial part My of a g-closed
set M is a p-closed set and that its integer pjpz, might be smaller than py,. Similarly, an initial
part of a g-model is also a p-model with a possibly smaller integer pj,.

Definition 6.3. Two g-models (M;, <y, 01,p1) and (Ma, <s, 02, p2) are isomorphic if p; = p
and if there is order-isomorphism 7 : (M, <1) — (M2, <2) such that gi(a,b) = g2(7(a),w (D))
for all a,b € M;.

Definition 6.4. A function g : [\]> — w defined on some limit ordinal A < w; and satisfying 1.,
2. and 3. is said to be universal if for every finite g-model (M, <, opr, par), every g-closed subset
My of X such that (Mo, <, o|[Mo]?, pas,) is isomorphic to an initial segment of (M, <, orr, Par),
and every ordinal d such that 6 +w < A, there is a g-closed subset M7 of § + w such that

5. (My, <, ol[Mi1)%,par,) = (M, <, 001, pr)

6. My is an initial segment of M.

7. My \ My C [6,0 + w).

The existence of a universal ¢ : [w1]? — w is established by recursively constructing an
increasing sequence gy : [\]> — w (A € A). Let go = 0, and suppose gy : [A\]> — w has been
determined for some countable limit ordinal A. Let C be a subset of A of order-type w such that
A =supC. Define

Oatw(a, A) = max{#(C N a), ox(a, min(C \ ), oa(&, ) : £ € CNa}.

It can be checked (see e.g. [26]) that this defines a function gy : [A + 1]* — w satisfying
the conditions 1., 2. and 3. Starting with this extension of gy and the assumption that gy is
universal we build extensions gyyw : [0]2 = w (A+1 < § < XA +w) in such a way that at a
given stage d we take care about a particular instance of universality of gxi.,. Thus, modulo
some book keeping device, it suffices to show how one deals with the following task: We have
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already defined an extension gy, : [6]> — w, we are given a finite p-model (M, <, oar, par) and
a o-closed subset M of & such that (M, <, 0x+w|[mo)?, pas) is isomorphic to a proper initial
segment of (M, <, onr,par)- Let | = #M — # My and extend gy, from [6]? to [§ +1]? as follows:
First of all define gy, on

[Mo U [6,8 + 1))\ [Mo)?

in such a way that we have the isomorphism

(MO U [576+ l)7 <7Q>\+W7pM) = (M7<7QM7pM)’

Thus, it remains to define g(a, ) for « € 6 \ My and v € (6,0 +1). If & < § and a > max My,
then set

Q(avy) = max{pM + 1) Q(Oé,5 - 1)7 Q(&va) : 5 € MO}
If o < max My, then set

o(a,y) = max{o(a, min(Mp \ @), 0(§, ) : £ € MyNa}.

It remains to show that oy, |[6 + []? satisfies the properties 1. and 2. Solet a < 8 < v <
d + 1 be given. We simplify the notation by writing af instead of o(«, 3), {n V af instead
max{o(&,n), o(c, 3)}, and 6~ in place of § — 1.
Case 1. a< d < B <v<d+I. If a € My, then properties 1. and 2. for a < 8 < « follow from
the fact that in the definitions of a3, #y and oy we have copied the p-model (M, <, onr,par)
which satisfies 1. and 2.

If @ ¢ My, then in both the case a > max My and a < max My we conclude that aff = av,
so 1. and 2. for a < 8 <~ follow immediately.
Case 2. a < < d <~y <d+1. Subcase 2.1. max My < 6 < (8. Consider first the inequality
ay < aff V 3. The quantities pys + 1 and o (§ € M) from the definition of oy are all present
in the definition of G+, so it remains only to show that the quantity ad~ is bounded by a3V 3.
Applying 1. for gy, |[0]* we get

ad” < af VG,

and so we are done as (30~ shows up in the definition of §v. Consider now the inequality
af < ayV By. Applying 2. for oy4w|[0]? to the triple a < 8 < §~ we get
af < ad” VG,

so we are done also in this case since the quantity on the right-hand side is bounded by a7V G7.
Subcase 2.2. o < maxMy < [ < . Consider first the subcase when o € M. To see that
ay < af V By observe that ay < pyr < papr +1 < G7. To see that a8 < ay V B observe that
a3 appear as a quantity int the definition of 5. Let us consider the case a ¢ My and let

o' = min(My \ «).

The quantity ae’ from the definition of oy is bounded by a3 V 3y since by 2. for gy 4.|[6]* we
have that

ad < aBVdp,



A CLASS OF BANACH SPACES WITH FEW NON STRICTLY SINGULAR OPERATORS 43

and o/ appears in the definition of $7. Since the quantities o (§ € My N« ) appear also in
the definition of G, this establishes the inequality ay < af V 7. Consider now the inequality
afB < ayV By. Apply 1. of oxo|[0]? to @ < o’ < 3 and get

afB < ad Vdp,

and this finishes the proof since ac’ < ay and o/ < (3.

Subcase 2.3. a < Bmax My. If o, B € My, then the inequalities 1. and 2. for a < g < ~ follow
from the fact that in the definitions of a3, 3y and ay we copied the g-model (M, <, opr, par)-
Subcase 2.3.1 o € My and 5 ¢ My. Consider the inequality ay < oV Bv. This follows from
the fact that

ay <py < BB, where ' = min(Mo \ 3)

and the fact that in the definition of 37 the quantity 83" appears. The inequality a8 < ayV 3y
in this subcase follows from the fact that the quantity oG appears in the definition of 5.
Subcase 2.3.2 o ¢ My and (3 € My. Consider the inequality ay < a8V 3. Let

o' = min(My \ ).

We need to bound the quantities aa’ and éa (€ € My N ) by afB V By. Apply 2. of or.u|[6]?
to a < o < 3 and get

ad < afVdp.

Since o/ 8 < pyr and a’ > pys we conclude that ao/ < af3 as required. Similarly note that

fa < {0V af=ap,

since £06 < pys while a8 > pps. It remains to check the inequality a8 < a~ V (7 in this subcase.
As before note that

afB < ad Vdp,

and that af > o/ since o/ 3 < pys while a8 > pys. It follows that a8 < aa’ < ay as required.
Subcase 2.3.3 aff ¢ My (and «, f < max My). So in this subcase both quantities ary and (v are
defined according to the second definition. Let

o’ = min(My \ @) and ' = min(M \ 3).

Note that o/ < ’. We first check the inequality ay < a8 V 3. Consider first the quantity aa/
that appears in the definition of a~y. If o = 3/, then

ad <aBVvBp < aB VB,
as 33’ appears in the definition of 3. Suppose that o/ < 3’ i.e., that o/ < 3. Then
ad < afVad <aBVpy

as o/ 3 appears as a quantity in the definition of 8. Consider the quantity o for £ € My N a.
Note that

fa<afVEB<abVpy,
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as £0 appears in the definition of 8. It remains to check the inequality a8 < oy V (7 in this
subcase. If o/ = [/, then we get that

af <af'Vvpp <ayVpy,
as the quantity a8’ = aa’ appears in ary while 33 appears in 8. If o/ < 3 ie., o <3</,
then we get that

af <ad'Vd'B<ayV iy,
since aa’ appears in ay and o3 appears in (3y. This finishes checking that the extension
0xtw|[0 + 1]? satisfies the conditions 1. 2. and 3. Note that

o(a,y) > p for all a € 6\ My and v € [6,0 + 1),

we conclude that the set My U[6,6 +1) is oxrw-closed. So the extension ox1,|[0,d +1]? has a set

My =MyUl[s,6+1)Cd+1,
which is ) 4.-closed while the corresponding model (M7, <, 0x+.|[M1]?, pas) is isomorphic to the
given g-model (M, <, oar,par). This finishes the recursive construction of a universal p-function

0: [w1]2
applications need the following unboundedness property, stronger than 3.

— w. The reader is referred to [26] for more on p-functions and their uses. Some of the

3’. For every n < w and infinite M C wy there exist a < (§ in M such that o(«, 5) > n.

2

As there is no reason to suspect that the universal g : [w1]® — w just produced satisfies 3’. we

offer the following derived function g : [w1]? — w:

o(a, B) = max{o(a, 8), #({{ < o : 0(§, @) < o(o, B)})}-
It may be checked that o has the properties 1., 2. and 3’.

6.2. A smooth p-function. We construct a p-function such that the corresponding coding o,
yields that X has a Schauder basis for every { < wi. These bases will be a reordering of the
transfinite basis (eq)a<¢ in order type w.

For a given p-function and an ordinal a < wy, let FY = {f <« : o(8,a) < n}, which are
n-closed.

Definition 6.5. A g-function is called smooth if for every limit ordinal A < wy, the numerical
sequence (#F2/n), is bounded.

Proposition 6.6. There exists a smooth o-function.

PROOF. Let us show that such smooth p-function exists. The definition will be again inductive,

2

i.e., for each limit ordinal A we are going to define gy : [A\]* — w. Suppose we have defined g,

and set

or+w(a, A) = max{gx(#(Cx Na)), oa(a, min(Cy \ a)), o (§, ) : £ € CxNa} (53)

where gy : N — N is increasing and C), is cofinal in A and they are defined as follows: For a
given av < A, let i(ar) = #C) N . Suppose we have constructed gy such that for all limit v < A
with the smooth property lim,, o, #F, /n = 0. There are two cases.
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(a) Suppose that A = v + w is a successor limit. For each integer 4, let g)(i) = 2! and C) =
{v + n},. Notice that for a < A, if o(a, \) < n, then either o < v and « € F,] or if a =y + 1,
then since i(a) = #C\ Na = [ + 1, we have that [ < logy(n). So, #F} < #F; + 1 + logyn,
which certainly implies that #F/n —, 0.

(b) Suppose that A is a limit of limit ordinals. Let C\ = {\,}, C A cofinal in A, with each A, a
limit ordinal. Let (n;); be a strictly increasing sequence of integers such that

HEN o+ + FEN fn < 27 (54)

for every i and every n > ny. Let g)(i) = n; for all i. Fix ¢ > 0, and let j be such that 1/27 < ¢.
We show that for all n > n;, #Fri‘/n < e: Fix n > nj, and let ig be the maximal integer such
that n; < n;, <n. Notice that then

FXCla<):i(a)<igand a€ F) @} = FNU...uFo. (55)
So, #F N Jn < $F0 /4 -+ #F0 Jn < 2700 <9277 < ¢, O
Lemma 6.7. Let G be a p-closed set, and let ¢ = (1/w(¢))2?:1 ¢i € K be of odd weight
w(¢p) < p, and such that supp ¢ NG # 0. If defined, set
di =max{i € [1,d] : w(®;) < p} and dy = max{i < dy : supp®; N G # 0},
Then
(1) (1/w(p)) %, ®,][0,a] has support contained in G, where a = max(supp P4, N G).

(2) supp ¢; NG =0 for every dy <i < dj.
(3) w(p;) > p for every dy < i <d.

PROOF. If d; is not well defined, then for all k£ < d, w(¢r) > p. If d; is well defined, but dj is

not, then for all k& < d; we have that supp ¢, NG = ). Suppose that both are well defined.

Finally, since p > w(¢q,) > max{p,(J%, supp ¢;), w(¢;)} and J%, supp ¢; N (a + 1)p caG
(G is p-closed), it follows that the support of (1/w(¢)) Z?gl ®,|[0, o] is included in G. O

Lemma 6.8. Let G C w; be p-closed. Then for all ¢ € K, there are some fy and f1 such that

1. supp fo,supp f1 € G, fo+ f1 = ¢|G

2. HfOHoo < 1/]7,
3. f1 € 2K,,,(G), where K, (G) is the subset of K,, consisting on the functionals ¢ with

support contained in G.

PROOF. Let (¢¢)ier be a tree-analysis of ¢. Let
To ={t € T : there is some u <t with w(¢,) > p} and T3 =T \ Tp.

Notice that 77 is a downwards closed subtree of 7, and hence for a given t € Ty, the set S} of
immediate successor of ¢ in 77 is exactly equal to S} = S; N 77. If 73 = (), then ¢y = ¢ has to
be of type I and w(¢p) > p. In this case, let fo = ¢ and f; = 0, that clearly satisfies what we
want. Suppose now that 7; # (). We are going to find for all ¢ € 7y, f¢, fI such that

1. supp f¢,supp fI C G, fE+ fi = ¢|G

2. [f§llo < 1/p,
3. fte2K,,.
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It is clear that the pair fo = fO, f1 = f satisfies our requirements. The proof goes by downwards
induction over t € 77 on the tree 77. Suppose that t € 7; is a terminal node of 77.
(1) If t is terminal node of 7, then we set f§ =0 and f{ = ¢ if supp¢y C G, and f¢ = fl =0
otherwise.
(2) If t is not terminal node of 7, then this means that for all s € Sy, ¢, is of type I and
w(ds) 2 p. Set f§ = ¢iIG, fi=0

Suppose now that ¢ € 77 is not terminal in 7;. Clearly this implies that ¢ is not terminal in
7. There are three cases: Case 1. ¢; is of type II, ¢, = Esest rs¢s. Then we set

5= "rafi+ Y reds|Gand fi =" roff.

s€S} s€S1\T1 ses}

Since for s € Sy, s ¢ 71 iff ¢ is of type I and w(¢ps) > p, this gives that || f¢|lc < 1/p. The rest

our inductive promises for f§ and f} are clearly satisfied.
Case 2. ¢ is of type I, and w(¢;) is even. We set

f§= ¢t Zfo <¢> Y 6|G and f{ = Zfl
Sl

Y ses\n

Case 3. ¢y is of type I, and w(¢y) is odd, ¢ = (1/w(y)) E?:l ¢s;, where {s1,...,s4} = S;. Find
dp < di < d as in the previous Lemma B If d; is not well defined, this implies that w(¢s) > p
for every s € S;. Then S} = 0 and we set f§ = ¢¢|G and f! = 0. Suppose that d; is well defined
but dj is not. This means that supp ¢, N G = 0 for every k < d;. Then we set

The condition || f{||cc < 1/p is satisfied by the same reason as in the previous case.

b
w(er)

S\, .
fl .9 .

1 s
fg:_ 3+ Z ¢5,|G | and ff =

w((bt i=di+1
Suppose now that both dy and d; are well defined, then we set
1 Sd /
ft:— o+ ¢s:|G | and f = aill0,a] | + —— 1%
" w(en) Z ;1 | b Z w(ge)"!

where o« = max(supp ¢4, N G). Notice that 1/w(<]5t)(zZ 1 9ill0,a]) € K, (G). Therefore, using
the induction hypothesis we conclude that f} € 2K,,. g

Lemma 6.9. Assume that X,,, is built upon a smooth p-function and fix a limit ordinal A < wy.
Then the projections (PFQ)n are uniformly bounded by 2 + D)y, where Dy = sup,, #F,f‘/n < 00.

ProoF. Fix a limit ordinal A, let x € X be of norm 1, and ¢ € K, .Take the decomposition
¢ = fo + f1 from the previous Lemma applied to the n-closed set F}. Then,

# )\

|0Praz| = [(fo, Praz) + (f1, Praz)| <

Now using that f; € 2K, (F2), we can write fl =3 N, SN < 2,0 >0, and ¢ € Ky, (F)).
Therefore, (¢;, Ppaz) = (¢i,x) < 1. So, [(f1, Ppaz)| < 2, and we are done. O

=+ [(f1, Praa)| < Da + [(f1, Pry@)]- (56)

Let Q) = Pp. Notice that QAQ), = Qi my-
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Theorem 6.10. For every x € Xy, lim, .., Q) (z) = z.

PROOF. Let us show that for all limit 8 < X and all z € X3, lim, PFém = z. The proof is
by the induction over the set of limit ordinals < A. Fix z € X3.

(a) 0 = w. We know that lim, .. P,z = z. Fix € > 0, and let ng be such that for all n > ny,
|z — Pyz| < ¢/(3+ Dy). Let n; > ng be such that for all n > ny, [0,n9] € F}. Hence
& — Praall < [l — Payall + [Py (@ — Pay)ll < (14 [ PrylDlle = Paga] <  for every n > ny.
(b) =7 +w. Then, z =y + z, where y € X,, and z € X[, ;). By the induction hypothesis,
limp, 00 Ppay = y. Now use the projections (P y4n))n to approximate z and follow the ideas
of the case f = w.

(c) (B is limit of limit ordinals. Fix a strictly increasing sequence (3,), with limit 3, and let
xn = Pg,x. We know that lim,, ..z, = z. Fix ¢ > 0, and let ng be such that ||z — z,,| <
€/2(3+ Dy). Let n1 > ng be such that ||y, — Ppa2n, || < €/2 for all n > ny, that we know that
it is possible by the induction hypothesis since z,, € %ﬁno‘ Then for all n > nq,

[z = Ppaznll <llz = 2noll + [[2ng — Pratngll + [[Prallllz — 2l <
S(B + D)\)”l’ - mnoH + Hxno - PFQxTLoH <e

O

Corollary 6.11. The space X, has a Schauder basis for every ordinal o < wy. Moreover, for
every a < wy there exists a reordering (eg,)n of (eg)g<a such that (eg,)n is a Schauder basis of
the space X, .

PROOF. It is enough to show the result for a limit ordinal A\. By the previous Theorem, the
projections (Q}), define a finite dimensional Schauder decomposition of X,. Notice that the
natural ordering <, on A defined by

o(a, N) < o(B,A) or

@ si { o)) = o(8,) anda < g

has order type w. Let {\,}, be an enumeration of (\, <)) in order type w, and let us show that
(xn = ex,)n is a basis of X: Let (R,), be the projections R, : X, — X, associated to (xy)n.
For a given k, let ng = o(Ag, A). Then, Ry = Qﬁk_l + Py, o ﬁk — sz_l). This clearly shows

that (z,,)y is a Schauder basis of X). O
REMARK 6.12. It is unclear whether there is a variation on p such that some of the resulting

spaces X) (A < wi1) do not admit Schauder basis.

7. UNIVERSALITY OF 0 AND NEARLY SUBSYMMETRIC BASES

Throughout this section we assume that the coding o, is based on an universal ¢ function
discussed in the previous section.

REMARK 7.1. For the sequel we need a slight modification of the definition of special sequences.
More precisely, we assume that for each (¢1,w1,p1,..., Prgji1s Wngjyy s Pra; L) every p; satisfies
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the additional property that for all [ < i, ¢; admits a tree-analysis with supports in the set
- P
Gi = | supp ¢x
k=1
Note that the definition of the special functionals and the fact that K, is rationally closed does
not allow one to conclude that every functional ¢ € K, admits a tree-analysis (¢;)ier such
that for every t € 7, supp ¢; C supp ¢. However there will always be large enough p such that
Supp ¢ contains a tree-analysis of ¢. This follows from the fact that there is a tree-analysis
(¢t)ter of ¢ such that max|J,., supp ¢; = max ¢.

Definition 7.2. For a given p, and a subset G C wy let

K,(G) ={¢ € K : ¢ has some tree-analysis (¢;)tc7 such that V¢ € Tsupp ¢, C G and
if ¢; has type I, then w(¢;) < p}.

We will call such tree-analysis F = (¢)ie7 of ¢ € K,(G) a (p, G)-tree-analysis of ¢. Notice that
if 7 =is a (p, G)-tree-analysis of ¢, then for all interval E, (¢¢|E)ier is a (p, G)-tree-analysis of
SIF.

Proposition 7.3. Suppose that G,G' C wy are p-complete, and (o-)isomorphic (see Definition
[6Z3). Then the unique order preserving mapping 7 : G — G’ defines a bijection

71 Ky(G) — Ky (G)
such that for every o € G @(ey,) = e, preserves (p, G)-tree-analysis in Kp(G) and weights.
PROOF. The proof is an easy use of downwards induction over a (p, G)-tree-analysis. O
Using the properties of our new coding o, we can improve Lemma as follows.

Lemma 7.4. Let G C w; be p-closed. Then for all ¢ € K, there are some fy and f1 such that

1. supp fo,supp f1 € G, fo+ f1 = ¢|G,
2. [[follo < 1/p, and
3. fL€ QKP(G)

ProOF. The Proof follows exactly the same steps than the proof of Lemma with the ex-
ception that the inductive premise 3. supp ff € 2K, (G) now is replaced by f! € 2K,(G). To
check that one can find the corresponding decomposition when one deals with the case of odd
weight, we notice that the premise 3. will be fulfilled since the new coding o, will guarantee

that in Lemma B7 the corresponding (1/w(¢)) S22, ¢4][0,a] € K,(G). O

Definition 7.5. A transfinite basis (eq)a<y is said to be C-nearly subsymmetric if for every
e > 0 and for every family of finite successive subsets {F;}¢_, of v and every family {I;}¢_; of
successive infinite intervals there exists {Gi}le with G; C I;, #G; = #F; such that the natural
isomorphism T": {(€a)qcud 1) = ((€8)geut_ @) satisties ||T]| - IT7H < C+e.

=177

The purpose of this section is to prove the following result.

Theorem 7.6. The transfinite basis (€q)a<w, 1S 4-nearly subsymmetric.
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PROOF. We want to show that for every sequence of finite sets F} < Fp < --- < Fj,, infinite
intervals Iy < Iy < --- < I, (with possible repetitions) and € > 0, there is some G; < Gg <
.-+ < G, such that

(a) GZ g]i,i: 1,...,TL,

(b) #F = #Gii=1,....,n,

(c¢) The natural isomorphism 7" between Xr and X¢ satisfies that |T']], [|T!|| < 2 + ¢, where
Xr = (ea)acr and Xg = (eq)acc and T is defined for o € F' and 3 € G such that T'(e,) = eg
satisfies that « +— (3 is order preserving and onto, and F' = |J ; F; and G = J_; G;.

Let p > max{p,(U;_, Fi), #F/e}, and let F=F" Foreachi=1,...,n,let o = max F; +1,
and let F) = G N ;. Notice that
(1) F;, C F! for every i = 1,...,n,

(2) each F! is a p-closed set for i = 1,...,n, and
(3) F} is an initial segment of Fj for i < j < n.

By the universality of p, there is some G} C I which is p-isomorphic to F]. Since (Fj, <
,ol[F5)%,p) and (Fy,), <, 0|[F{]%,p) are p-models, F| is an initial segment of F}, and (F],<
ol[F% p) =2 (G, <, 0l[G)?,p), the universality of ¢ gives a set Hy C I\ G such that G =
G| U H; satisfies that
(1) G is p-closed, and
(2)(Gh, <, ollG5 1%, p) = (B, <, ol[ 2. ).

And so on. At the end we get n many ¢ models (G, <, o|[G}]?,p) for i = 1,...,n such that
(1) For i <j <n, G} is an initial segment of G,

(2) GI\G,_y C I, fori=2,...,n, and G} C I,
(3) (Gl <. ollGI,p) = (Fl, <, ol [Fl]2,p) for i = 1,....,m.

Therefore G = G, satisfies that (G, <, o|[G']?,p) = (F, <, 0|[F']?,p). Let 7 be the isomor-
phism between them, and for each i = 1,...,n, let G; = wF;. Let us show that T : Xp — X¢g
satisfies what we wanted: Fix one vector z = ) ;- Aie; such that ||z|| = 1. Take ¢ € K such that
¢x = 1. Then take the decomposition of ¢ = fo+ f1 as in previous Lemmal[Z4l Using Proposition

[[3 we can take a copy g1 of fi in 2K,(G). Since 1 = ¢z = |for+ fiz| < |fox|+N/p < |1 Tx|+e,
|g1Txz| > 1 —¢. This implies that there is some 1 € K,(G) such that [¢/Tz| > (1 —¢)/2. So,
ITe] > (1-)/2.

Now suppose that ||Tz| > 2 +e. Then, let ¢ € K be such that ¢Tx > 2 + . Take the

decomposition ¢ = go + g1 as in the previous Lemma [C4 now in K,(G). This implies that
g1Tx > 2, and hence, there is some ¢ € Kp(é) such that ¥Tx > 1. Hence, the copy ¢ of 9 in
K (p) is such that ¢z = ¢Tx > 1, a contradiction. So, ||T|| <2+¢ and |[T7']| <2/(1—¢) <

2+e. O

Definition 7.7. Recall the following (modified) notion from [T9]. Let X be a Banach space
with a Schauder basis (up)n, fix n € N and C' > 1. A finite n-dimensional space E with a basis
(e;), is called a C-asymptotic space of X iff

su inf sup... inf dp({x1,...,2n), F) < C, 57
up  dnf sup... ol b((21 ), E) (57)
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where dy, = ||T|| - |T7Y| for T : (x1,...,2,) — E to be the natural isomorphism defined by
T(z;) = e;, and X; runs over all tail subspaces, i.e, X; = (u;);>r for some k. A space Y
with a monotone basis (y;,), is called a C-asymptotic version of X iff for every n, (y;)I", is an
asymptotic space of X.

Corollary 7.8. There exists a family {X5}y<w, of reflexive totally incomparable hereditarily
indecomposable spaces with Schauder bases such that X is an asymptotic version of X, for
every v,y < wi. O

Definition 7.9. Two transfinite basis (Ta)a<y, of Xo and (zq)a<y, of X1 are called finitely
equivalent iff there is some constant C' > 0 such that for all finite set Fy C g there is some finite
set 1 C ~y; with the same cardinality such that (z4)acr, and (Ya)acr, are C-equivalent.

REMARK 7.10. There are finitely equivalent subspaces of X,,, which are incomparable.

REMARK 7.11. Using the fact that g is universal it can be shown that for any bounded 7" : X,,, —
Xy, |Dr|| < 4||T||. The proof goes as follows. We assume that |7’ = 1. Fix a normalized
finitely supported vector x; let + = z1 + - - - 4+ x,, be its decomposition in X,,, and € > 0. Let
F; = suppx; for each i = 1,...,n, and consider infinite intervals I} < I, < --- < I, of wy such
that || Dr(y) — T(y)|| < ¢|ly|| for every y € X,u...ur,,- By Theorem we can find for every
i=1,...,n G, C I; such that #G; = #F; and the order isomorphism between F = J_; F; and
G =}, G; defines an isomorphism H between (e,)acr and (eq)aca with || H||, |H || < 2+-e.
Set y = F(x) and then ||y|| <2+ ¢ and ||(T'— Dr)(y) < €l|. Since H(Dr(z)) = Dr(y) we have
that || Dr(z)| < (2 +¢)[[Dr(y)ll. So,

IDr (@)l < 2+ ) Dr)l < 2 +e)(IDr(y) = T + ITyl) < (2+e)e + (2 +¢)*||T]l. (58)

8. TREE-ANALYSIS OF FUNCTIONALS: BASIC INEQUALITY AND FINITE INTERVAL
REPRESENTABILITY OF JT()

The goal of this section is to prove the basic inequality (Lemma E4]) and show the finite
interval representability of the James-like space Jr;, in X, (Theorem BEX). Reaching these two
goals involve similar sort of problems and for this reason we introduce a general theory applicable
to both cases and hopefully to many other cases to come.

8.1. General theory. The theory deals with a block sequence of vectors (z)}_,, a sequence
of scalars (bg)}_;, and a functional f € K, , and tries to estimate |f(>_,_; brxg)| in terms
of |[g(>"7_; brex)| for an appropriately chosen functional g of an auxiliary Tsirelson-like space
X with basis (e;);- The natural approach is to start with a tree-analysis (f;)ier of f, and
try to replace the functional f; at each node t € 7 by a functional g; in the norming set of
the auxiliary space, and in doing this try to copy, as much as possible, the given tree-analysis
(ft)ter. Not all nodes t € 7 have the same importance in this process. It turns out that the
crucial replacements f; — g, are made for ¢ belonging to some sets A C 7 such that (fi)ic is
in some sense responsible for the estimation of the action of the whole functional f on each of
the vectors zj. These are the marimal antichains of 7 defined below. Observe that some of
the replacements f; — g; are necessary before this procedure has a chance to work. Suppose for
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example the replacements are made in an auxiliary mixed Tsirelson space X where a particular
(mj_ol,njo)—operation is not allowed. Then, every time we find a node t € 7 such that the
corresponding f; has weight w(f;) = mj, the replacement g, has to be something avoiding this
operation, i.e., we cannot put the combination g; = (1/w(f;)) > ,cg, 9s- These sorts of nodes
are the ones that we call “catchers” below, because their own tree-analysis (fs)s-+ cannot be
taken into account.

8.1.1. Antichains and arrays of antichains. Recall that every f € K, has a tree-analysis (f;)ier
such that: For every t € T (a) if u = t, then ran f,, C ran f;, and (b) if f; is of type I, then
fe=Q/w(fi) Xoses, fs-

Recall that A C 7 is called an antichain if for every t # t' € A, neither t < t/ nor ¢’ < t.
Given t,t' € T, we define t At/ = max{v € T : v < t,t'}. Notice that A C 7 is an antichain iff
tAt Zt,t forevery t £t € T.

Definition 8.1. Fix a tree-analysis (f;)ic7 of f as above. Given a finitely supported vector z,
a set A C T is called a regular antichain for x and (f;)ier if
(a.1) for every t € A, f; is not of type II,
(a.2) fi e, is of type 11 for every t1 # to € A, and
(a.3) ran fy Nranx # (), for every t € A.
A is a mazimal antichain for x if in addition A satisfies
(a.4) for every t € T if supp f; Nranx # (), then there is some u € A comparable with t.
Let (x)}_,; be a block sequence, and let A = (Ay)}_; be such that each Aj is a regular
antichain for the vector xp and the tree-analysis (f;)ier. For a given ¢ € 7, we define

DA = | J{k e [1,n] : ue A}, B = DA\ (| DY
u=t SESt
Whenever there is no possible confusion we simply write D; and E; to denote Dyt and Eyt
respectively.

A = (Ap)p_, is called a (mazimal) regular array for (xy)}_; and (fi)ier if each Aj is a
(maximal) regular antichain for z and (f;)ie7, and in addition
(a.5) for every t € |J, Ay such that f; is of type I, either t is a catcher, i.e., Dy = () for every
s € Sy, or for every k € Ey, tis a splitter of xp, i.e., for every k € E; there are at least s1 # 59 € S;
such that ran fs, Nranzy # 0.

We denote by S(.A) and C(.A) the set of splitter nodes and catcher nodes of A, respectively.
Notice that if ¢; € A, (i = 1,2) are catcher nodes, then they are incomparable, and that
A =S(A)UC(A).

Note that if no f; (t € T) is of type II then #.A4; <1 for all k, and so the tree-analysis below
becomes much simpler.

Definition 8.2. (The functor A(z,C).) Given a block vector x and C C 7 consisting of nodes
of type I, let A(x,C) be the set of nodes ¢t € 7 such that

(A.1) fi is not of type II,

(A.2) ran fy Nranx # 0,

(A.3) for every s < tif s € S, and f, is of type I, then for every s’ € S, \ {s}, ran fy Nranz = 0,
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(A.4) if f; is of type I and t ¢ C, then ¢ is a splitter of .
(A.5) for every u 2 t, u ¢ C.

Proposition 8.3. A = A(x,C) is a mazimal reqular antichain such that {t € A\ C
fi of type I} € S(A). Moreover, if (x)}_, s a block sequence, then the corresponding A =
(A(zk, C))p_y is a mazimal regular array such that

(a) {t e Uy A\ C : fi of type I} € S(A), and

(b) C C C(A) and for every t € C, E; is an interval of integers.

PROOF. Fix t #t' € Ag. fiar being of type II follows from the facts that if u X ¢, then u ¢ C,
by (A.5), hence if f, is of type I, then (A.3) implies that u is not splitter of . We show the
maximality of A: Fix ¢ € 7 such that supp fy Nranx # 0. Let to > ¢ be such that f;, is of
type 0 and supp fi, C ranwy, and set b = [0,t9] = {v € T : v <t} which is a <-well ordered
set and t € b. We distinguish two cases: Suppose first that b0 C = (). Let ug = min{u € b :
v satisfies (A.1), (A.4)}. Notice that ug exists since t( satisfies (A.1) and (A.4). The minimality
of up shows that ug satisfies (4.3), hence uy € A. Suppose now that b N C # (), and set
vo = minbN C. It is not difficult to show that uy = max{u < vy : u satisfies (A.1), (A.4)} is in
A (notice that vy satisfies (A.1) and (A.4), hence ug is well defined.)

Repeating this procedure for each vector in a given a block sequence (xj)}_,, one gets that
the array (A(xg,C))jr_, is maximal and regular. Finally suppose that ¢ € C and suppose that
k1 < ko < ks with ki, ks € E;. It is routine to check that ¢ satisfies (A1)-(A.5) for zy,, hence it
follows that k9 € Ej. O

Proposition 8.4. Suppose that A = (Ay)p_, is a regular array for a block sequence (zy)p_,
and (ft)ter. Then:
(b.0) If t € Ay, is a splitter or if f; is of type 0, then supp f; Nranzy # ().
(b.1) If fy is of type I, then {Ds}ses, U {{k} : k € Ei} is a block family, and if t is a splitter,
then #E; < #5; — 1.

Suppose that in addition A = (Ay)p_, is mazimal for (xy)p_,.
(b.2) Let t € A, w X s < t with f, of type I, and s € Sy. Then for every s’ € S, \ {s}
ran fg Nranxzy, = (.
(b.3) Suppose that f; is of type II, k € Dy and s € Sy. If supp fy Nranxy # 0, then k € D;.

PROOF. (b.0): If f; is of type 0, the conclusion is clear. If ¢ is a splitter, let s; # so € S; be
such that fs, < fs, and ran fg, Nranazg, ran fs, Nranxyg # (. Then maxsupp fs, € ranzy.

(b.1): For the first part, if ¢ is a catcher, there is nothing to prove, so we assume ¢ is a splitter.
First we show that {Ds}ses, U{{k} : k € E}} is a disjoint family. If k € E,N D, for some s € S,
then there is some u = s with u € Ay. But t € A; and ¢ = u, a contradiction. Suppose that
k € DsN Dy with s # s’ € S;. Then there are u,u’ € A such that v = s, v’ = s’. Hence
uAu' =t but f; is of type I, contradicting (a.2). For the second part, suppose that ky < ko < k3
are such that ki, ks € D for some s € S;. This implies that ran zg, Nran fs, ran zy, Nran fg # 0,
and hence ranzy, C ran fs. This implies that ran g, Nran fo = () for every s’ € S; \ {s}. Since
t is a splitter, ko ¢ Ey, and, by (a.3), ko ¢ Dy for every s’ € S \ {s}.

Let S; = {s1 < --- < sq} be ordered such that f;, < fs;, whenever i < j. For k € E,
the set Hy = {i € [1,d] : ranzy Nran fs, # 0} has at least two elements. We claim that the
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mapping k — max Hy € {2,...,d} is one-to-one. To see this note that for & < k’ we obtain that
Hj, N Hy = {max Hy} if max Hy = max Hy/, and Hy < Hy otherwise.

(b.2): Fix s’ € S\ {s}, and suppose that ran fy Nranzy # (). Since ran fsNranxy # (), we get
that supp f¢ Nranz # (). By the maximality of Ay, there is t’ € Aj comparable with s’. Since
A;. is an antichain, we get that ¢’ = s/, and hence t At' = u. But f, is of type I, a contradiction.

(b.3): This follows using (a.4), and (a.1), (a.2). O

8.1.2. Assignments, filtrations, and their relationships.

Definition 8.5. Given a block sequence (xy)}'_;, and a regular array A = (Ay)7_; for (zx)}_;,
a sequence (g;;‘}t)te Auk C coo(N) is called a A-assignment provided that suppgg: € {k} for
every k and t € Ay. The property (b.1) ensures that every .A-assignment (g;;‘}t)te A,k haturally
filters down to the whole tree (GkA,t)tGT as follows: If k ¢ Dy*, then G;;‘}t =0, and if t € A,
then th = gkt Suppose that k € D;A \ D;A. If f; is of type I, then we define recursively
th = (1/w(ft))Gks, where s € S; is the unique s = s(k,t) € S; such that k € D (by (b.1)).
If fi is of type IL, fy = > g, Asfs, then we simply set Gk"‘}t = ses, )\sts- Fort € T, let

- A
= > G
keDA

We call (G{)er the filtration of (g¢%)ic 4, k- Whenever there is no possible confusion, we write
9kt Gt and G instead of the respective g,ﬁ, GkAt and G;A.

Proposition 8.6. Fixt € 7. Then we have the following:

(c.1) For every k, suppgr+ C {k}. Hence suppg: C D;.

(c.2) If fi is not of type II, then Gy = 3y cp, gkt + (1/w(fi)) Doses, Gs-
(c.3) If fe is of type ILfr = > ,cq, Asfs, then Ge =) s AsGs.

PROOF. (c.1) is clear. (c.2): If f; is of type 0O, this is clear. Suppose that f; is of type I. Then

by definition
Gy = Z G+ Z G = ng,t+z Z G =

keFE: kEDt\Et keFE: s€St keDs
—ZQkH-Z ZGks—ngt+ ZG (59)
keE; SESE kGD keE: SES

(c.3): Suppose that f; is of type I, i.e., fi = > s Asfs, and suppose that k € D;. Then, by
(c.1), Gi(er) = Grrler) = ZSESt AsGrs(ex) = (ZSESt AsGs)(ex). If k ¢ Dy, then Gy(ex) = 0,
and » g, AsGs(ex) = 0. O

Definition 8.7. (Canonical Assignment) Suppose that A = (Ay)y, is a regular array for (zy)}_,
and (fi)ier. Let fr: = fi(xr)e; for k € [1,n] and t € A. This is the A-canonical assignment.

REMARK 8.8. Note that if the array A is maximal, then filtering down the canonical assignment
we get fi(wg) = Fi(e), for every t € 7, and k € D;: If k € Ey, this is just by definition.
Suppose k ¢ E;. If f; is of type I, then Fj;(ex) = (1/w(ft))Fk s(ex), where s € S; is unique
such that & € D,. By the maximality of A, we get that supp fy Nranw, = () for every
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s € Sp\ {s} (by (b.2)), hence fi(z) = (1/w(fe))fs(xr) = (1/w(fe))Frs(ex) = Fruler), by
the inductive hypothesis. If f; = ZSGSt Asfs is of type II, then by the maximality of Ay,
fe(xk) = Y ses, kep, Asfs(@k) = Des, kep, AsFhiler) = Fri(ex), the last equality because
Fru=0ifk ¢ D,.

We obtain that fi(3 .cp, betr) = Fr(Xpep, brer) = Fr(Doj—; brer) for every sequence of
scalars (by)}'_;. The last equality follows from supp Gy C D;. In particular, f(>°)_; brxg) =
Gy(>p_q ber), since Dy = {k : supp f Nranxy # 0}, by maximality of A.

Proposition 8.9. Suppose that A = (Ay)}_, is a regular array (not necessarily maximal) for
(xk)i_y and (fi)ieT- Fiz scalars (by)}_,, (ck)i_, and suppose that (git)tc Ay k> (Pkt)tcA, b are
A-assignments.

(1) If for every t € Ay gr+(brer) < hyi(crer), then for everyt € T, Gy (brer) < Hyi(crer).
(2) |Gru(er)lloo < max{||grtlloo : t € Ax}, for everyu e 7.

(8) If for every t € Ui—i Ax 2ier, Irt(brer) < Dopep, Prilcrer), then for every t € T,
Gi(D_rep, bker) < Hi(D kep, Crek)-

(4) [Gulloo < | re Ghtlloo for every u e T.

ProOF. This follows from Proposition O

8.1.3. Two successive filtrations. In some applications of the theory one needs to do the process
of assignment and filtration twice starting with different arrays of antichains. To see this,
suppose that C and D are regular arrays for (x);_; and (f¢)ic7. Then we can naturally define
a D-assignment (gﬁ)tebk,k by taking the filtration gft = G%t. For this to work, one needs the
following special relationship between C and D.

Definition 8.10. We write C £ D if for every k, every c € C, and every d € Dy, we have that
¢ A d. A C-assignment (g,ft) kec,, i is called coherent provided that gft = 0 whenever f;(wy) = 0.

Proposition 8.11. Suppose that C A D are two reqular arrays for (xx)}_, and (fi)ier, and
suppose that D s in addition mazrimal. Fix a coherent C-assignment (g]f,t)teck,h Then,

(a) For every k € DE N DP, th = Gft.

(b) 9§ = g5 -

PROOF. (a): If k € EP, this is just by definition. Suppose f; is of type I, and suppose that
k € DP| for some s € S;. Then Gf’t = (1/w(ft))G£S. Since D is a maximal regular array,
by Proposition (b.2), ran fy Nranwy = () for every s’ € S; \ {s}. If £ € DS, then we are
done by the inductive hypothesis. So, suppose k € E€, ie., t € C,. Hence, t 2 u for some
u € Dy (because k € DP), contradicting our assumption that C £ D. If f; = Y oses, Asfs is a
sub-convex combination, then

G,I?t = Z G’]ES = Z G,l?s = Z G,l?s = Gg,t' (60)

s€S,keDP s€St,ke DPNDE s€8t,ke DPNDS

To see the last equality note that if £ ¢ DP, then, by the maximality of D, supp f, Nranwy = 0
for every u > s, so, by the coherence of the assignment, Gg’t =0;ifk ¢ Df, then k ¢ Dg for all
u > s, and so g,(;u =0 for all u > s u € Cj, giving us GE’S = 0.
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(b): Note now that

D D D C
9y = Z 9o = Z 9w = 90 - (61)
keDf keDENDE

Forif k € Dg \ D%D , then by the maximality of D, for all uw € T, supp f, Nranw; = @), hence, by
the coherence of the C-assignment g,‘;u = 0 for all u, and hence gkpw =0;if k € DQ,D \ Dg , then
every C,, = (), and so gg@ =0. O

Let us now give the two main applications of this general theory of tree-analysis.

8.2. The proof of the basic inequality. Recall that W is the minimal subset of coo(N)
containing {+ej }, and closed under (mj_l,mj)—operations. Fix a (C,¢)-RIS (x)}_;, and fix
(Jk)p—, witnessing that (xy)}_; is a (C,e)-RIS, i.e.,
a) ||zl < C,
b) [supp zx| < mj, , € and
c) For all type I functionals ¢ of K with w(¢) < m;,, [¢p(zi)| < C/w(¢). Fix a sequence (by)}_,
of scalars, maxy, |by| < 1, and f € K,,. Let (fi)te7 be a tree-analysis of f. Consider the maximal
regular array A = (A(zg, C))}_,, where C is the set of nodes ¢ such that f; is of type I and
w(f) = mjj.

We introduce the following two A-assignments (gy ¢ )tc A, k> and (7x¢)ie 4, k- Fix kand t € Aj.
If t; is of type 0, then we set gi; = e} and 7 = 0. Suppose that t is of type I, and w(f;) # my,.
Let

Iy = min{k € E; : w(fy) <m;,} (62)

if this exists, and l; = oo otherwise. Then let

aien itk >l 0 ifk>1
gt =494 0 itk <l rpe=4 e itk <l
e if k=1, 0 ifk=1

Suppose now that w(f;) = mj,. Notice that E is an interval. Set
ke = max{l € Dy : |bi| = [|(bi)icr, |loo}- (63)
Then let

e ith=ke
Tt =N 0 itktk BTk

Let (Gt)ter and (Ry)ier be the corresponding filtrations.

Claim (D). Fizt € T. Then:

(d.1) |Rillo < <.

(4.2) 1A e, beow)] < C(Gr + R) (S, Iorler):

(d.3) For every t for which fi is of type I, either Gy € conv{h € W : w(h) = w(fs)} or Gy =
e; + hy for some k ¢ supp hy and hy € conv{h € W : w(h) = w(f)}.
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Proof of Claim: (d.1) follows from Proposition B9 and (d.2) follows also from the same propo-
sition applied to the canonical A-assignment, the assignment (C(gr¢ + hkt))tca, k, and the
sequences of scalars (bg)r and (|bg|).

(d.3): If w(fy) = myj,, then t is a catcher and Gy = > ;cp, gkt = €, € W. Suppose

that ¢ is of type I, w(f;) # mj,. By (c.2) and the particular A-assignment, we know that either
G = (L/w(fe)) (X ker, k1, €T 2oses, Gs) or Gt = €, +hy, where by = (1/w(f)) (ke m, k1, €5+
> ses, G's). Assume this last case holds.
Subcase 1a. For every s € S; the functional fs is not of type II. From the inductive hypothesis,
we have that for every s € S, Gs = hs or G5 = ez: + hs, hy € W. For s € S; such that
Gs =€} +hg,set I} ={neN:n<Il}and I7 = {n € N:n > I,}. We set hi = Ilh,,
h? = I2hs. Then, for every s € S; the functionals hl, e; , and h? are successive and belong to
W. By (b.1), for s # s’ € S; the corresponding functionals together with {e} }xer, k>, form a
block family, and we obtain that

#{eiem pon, + €] 1 s € St +#{hh s € S} +#{h2 1 s € S} < 448, (64)

Therefore, (1/w(f0)(Syep pot, ¢ + Saes, G) € W.
Subcase 1b. There are s € S; for which fs is of type II. Let By be the set of immediate successors

s of t such that fs is of type II, and By = S; \ S1. Observe that every sub-convex combination
Js =2 uc s, Tufu satisfies that f, is of type I. We may assume, allowing repetitions if needed, that
for every s € Sy such that f is of type II, fs = (1/k) 25:1 fs,q» where each fo 4 € {fu : ue Ss}.
For each ¢ = 1,2,...,k we set hi = (L/mi) X iem, i1, € + 2osen, Gs + 2 sep, Gsq)s where
Gs,qg = Gy for u € Sg such that f; , = f,. A similar argument as in the previous subcase shows
that h{ € W with w(hi) = m; for ¢ =1,2,...,k and hy = (1/k) Z';:l hi, as required. O

The particular case t = (), the root of 7, gives us the conclusion of the Basic Inequality.

REMARK 8.12. Note that a finer assignment using the same array of antichains will actually
give us the conclusion of the Basic Inequality for a bit smaller auxiliary space T[(mj_l, 2n;);].

8.3. The proof of the finite interval representability of J7,. The general scheme of the
proof is quite similar to the proof of Basic Inequality though the input block sequence of vectors
is slightly differently chosen. Notice however that the finite interval representability involves two
inequalities needed for showing that the representing operator as well as its inverse are uniformly
bounded. Thus, while in the proof of the Basic Inequality we could afford to go the auxiliary
space T[(mj_l, 4nj);] this is no longer possible in this case. In other words, we need to improve
on the counting inequality (64]). It is exactly for this reason that we introduce below two arrays
of antichains and use two successive filtrations as explained above in Subsection

Fix a transfinite block sequence (2q)a<y, 7 € N, a sequence Iy < Iy < --- < I, of successive,
not necessarily distinct, infinite intervals of v, and € > 0. Let jo be such that maj,+1 > 100n/e
and set | = nojo+1/majo+1. Find a (1, jo)-dependent sequence (z1,%1,. .., zn2j0+1,¢n2j0+1) such

that (a) rant; C ranz; for every i = 1,...,ngj,41 and (b) (Zk)il:(z’—l)l-i-l C (zq)acr, for every
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i=1,...,n. Let

. .
= > i,
mzjo+1
and for each Kk =1,...,n we set
Kl kl
mo; 1
wy =—2 3"z and ¢y = Y. ticKa.
r M2jo+1
i=(k—1)I+1 i=(k—1)l+1

Proposition 8.13. Fix k=1,...,n. Then

(1) ran ¢y, C ranwy, dpwr = 1 and 1 < |lwg|| < 24.

(2) For every f € K., of type I with w(f) > majo+1, |f(wk)| < 1/m%j0+1.

(3) Let f € K., be of type I, f = (1/w(f))2§l:l fi with w(f) = majq1 for j < jo and d
noj+1. Let dy = max{i <d : w(fi) <mojy41}, and set fr, = 1/maji1 Efizl fi and fr
1/maji1 Yo g1 Ji- Then | fu(wy)] < 1/m3; 1y and |fa(wy)| < 1/majoi1.

(4) Let f = (1/w(f)) S0, fi with w(f) = major1 and d < ngjor1 be such that #{i € [1,d] :
w(f;) = w(t;) and supp z; Nsupp f; # 0} < 2. Then, |f(wy)| < 1/m3; ..

PROOF. First of all, note that (z;)¥ (k—1)141 1S @ (12,1/n9j,+1)-RIS. Note also that (1) and (2)

I IA

follow from Proposition 7. (3) By the properties of special sequences,

do—1
# | supp fi < w(fa,) < majosr. (65)

i=1
So, |fu(wi)| < |l folley |willoo < m%’joﬂ/ngjﬁl < 1/m%j0+1. Let us now estimate |fgr(wg)|. To
save on notation we only estimate for £k = 1. Set

Fo={re[l,]] : #({i € [do+ 1,d] : ranz, Nsupp f; # 0}) > 2}, F1 = [1,1] \ Fo.

Notice that |Fp| < ngji1 — 1. For i = 0,1 let w' = (mj, /1) > ker, 2k Since fr € K, and since
(z1)k is a (12,1/n95,41)-RIS, we have that

mM2jo+1 M2jo+1
()] < ) < TEEL S o < TR0t G (66)
keFy
To estimate |fgr(w!)| we use the basic inequality. For each i =dg+1,...,d, let

H; ={k € F} : ranz; Nsupp f; # 0}.

Note that {H;}; is a partition of F; and is a block family. For i = dy + 1,...,d, we set
wh' =my, /1Y e p 2k Clearly w' = wh®+! 4. 4 wh and hence

d d
, 1 ,
< Y [fr@" ) = —— > |fi(w")]. (67)
i=do+1 ‘
Let us estimate now |fi(w!?)|, for i = dy +1,...,d. For a fixed such i, applying again the basic
inequality, we obtain that |fi(w'")] < 12(g} + g5)(ma2jo+1/l > rep, €x), Where in the worst case,
gt = h' + e}, with h* € W, and h' € convg{h € W : w(h) = w(f;)}. Since the auxiliary space
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is 1-unconditional, by Proposition BB, |h'((majo11/1) Y open, ex)| < major1/w(fi). Note that
164]lc0 < 1/n2jy+1. Putting all these inequalities together we get

d
12 M2jg+1  M2jp+1M2541 M2j5+1
|fR(w1)|§ Z 7o+ + ]0+l ]+ + Jo+ <
Mo+l \ w(f;) N2jo+1
d 2
12 Mojo+1 . M25+1M25+1  M2jo+1
< Z Jjo+ + Jjo+ + Jo+ ) (68)
maj1 \ =, w(fi) M2jo-+1 M2j0-+1

Using (B6) and (G8) we obtain

d

12ms; 2Nn9,411M9; 1 1 1
|fR(w1)| < 2j0+1 25411125041 + + Z < . (69)
m2j+1 n2j0+1 n2j0+1 w(fl) m2j0+1

i=do+1

(4) Let E = {ie[1,d] : w(fi;) =w(1;) and supp z; Nsupp f; # 0}. By our assumptions,
#E < 2. For i € [(k—1)l,kl] \ E the properties of the dependent sequences yield that |f(z;)| <
1/n2j0+1. Hence, |f(wk)| S 2- 24m2j0+1/l + m2j0+1/n2j0+1 S 1/m%j0+1. O

Lemma 8.14. For the above defined sequence (wy)r we have that

1S bl < 12101 S" beollg, (70)
k=1 k=1

for every choice of scalars (by)}_;.

PrOOF. Fix a sequence (by);_, of scalars with maxy, |by| < 1, an f € Ky, , and its tree (f;)ie7-
Antichains. A node t € T is called relevant if (1) w(fy) < maojo41, and (2) if u 2 t is its
immediate predecessor, if f, is of type I, and if w(f,) = majt1 < majy+1, then t = s(u) =
max{s € S, : w(fs) < maj,+1}, where the maximum is taken according to the block ordering
Sy = {s1 < -+ < s4}. Let C be the set of nodes t which are either non-relevant, or such that
fi is of type I and w(f;) = maj,+1. Let B = (By)}_, where By, = A(wy,C) for k =1,...,n (see
(A.1)-(A.5) in Proposition above). For each k, let B;"¢ = S(By,) \ C be the set of splitters
that are not in C, B{™ = B, N C, and B = By, \ (B U BPd).

Fix u € B}, and observe that u is a splitter of zj, for every k£ € E,,. List all s € S, such that
ran fs Nranwy # 0 {sk1,...,Skq} ordered according to the block ordering fsk’1 < < fsk‘d.
Set

w}gnu =wy,|[min supp wy, max supp fsk,l]

fin in
wk’u =W — wk,t’

For x € {in, fin}, let B , = A(wg,,C"), where C"" is the set of non-relevant nodes of 7. Set
By = UueB;cmc By, - Observe that B* = (B);_, is a regular (not necessarily maximal) arrow for
(wg)p—, and (ft)teT, whenever % € {in, fin, cnd, at}.

Assignments and filtrations. Consider the following B*-assignments (gz,t)keB;,k where x €
{in, fin, end}, and (r} ,)kep; k Where x € {in, fin, cnd, at}: Fix k, and ¢ € U, cfin fin.cnd,at} Bi-

(a) Suppose that f; is of type 0. Then we set r,?ft = (1/majo41)e; if t € B, and we set 9rt =0
and 75, = (1/majot1)ey, if t € By, for some € {in, fin}.



A CLASS OF BANACH SPACES WITH FEW NON STRICTLY SINGULAR OPERATORS 59

(b) Suppose that t is non-relevant. Then clearly ¢ ¢ B2*. Fix « € {in, fin,cnd}. We set Jre =0
in all cases. Suppose that w(f;) > majo+1. Then we set r, = (1/mgjo+1)e; for x € {in,fin},
and rcnd = (sgn(bg)/majo+1)e;. Finally, if ¢ # s(u), where u is the immediate predecessor
of t (See the definition of relevant node), then we set r;, = [|fi(wg)lle; for x € {in,fin} and
rind = sgn(bg) || fi(wy) e

(c) Suppose now that t is relevant. There are two subcases.

(c.1) w(fi) = majo1. I t € By, for x € {in,fin}, then we set g; , = (1/w(fi))e;, and ry, = 0.
Suppose that ¢ € B, Suppose that f; = :l:I(l/mg]OJrl)Zn:%f+1 gi, where I C wq is an

interval, and ® = (gl,...,gn2j0+1) is a 2jg + l-special sequence. Set U = (11, . ..,wn2j0+1).
k(t,2)—

Consider Iy = {i € [1,ke,g — 1] : Ig; # 0} = [k(t,1),k(t,2)], and let &y = sgn(D>_, = k(1) 1 4q0n)- IE
k = k(t,i) for i = 1,2, then we set gcnd = sgn (by(, Z))ek(t ) and rcnd = 0. We set g,zntd B = g€
and r;?td’B =0if k € (k(t,1),k(t,2)). We set gcnd = 0, and rcnd = sgn(bg)(1/majo+1)e;
otherwise.

(c.2) Suppose that w(ft) # maj,+1. Then t € B, for some x € {in, fin}. Set g; , = (1/w(ft))e},
and r,;t = 0 for all cases, except for w(f;) = mojy1 < Maojo+1. In this case, we observe

that since t is splitting there are at least two immediate successor s; # s € Sy such that
ranwy , Nran fs; # 0 (i = 1,2) for some u € B;. This implies that there is at most one k € EB”
such that ran fy;) Nranwy , # () for v € B™, and t € Bj; ,- Then we set gi , = (1/majo+1)ej,
and 1y, = 0 if k is this one, and gi , = 0 and r}; , = (1/maj,+1)e}, otherwise.

Let (GY)tet , (R} )teT be the corresponding filtrations. Recall that given a regular array A =
(Ag)g for (zx)r and (fi)ier the canonical A-assignment (f;ﬁ)teAk,k is defined by f,ﬁ = f(ar)e;.
It was shown in Remark B that if in addition \A is maximal, then for every (ay);_, and every

teT, FA(ZkeD;“ arer) = fi(QokepA akwk)-

Claim. Fizt € T, and for € {in, fin, cnd, at} let Df = DB". Then:

(1) |F¢ (Seeps brew)| < 24(GE + BE)(Syep; Ibxler) for » € {in, fin}.

(e.2) |Ftcnd(ZkEDcnd brer)| < 24(Gd + chd)(ZkEDgnd brek).

(e.3) |Ftat(ZkeD§°)bkek‘ < 24|Ry* (ZkeD?“)bkek"

(e.4) Gt € W(Tp) for x € {in,fin}, and G$* € 3W (Jz,).

(e.5) |R¥||oo < 1/magjy+1. For * € {in, fin,cnd}, either t is non-relevant, w(f;) < maj,+1 and
Gi = Yyeps Ifewolley or |1Bflloe < 1/magyir.

Proof of Claim: (e.1)-(e.3) are immediate applications of Proposition (e.4): Most of the
cases follow immediately by definition of the corresponding assignments. We sketch the non-
trivial ones: Suppose that t is relevant. If w(f;) = majo4+1, then D¢ = EM4 and the cor-
responding assignment gives that G = Ale,’z(ﬁ) + )\Qe,’z(w) + & zkeEz:ndm(k(t71)7k(t’2)) e; €
3W (Jr,), where \; = Sgn(bk(tﬂ;))xEEnd(k(t,7:)), for ¢ = 1,2, and where xg denotes the char-
acteristic function of E. Fix x € {in, fin}. We claim that #D} < 1: Suppose not, and say that
k1 < kg € Dy. Then since w(f;) = moj,+1 there are u; € B,‘;?C and s; € Bzzuz (i = 1,2) such that
up,ug 2t < s1,89. If x =1in, then since ran f; C ran fs(kl,u1)7 it follows that ran f; < ranwy,,
and since ran fs, C ran f;, we obtain that ran fs, N ranwy, = 0, contradicting the fact that
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in

S € ko, uz"

If » = fin, in a similar manner we obtain that ranwy, Nran fs, = 0, a contradic-
tion. Hence, either G} = 0, or G} = (1/majy+1)e;,, certainly in W (Tp) considered as sub-convex
combinations.

Suppose now that w(f;) # maj,+1. There are three subcases to consider: If w(fy) > majo+1,
then ¢ is non-relevant, hence a catcher node, and G} = ZkeEt* Gry = 0. If w(fe) = ma;
with j < jo, then the inductive hypothesis gives that G € 3W (Jz,) (since Ef*d = (). Fix
* € {in,fin}. Observe that for every k € Ef there is s € S; such that ran f; C ranwy, in which
case D* = (), and so #Ef +#{s € S; : G #£ 0} < #5;, and then, G} = (1/w(ft))(2keEt* e;+
Pes G2) € W(Ty).

If w(fy) = majy1 < Mmajo+1, then using that there is at most one immediate successor s(t) of
t which is relevant we obtain that either G$* = 0, or G"d = (1/ mgj)Gg?S, and for x € {in, fin},
either G} = (1/majq1)ej, or Gf = (1/m2j+1)G:(t).

(e.5): |R# || < 1/magj,+1 follows from Proposition B since this is so for the corresponding
assignment of which R is a filtration. Suppose that x € {in, fin,cnd}. The proof is by backwards
induction over t. Again we concentrate in non-trivial cases. Suppose that f; is of type I and ¢
is relevant. Then if w(f;) = mg; with j < jo, then the desired result follows from the definition
of the corresponding assignments, and inductive hypothesis. Suppose that w(f;) = maj1 with
j < jo- Then R} = ZkeE{ i T (L/w(fi)) Xges, Bs- By the definition of the assignments,
7% tlloo < 1/majo41 for every k € Ef. Observe that all s € St, except possibly one, s(t), are
non-relevant and that r; . = || fs(wg)||e}, for every k € EY = Dj. Hence, for every s € Sp\ {s(?)},
|(L/w(fi))Rslloe = max{(L/w(fi))|fs(wr)|| : k€ Ey} < 1/maj,1; the last inequality follows
from Proposition By the inductive hypothesis ||R;(t) oo < 1/majy41, so we are done.

Suppose that t is non-relevant. The case w(f;) > maj 41 is immediate. Suppose that w(f;) =
moj and t # s(u), where u is the immediate predecessor of ¢ (see the definition of relevant node).
Notice that t is a catcher, so Ef = Df, and R} = ZkeE; || fe(we)||er, as desired. O

We are now ready to finish the proof using the part B1.3 of the general theory above. Notice
that for each x € {in, fin, cnd, at}, B* £ B, and that the canonical assignments of B* are coher-
ent. Let (hz,t)telsk,k be the assignments induced by the canonical B*-assignments ( f];t)tGBI:,ka
for x € {in, fin, cnd, at}.

Claim. For everyt € T, H™ + Hi® + Ffd 4 2 = FB| the canonical assignment of B.

Proof of Claim: We show that for every t € By, }gnt + hgr; + hir"td + hzft = fi(wg)er. The only
non trivial case is if t € B"¢. Notice that since B,;t is a maximal antichain for wgt and (fs)s=t,
we obtain that hy , = F, = fi(wy ,)e;. Hence, f,i;"t + f}jl; = (ft(w};ft) + ft(wzﬁ))e}’; = fi(wg)ex,
and hy , = 0 for x € {cnd, at}. O

Finally, by Proposition BII Hy = Fyj, for x € {in, fin,cnd, at}. Hence,

£ brwi)| =[FP(>_ brex)| < > IFF (Y brer)| <
k=1 k=1

*€{in,fin,cnd,at} keDj

2B > brerllug, + 41D brenlloo) < 12001 " exlly, +e. (71)
k=1 k=1 k=1
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Corollary 8.15. The natural isomorphism F : (wy, ..., w,) — (v1,...,v,) defined by F(w;) =
v; satisfies that ||F|| <1 and |F~Y|| < 120+¢e. Consequently, Jr, is finite interval representable
on the basis (eq)a<w, Of Xw, with a constant C < 121.

PRrROOF. Proposition BITlshows that || F'|| < 1; the other inequality follows from Lemma&T4 [

9. THE UNCONDITIONAL COUNTERPART

We produce a space X, which is the counterpart of X, in the frame of the spaces with
an unconditional basis, as in [I1]. This space is defined as was X, by a norming family of
functionals K5 satisfying (1)-(4) from Subsection 22, and in addition the following condition

(5) It is closed under the restriction of all functionals with odd weight to every subset of w;
Although X7, belongs to the class of spaces with an unconditional basis its study uses the same
tools used in the study of X,,. For example, given a bounded operator T' : X — X[ the
transfinite sequence (d(Te, Rey))y<u, belongs to co(w1), and the operator T' is strictly singular
if and only if the sequence (||Tey||)y<w, belongs to co(wr).

REMARK 9.1. 1. The basic inequality (Lemma EZ) still remains true provided that (&) holds
for an arbitrary subset E C [1,n], not only for intervals.

2. For every block sequence (y,), of X, and every j there is a (6,j)-exact pair (y,¢) with
Yy € (Yn)n (indeed, what one locates first are 2 — ¢} averages.)

The next result is the corresponding analogue from [I3].

Proposition 9.2. Let T : X{! — X, be bounded, and let (x,), be a RIS of X, . For each n,
let By, U C,, = suppzx, be a partition. Then lim,_,,, C,,T Bz, = 0.

PROOF. (Sketch) Assume not. Notice that since (z,), is a block sequence, so is (Cp,T Bpxy)p.
Going to a subsequence if needed we assume that inf,, |C,,TByx,|| > € > 0. Since for every ¢ €
Ky, , the restriction A¢ € K,, ., for every subset £ C w;, we have that the sequence (B,xy)n
is also RIS. Now for each n, choose f, € K, such that supp f, C C,, and f,,(C,,TByzy) > €.
Let j be such that ||T| < m2j+16, and find appropriate (2j;);-4"" such that

m2]1 Z Byy, Z fk, . 2]”2]+1 Z Byxy, ———— Z fk (72)

"2 jem M2 pem "20m2541 ke P, 2n3j41 k&P, ,,

is a (0, j)-dependent sequence, for F1 < --- < [y, ,, each #F; = naj,. Then, ||Tz| > ¢/maj11 >
|T|[||z]| where @ = 1/ngj+1 > 024t (maj, /naj > rer; Brr), a contradiction. O

Proposition 9.3. Let T': X — X be bounded such that for all o < wy, e;Teq = 0. Then
limy, oo T, = 0 for every RIS ().

PRrROOF. For each n, let A,, = supp .

Claim. lim,_,., A, Tz, = 0.
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Proof of Claim: Notice that

%#LP Z(B C)en, BTCx,, if #A,, even
AnTin = S 2n,@lat)(Lnt1241) 1 . (73)
(Ln+l)2(L%+l) #P, Z(B,C)Epn BTC:I:n if #An odd
where L, is the entire part of #A4,,/2, and
P {(B,C): BUC=A,, BNC =0, #B =suppx,/2} if #A, even (74)
"] {(B,C): BUC=A,, BNC =0, |#B—#C| =1} if #A, odd

Hence, A, Tx, = (A\n/#Py) Z(B,C)ePn BTCz, with1 < )\, < 4. By Proposition@2, A, Tz, —,
0, as desired. n

Now suppose that lim,,_,o Tz, # 0. W.Lo.g. we may assume that (T'z,), is a block sequence
and with support disjoint from (x,), (let 79 be the minimal v < w; such that there is some
infinite A such that inf,c 4 ||PyTz,| > 0; now, replacing 7" by P, T, and going to a subsequence
(n)nea we may assume that (T'z,,), is a block sequence. By the previous Claim we obtain that
ATz, —, 0, so we may assume that (T'x,), and (x,), are disjointly supported). Now it is
easy to produce, for large enough j, a (0, j)-dependent sequence (Y1, @1, - - -, Yny; 15 Prgyyq) Such
that |[T((1/nz501) X, 90) | > ITNI(1/nas 1) s will, & contradiction. O

In the same way one can show the following useful result.

U

v
is strictly singular. Indeed, lim, oo Ty, = 0 for every RIS (ypn)n in X. O

Proposition 9.4. For every X — X generated by a block sequence (z,)n, C XY, every bounded

T: X — Z{[“%wl)

Corollary 9.5. For every X — X! and every ¢ > 0, there is some block sequence (z,)n of X%,
and some Schauder basis (xy)n C X such that ||z, — zp|| < €.

PrOOF. Fix X — X . By standard facts of transfinite block sequences (see Proposition [[3])
we can find some A < w; a block sequence (wy), of XY, and a sequence (y,), € X such that
Y on IPxyn — zn|l < €/2. W.lo.g. (going to a block subsequence if needed) we may assume that

(#n)n is @ RIS. Consider U : (wy),, — X, defined by U(wy) = P )ZTn- Since Py|(yn)n is an
isomorphism, U is bounded. By Proposition B4l U is strictly singular. Hence we can find a

block subsequence (zy), of (w,), and the corresponding block subsequence (), of (y,), such
that ||z, — z,| <e. O

Corollary 9.6. If T : X!, — X, is bounded and for all o we have that ejTe, = 0, then T is
strictly singular.

PROOF. Let X — X , and fix € > 0. Choose some RIS (z,), and some sequence (z), C X
such that ) ||z, — x| < €/||T||. By Proposition @3] lim, oo Tz, = 0. Hence we can find

x € (xp)n such that ||Tz|| <e. O

Corollary 9.7. For any T : X}, — X[, there is some diagonal operator Dr such that S =
T — Dr is strictly singular, Seo, = 0 for all o < w1 and S has separable range.

PROOF. Let Dr : X}, — X, be defined for a < wy by Dr(eq) = €} (T'eq)eq. Dr is bounded
and by Corollary @8, T' — D7 is strictly singular. O
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Corollary 9.8. For any infinite A C w1, the space XY is reflexive with an unconditional basis
and

L(X}) = D(Xy) ® S(X). (75)

O

Here D(XY) denotes the space of the diagonal operators and S(X') is the space of strictly
singular operators S with separable range such that e},(Se,) = 0 for every a € A.

Corollary 9.9. For any infinite A C wi, XY is not isomorphic to a proper subspace of itself.

Proor. Let X — X4, T : X} — X be an isomorphism and let U = ix, x4 0T be a semi-Fredholm
operator with a(U) = 0. Then U = Dy + S, Dy diagonal such that Dr(ey) = €} (Teq)eq, and
S strictly singular. Since Dy is a strictly singular perturbation of the semi-Fredholm operator
U with «(U) = 0, Dy is semi-Fredholm, and a(Dy) < oco. But KerDy = ({e, : Teq = 0}).
So, DuyXY% = ({ea : Teq # 0}) which has co-dimension equal to a(Dy ), hence Dy and U are
Fredholm with index 0. Since U is 1-1, this implies that X = XY, as desired. ]

Corollary 9.10. Let A, B two infinite sets of countable ordinals such that AN B is finite. Then
every bounded operator T': X'y — X' is strictly singular. ]

Corollary 9.11. There is a nonseparable reflexive space X with an unconditional basis such
that

(a) X is not isomorphic to any of its proper subspaces.

(b) Every bounded linear operator T : X — X is of the form D + S with D a diagonal operator
and S a strictly singular operator with separable range.

(¢) For every I, I infinite disjoint subsets of wy the spaces Xy, X1, are totally incomparable.

Suppose now that in addition g is universal.

Corollary 9.12. For every interval I of ordinals, (eq)acr is nearly subsymmetric. Moreover,

for any two minimal intervals I = [, a+w), J = [3, B+w), X} is an asymptotic version of XY.

So, if we consider the version of X}, obtained by a universal g-function then the unconditional
basis (€q)a<w, is nearly subsymmetric and for any pair of disjoint minimal infinite intervals I3,
Iy X7 is an asymptotic version of X7 , while they are totally incomparable.

Proposition 9.13. The unconditional counterpart X{, is arbitrarily distortable.

PRrOOF. The norms (|| - ||,,;); arbitrarily distort the space X

o, since (6, j)-exact pairs exist in

every block sequence and by Corollary every subspace X — X[} “almost” contains a block
sequence. O
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